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The existence and uniqueness of solution of first order DE

Explicit and implicit forms of equations

We will say that a first order equation is written in explicit
form if the first derivative looks as an explicit function of
dependent, say y, and independent, say x, variables:

dy
— =f :
o T(xY)
The same equation can be represented as
dx 1

?y:¢(xvy)7 ¢(X7y):

fx,y)

The equation is written in an implicit form if it looks like

d d
F<X’y’di> =0, or ¢<x,y./d;> = 0.

Special form of first order equations
[eleoleole)
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Examples of equations in explicit and implicit forms

Equations in explicit forms:

d d
dy _x . &

dx y dy

X I<

An equation in implicit forms:

1 /dy\*> 1, dx\ > 1
e S = bl R
Q(dx) oy 0<:><dy) T =0

The equation in the implicit and explicit forms

1 /dy\> 1 ) dy V2 —y?
— N — —1: e pe— )
2 (dx) oY T h T —vao R

Special form of first order equations
o] leolele]
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A mechanical energy of the pendulum:

(19)*

E=m
2

— mgl cos(¢).

This formula can be considered as an implicit form of
differential equation for the instant position of the pendulum,
which is defined by the angle ¢.

qﬁ—i\/ﬂf—ws(d))@ﬁ—i 2E+%cos(q§).

Special form of first order equations
[elel lele]




A differential form of the equation

A differential of function change is a linear part of the
additional value of the function:

_dy

dy
- dx

—dx.

So the differential equation for some function y we can write
as an equation in the differentials:

dy — f(x,y)dx =0, dx— ¢(x,y)dy =0.
A general form of equation in differentials looks like:

h(x,y)dy + g(x, y)dx = 0.

Special form of first order equations
[elele] leol



A parametric form

Th forth form of the same equation we can derive from
assumption for the parametric form of the solution:

y=y(t), x=x(t), teR.

In this case 4 J
X Yy
dx = —dt, dy=—.
Ta YT
Then the equation can be represented as
d
@ &x.y)
dx :
dt h(Xa y)

So we can write the equation as a system of differential

equation as a parametric definition of the integral curve:
dx dy
— = h(x,y), —=g(x,y).
5 = oy), o=elxy)

Special form of first order equations
[loleoleole]
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Pl€. o Y.

Let's integrate left part of the equation over x:

[ Lax= [ o

The same gimmick does not work with the right hand side:

/ydx:/y(x)dx

because the integrand contains unknown function y(x).

Theorem of existence of solution




The solution in a series form

Consider the initial value problem

dy _

dx Y, Yx=0 = Yo-

It is easy to check the solution of the integral equation like

y=m+Ay®%

gives the solution of this initial valued problem.
Let's differentiate the integral equation:




The existence and uniqueness of solution of first order DE

An equivalence of initial value problem for
differential and integral equation

As a result we obtain the statement:

The solution of the integral equation

y=m+Ay@%

coincides to the initial value problem for the differential
equation:
dy

dx Y, Y\x:o = Yo-

Theorem of existence of solution
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Constructing the series

Define a recurrent sequence:
s =0+ [ €)d
0

A a result we obtain:

1= Yo+ YoX,

2

Y2 =Y -H/oX-H/o?;

2 3

Y3 =Y +)/0X+)/05 ‘H/o?,
Xn+1 .

Yn+1 :yn(X)+y0(n+ 1)|?
2 n

X X
Y(X):)fo<1+x+2+---+n|+...>(:)y(x):yoex.

Theorem of existence of solution
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A general approach

Consider an initial value problem:

dy
o (X, ¥), V= = Yo

Connect an integral equation with the problem:

Y =yt [ eSO
X0
It easy to check by straightforward differentiation that the
integral equation and initial value problem define the same
function if such function exists.

Theorem of existence of solution
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A recurrent process. Integral operator.

Define a recurrent sequence on some interval x € (0, a):
o=+ [ FE€)de
X0
On this step we need to assume that the integrand is bounded
in area on plane (x,y), for simplicity in some rectangle:

f,y) <b, Xi<x<X, Yi<y<Y.

