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Schrodinger equation

Schrodinger equation in a simplest form can be written as
oV h? oV

ih——

ot~ 2m Ox2 V)V

Here 7 is a Planck constant, m is a mass of a particle and V/(x) is
a potential field which defines the behavior of the particle in a
classical mechanics.

» Potential for a free particle is follows: V/(x) = 0.

. : : : 2
» Potential for a linear oscillator is V(x) = k%

» Potential for an electron of hydrogen atom: V(x) = —=-.

Schrodinger equation
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Typical parameters of quantum systems

» 7~ 6.62607015 x 1073* J/Hz is the value of the Planck
constant;

> e~ 1.602 x 1071 C is an electron charge;

» m~ 9.1 x 103! kg is a mass of an electron;

> r~ 5292 x 107! m is a distance between the kernel and
electron (Bohr radius);

> o ~ 8.8854 x 10712 F/m is a vacuum permittivity.
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Wave motion

When we consider waves and its dependence on time we should
understand a direction of wave motion.
let us consider two different solutions of a Schrodinger equation
without external field:

oV h? 9%

’ha—‘ﬂw
\/2m

7 € - 7
v
"or T o€’

er equation
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Wave motion

In the simplest case two different solutions can be written:

v, = o i(ET£VEE).

The wave phase with the sign + is constant at line parallel by a
straight-line £ = —7+/E. This means the wave moves in a negative
direction with respect to £ axis.

In contrast, the wave phase of the solution with — is constant on
all lines which are parallel by a straight-line &€ = 7+/E. This wave
moves in a positive direction with respect to the axis &.
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Oscillations in potential well

Let us consider oscillations in an infinite potential well £ € (0, \).
The Schrodinger equation with additional boundary conditions is
written as:

o __ov
Yor T T oe

A special solution which is periodic on time has a form:

W(E,7) = e FT(€).

Ve—o = V|e=y = 0.

A substitution into the Schrodinger equation yields:
'+ EY =0, tle=o =1|e=r =0.

Solution can be written for discrete set of energy E,:
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A barrier as a potential

Let us consider the potential with a threshold shape.
0, —-A<¢
U)=4q u, —A<E<SN
0, A<
On left-hand side of the barrier a solution of the Schrodinger
equation looks as

v — e—f(ET—\/Eg) i Re—i(E’T-‘r\/Ef).

Here first term is a falling wave. This waves move to the barrier.
Second term is reflected wave, because this wave moves from the
barrier.

On right-hand side of the barrier a solution contains a transmitted

wave only:
v = Te {(ET-VEE),

Schrodinger equation
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Tunnel effect

The wave with the energy E for the Schrodinger equation looks
like: _
W= e By g).

In this case the one-dimension Schrodinger equation looks like:
W+ (E— U(E) = 0.

If u > E this means the energy to overcome this threshold is less
that the threshold level. For the classical particle does not be
passed through such threshold. Let us find a possibility to pass this
threshold for quantum one.

Schrodinger equation
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Falling and reflected waves

General solution before the threshold:

V= e'VEE | Re~iVEE,

This formula contains the falling wave and reflected one.
At the threshold the solution has another form:

Y = BjeVUTES 4 ByemVuTES

After the threshold the solution has transmitted wave only:
) = TeVEE,

Our problem is to find the transmitted and reflected waves.
Formally it means one should find the coefficients R and T.

Schrodinger equation
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A matching of the solutions

These solutions and their derivatives of first order should be
matched at the point £ = —A:

e*lw)\ + Relw)\ _ Bl efk)\ + 82 ek)\7

iwe N —jwRe™ = k By e FN — k By e
The same matching should be made at the point £ = A:

Bl ek)\ + 82 efk)\ _ Tei“’)‘,
k By e — kBye * = jw T e,

Here w=+VE, k=+\u—E.
So we have four equations with four unknown values R, T, By, B>.
We are interested in R and T only.
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The transmission coefficient

One can solve the system of four linear equations by hand or using
some computer algebra system.
The transmission coefficient have the following form:

1
1Tl = X

/425 sinh? (Vi — EX) + cosh? (v — EA)
1

/55 sinh? (Vu— E) + cosh? (vVu— E))

The transmission coefficient exponentially decreases with respect
to width A\ and height of the barrier u — E .
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The reflection coefficient

IR| = 2usinh(2v/u — EN) "

\/Esinh2(\/u — E)\) + (u— E) cosh?(v/u — E))
1

\/E cosh?(v/u— EX) + (u— E)sinh(v/u— EA)
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Singular points of the first-order equations

Let's consider the first-order equations in the form:

dy _ aiy + bix
dx  asy + box’

We will focus on neighborhood of the irregular point (0, 0).
The first order equation connects to the two first-order equations
for x(t) and y(t) as a parametric given function y(x):

dy

_— = b

dr ary + bix,

7dx + b
=3 X.

dt 2y 2

Singular point
[oleo]o)
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Exponents and eigenvalues
The solution of the linear system will be constructed as a vector:
X (%]
Substituting the formula into the system one obtains:

)\e)‘tal = a1 e)‘t + b10¢2€/\t,

/\e’\tag = azale)‘t + b2(126)\t.
It yields:

(31 — )\)Ozl + biao = 0,
g + (bg — )\)OQ =0.