Therefore y;, remains in the interval Y, <y <Y, as
Y, — Yo < blx — xo| < Y, — yo. This inequalities defines the
interval of x which can be used for the recurrent sequence.

Theorem of existence of solution




A functional space and metrics

We will say that two function are equivalent on x € (a, b) if

sup |y(x) —z(x)| = 0.
x€(a,b)

The functional which connect a function y(x) and a number in

R:
L(y(x)) = lly(x)l]

such that

> [ly(x)|[ > 0.

> If ||ly(x)|| =0, then y(x) = 0.

> YA >0, [[Ay(x)]] = Ally(x)]

> [y (x) = z()[] < [ly(x) = u()[] + [Ju(x) — z(x))]].
will be named a norm or metrics.

Theorem of existence of solution




A pointwise norm

The functional

Iyl = sup [y(x)]
x€(a,b)
defines a pointwise norm. We will consider continuous and
bounded functions. The space of such functions we will mark
C and y(x) € C.
This approach expands concept of distance on the the
functional space.

Theorem of exi e of solution




A fixed point of contracting map

Below
we will consider the formula

T =t AEn©)E

X0

as a constructing

map in the functional space.
Analogously

to the map like follows:

x = ¢(x)

in the real numbers, but instead of the point x1IR we consider
the point in the functional space: y(x) € C.

Theorem of existence of solution
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A recurrent process. An estimation of the
difference.

Estimate a difference between y,.; and y, as follows:

sup |yar1(x) — ya(x)| =
x€(0,a)
thlo?a) /XO f(f/}/n(f))dﬁ - /XO f(@)’n1(£))d§' )

To get the estimate for the difference we need additional
constraint for the smooth of f(x,y):

‘f(X,y)—f(X,Z)| S C‘_)/—Z‘7 C>07
as X< x< X, Yi<y<Y,

Theorem of existence of solution
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An example

f(x,y) = y*.

Then:
fly)—f(z) =y’ -2 =(y+2)(y — 2).

Hence

y*=2%| < |y+z|ly—z|, |y+z| <L=const, y,z€ (ab).

So:
’y2_22|§L"y_Z’7 )’:ZQ(aab)'

Theorem of existence of solution




A recurrent process. A convergent sequence.

Define G interval x such that both inequalities are true:
Clx —xo| <1,Y, — yo < blx — x| < Yy — 0.

sup [yn+1(x) — ya(x)[ =
xeG

/X: F(&s ya(£))dE — /X: f(f;yn—l(f))dg‘ <

Clx — XO‘ sup |yn(X) - yn—l(X)| =
x€G

sup
xeG

qsup ¥a(X) = yaa(x)l, 0<q<Ll
xe€
As a result we get:

sup [Yntr1(x) = ya(x)| < g sup lya(x) = ya1(x)], 0<g<1.
XEe xe

This means the sequence is convergent.

Theorem of existence of solution




A recurrent process. A uniqueness of the solution.

Let's suppose there exist two different solutions Y'(x) and
Z(x), then:

sup |Y(x) — Z(x)| < gsup|Y(x) —Z(x)], 0<g<1.

xeG xeG

Hence sup, ¢ |Y(x) — Z(x)| = 0 and there is unique solution
of the integral equation.

Corollary

The recurrent process converges to the unique solution of the
integral equation.

Theorem of existence of solution




Theorem about existence and uniqueness solution

Theorem

Let f(x,y) be continuous with respect to x, y and be such
that:

If(x,y)|<b, U:Xi<x<X, Yi<y<Y,.
|f(X7y)_f(sz)| < C‘_)/—Z|7(X,y) < U7

then there exists unique solution in some interval x € (xp, ¢).

Theorem of existence of solution




Counterexample

d 1
d—i:\/y7 2\/)7:X—|—C7 y:Z(X+C)2-

The general solution at x = —c tangents to a special solution
y = 0. So the right hand side of the equation, which is /y is
cannot be represented as smooth function as y ~ 0.