Singular point
(o] lele]
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Eigenvalues

The system can be represented as

< (ala; ) (bzbi N ) < Zl ) .

Non-trivial solutions exist if
(31 — )\) b1 _
dn (b2 — )\)

or

(31 — )\)(bQ - /\) - agbl = 0,
)\2 — (31 + bg)/\ + (31b2 - 32b1) =0,

Ao = (81 + bz) + \/(31 — b2)2 —4darby
e 2

Singular point
lole] o]
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The eigenvalues

> (31 — b2)2 —4ayb; > 0, then )\1,2 cR;
> (31 — b2)2 —4aryb; =0, then A = (81 + b2)/2;
> (al — b2)2 —4ab; <0, then )\1?2 e C.

Singular point
OO0
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An unstable knot. \; > A2 > 0.

A general solution:

(1)-eer(d) ()

Irregular poin
OO0
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A stable knot. \; < A\ <0

d
dg——Zy—f—x ‘ (—2-X) 1
g =Y 2

then

)\1——376)[1—(_11),)\2——1042—<1>.

A general solution:

(1)-e(2)re(3),

Irregular poin
o] leolele]
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A saddle point. Ay <0 < \;

SN : ¥ —y+2x, ’(1—/\) 2 ‘:o
< %:2y+x. 2 1-=X)
/_\

A general solution:

(2)-eer(t) (1)

Irregular poin
[ele] lele]
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An unstable line. Ay =0, A\, >0

= 4
pd Y _ytx, }(1—)\) 1 ‘:0

1 1
)\1:O,a1:<_1>,)\2:2,a2:<1>.
Y\ _ 1 2 [ 1
(x)=a(h)rem(1)

Irregular poin
[eleole]l leol

A general solution:
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A stable line. \; <0, A\, =0

S (Y
/ / %:_y_x' ’
then /

/\1——2./()41—(1),)\2—0,052—(_11).

A general solution:

(¥)=ae(3)ra(h),

Irregular poin
loleoleole]
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A degenerated stable knot. One eigenvalue and two
eigenvectors

)\1:1,a1:et<

O =
~__
>
N
|
=
Q
N
Il
D
-
N
= O
~_

A general solution:

(4)=ae(g)+ae(]):

Degenerated point
[eleo]e)
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A degenerated unstable knot. Joint vector

&
I
<
+
X

Alzl,alzef<(1)>,

).

— o~

joint vector: ap = et <

A general solution:

(4)=ae()+ae(])

X
Degenerated point
o] leole]
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A degenerated stable knot. Two eigenvectors

d=v 1= 0 |
o = —x. 0 (-1-2X) ’

A general solution:

(1)-a(3) e(2)

Degenerated point
[lo]le] o]
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A degenerated stable knot. Joint vector

dr — _y — 5x, ‘ (-1—)) -5

0 (—1—A)’°’

/\1:—1,041:et<(1)>,

joint vector: ap = e' < _11“/5 > .

A general solution:

(1) (3) (1)

Degenerated point
o000
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A stable focus. (A12) <0

P =y —3x, | (1))
/ %—y 2X. 1

L
14+ i3
)\1:*7, alze
2
—1+iV3
)\2:#7 2—e

A general solution:

1
(7)- C( L ) +c2em(

ex eigenvalues
o000
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A real-valued solutions

Lemma

Suppose one get complex valued solution of a system with real
coefficients. Then the real part of the solution and imaginary part
of the solution are solutions of the system.

Proof.

Consider y = u(t) + iv(t), x(t) = p(t) + iq(t), where u, v, p, g are
real-valued functions. Substitute the formulas into the system of
equations and collect the real and imaginary parts.

Complex eigenvalues
(o] leolelelele]
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Example of real solution

Complex eigenvalues
[ele] lelelele]
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A general solution

Here 1> € R.
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An unstable focus. R(A12) >0

‘ i %:y*X, ’(1_)‘) 1_1 ‘
Q/ Z)t(_erZX 1 (3—A)

—iv15 1

)\1: s alze)\lt<1+i\/ﬁ>7
4 4
3+iV15 ot 1

A2 4 » 2 = 1-iv/15 | -
2

A general solution:

V5 1 V15 1
(1) (s (i) (o)

Complex eigenvalues
[ololeolel lele]
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Center. R(A12 =0)

< y > . cos(v/2t) b sin(v/2t))
X —% sin(v/2t) %cos(\@t) '

Complex eigenvalues
[ololeolele]l leo)
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Center. Real-valued solution

( y > _ cos(v/2t + ¢)
x )" —%sin(\/ilﬂrgb) ’

= VETR >0, g =arean (2) clon/2n/2)

y2 +2x% = r2.

Complex eigenvalues
[oleo]o) O
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Summary
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