C

\ﬁ—ﬁ\<2ﬁ

ly — z|.

Theorem of existence of solution




The existence and uniqueness of solution of first order DE

Integration by separation % = ky

The main idea of variable separation

Rewrite, if it is possible, the equation in such way that
integrand be written in explicit form.

If y = 0 then y = 0 is the trivial solution.

dy 1 dy
<k ~ k.
dx vy 70 y dx

[ Y= [ rax
y

log(|y[) = kx + ¢,
Define ¢ = log(| C|), then

l0g(1y]) = kox + log(|C[) > y = €
FSPECH o of 15t e cquatons ||| IDEen of Ssence o sotion ||| Inegrating of the sepaable quatons.

It yields:



Integration of initial value problem

Consider the initial value problem:

dy
— =k x=xo = Y0, 0.
o K Y=o =y, 0 F
In this case the antiderivatives should be changed by definite
integrals:
Y d x
/ LA / k.
Yo -y X0
It yields:

log(|y[) — log(|yo|) = <.

The same formula can be represented as follows:

/(XO

y = yekt) oy = Ae A= yem

Integrating of the separable equations
o] leolelelelelele)



Separated equation in general form

Consider the equation in the form:

dy _

- = g(x)h(y).

All straight lines y = yy, for h(yx) = 0 are constant solutions
of the equation.

Example

dy _

dx—g(x)(Y+1)(y2f3)7 V=1 y=+3 y= 3

Integrating of the separable equations
lele] lelelelelele)



Separated equation in general form

» Consider interval of bounded and nonzero values of the
right-hand side for the equation

2 — gl)h0y)

» Rewrite the equation in the form: ﬁ% = g(x).

> Integrate both part over x: [ % = [ g(x)dx.

» In case of initial valued problem y|.,—,, = yo the answer
should be presented in the form

[ [am

The two last forms can be considered as the solution in
quadrature.

Integrating of the separable equations
leleole] lelelelele)



An example. Equation for the circle

Let's consider the equation
dy  x

dx  y
This form of the equation assumes that on the axis y = 0 this
equation couldn’t be considered. However we might rewrite

this equation in the following form:
dx y

dy X
This form of the equation highlights that there do not
solutions as x = 0.
But in reality these restrictions only explain that the derivatives
in the left-hind sides might be infinite at x =0 or y = 0.
However while x # 0 nor y # 0 the solutions of these
equations coincides.

Integrating of the separable equations
leleolele]l lelelele)



Equation for the circle

Let’s consider an equation in differential form:
xdx + ydy =0, or xdx = —ydy

integrate both parts:

2 2
/xdx:—/ydy7 X?:—y?—l—C

As a result we obtain:
2

2
X Yy
4L =
2+2

Here C > 0 and the integral curve is a circle with radius
r=+/C and 2C = x2 + y¢ for given initial values of x and y.

Integrating of the separable equations
leleolelele] lelele)
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: ot o G
Example: a logistic equation 2= = y(1 — y)

» Two constant solutions y =0 and y = 1.

» A general solution in quadrature form:

[t

Integral in the left-hand side can be represented as

follows:
/ / dy dy

= log(]y|) — log(|1 — y|) = log (‘IyD

Integrating of the separable equations
leleoleleolele] lele)



Solution of the logistic equation

So,
2 X
e, yx)=
1—y Y 1+ cex’
15
In more
N .
convenient form a general
1 solution of the logistic
// equation has the form:
05 ‘ ‘ ‘ ‘ (x) 1
X)=——"°—
05 118 2 y 1+ Cex’
where C =1/c.

Integrating of the separable equations
leloleleolelele] lo)
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» A variety of formulae for the first order differential
equations.

» A norm in a functional space.

» Theorem about existence and uniquince of solution of the
first order differential equation.

» Separated equations.

» An example. A general solution of the logistic equation.
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