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IIpeaucnoBue

D10 yuebHOE ToCOOMEe HATTMCAHO 0 Ky PCY JIEKIUIA, IPOUYNTAHHOMY BO BpEMsl BECEHHe-
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MAPATPUCHBIX PEIEHUH U XAa0TUIECKOTO MOBEIEHUS IUHAMUIECKUX CUCTEM C Oojiee emM
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1 JIunerinble cuCTEMBI 6

1 JluHeilinble cucTeMbl

3dect Mvl UBYUUM YPABHEHUE 24PMOHUYECKO20 OCUUAAAMOPA C NPUMAUBAIOUET U OM-
masxusarwel curoti. Beodumca nonamue paszosoti naockocmu ha3oevis Kpuswvls u
cenapampuc. Ilokasano 603HUKHOBEHUE NPOOAEMBL MAAVT 3HAMEHAMENET 6 PeUEHUL
YPABHEHUA 20PMOHUMECKO20 OCUUAAATNOPG ¢ 6030Ysciaroueti curol.

1.1 TapmoHmYeckuii OCIUILIIATOP

WccnenoBanne HeJIMHENHBIX KO/eDaHUN HAYHEM C M3yU€HUs CBONCTB JIMHEHHBIX ypaB-
HEHWl C MepPuoanYecKuMHU pemrenuamu. B kadecTBe mpuMepa PacCMOTPUM JIUHEHHBIM
OCIIJLITATOP.

u” + wiu = 0. (1)
Komeuno, 11060it 13 CTYJIEHTOB, YCIEINIHO CAABIINX 3K3aMEH MO0 OOBIKHOBEHHBIM Iud-
depeHIIMaILHBIM yPaBHEHUsIM, 3HaeT 00Iee pererre 3Toro ypasHerus. OOBIYHO 3TO
pellieHre HAXOUTCs TPOCTOil mojgcTanoBkoit u = cexp(kx). Ilouck pemennii audde-
PEHIMAIBHBIX YPABHEHU C MTOMOIIBIO TOJCTAHOBKY — OJWH U3 HEMHOTHUX PabOTAIOIIIX
criocoboB. OTHAKO, €C/IU PellleHne He BhIPAXKaeTCsl B BUJIE 3/IEMEHTAPHON (DYHKITNH BOC-
MOMB30BATHCS TAKUM CIIOCODOM, KaK MPABHIIO, HE YIAETCH.

1.1.1 CseneHue K ypaBHEHHUIO [IEPBOrO MOPSIKA

31ech HaIel 1ebi0 ABASeTCS He gBHasg (POPMYJIa, a MOAXOJbI K KAYeCTBEHHOMY aHa-
JIN3y JIBUXKEHUI, OnpejesiseMbix 9ruM ypaBaenneM. CyIecTBYIONINE TIOIX0AbI He OUeHb
YCIEIIHO IPUMEHSIOTCI K aHaJIU3y pelleHuil ypaBHEeHU BTOPOro MopsaKa, OJHAKO, YK
pelnieHnst ypaBHEHU 11epBOro MOPSAAKA MO3BOJIAIOT NCCIEJ0BATH C NCYEPIBIBAIONIET! 110J1-
uoroii. [losTomy ymobuo ot ypaBuenus (1) mepeiiTu K ypaBHEHUIO I€PBOTO TOpsiaka. s
9TOI0 YMHOXKUM ypaBHeHue Ha u', 10J1yunM:

W'+ wPun = 0.

[IpounTerpupyem obe 4acTut STOT0 ypaBHEHUsI O ¢ OT HEKOTOPOTro 3HaueHus to 10 t. B
pe3yJibTaTe MOy InM:

1 1
i(u’)Qlio + §w2u2|§0 =0.

Byaem cunrars, uro npu t = to usecrubl ganuble Ko mis ypasuennst (1): ufi—y, =
ug, U'|i=t, = u1. Ilepenecem m3BeCTHBIE BEJIUYUHBI B IIPABYIO YaCTh:

(u)?  w?u? u? wzu%
A TR = = 2
2 + 2 B, B 2 + 2 ( )

Ob6brana0 TOBOPAT, UTO F — mocrosinHasg nHTErpupoBanus. B Mexanmke 3Ta MOCTOSHHAS
HA3BbIBAETCI NOAHOU Hepauel CUCTEMBI, IIePBOe CjaraeMoe B JjieBOil dactu (popmysibl —
KUHeTUYeCKOs SHEeprud, a BTOpoe — IOTeHIualbHas SHeprus JUHEeHHOI0 OCIU/LISITOpPA.

Takum 06paz3oM, OT JUHEHHOTO YPABHEHUS] BTOPOTO MOPSIAKA Mbl TTEPEILTH K HeJu-
HEeITHOMY yPaBHEHUIO TIEPBOTO TTOPSIKA.
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1.1.2 Amnanus skBuBajieHTHOCTU ypaBHeHuii (1) u (2)

[Ipezxk e, gem uccieg0BaTh CBOWCTBA perenuii ypaBaerus (1), BOCIIOIB30BaBIINCH YPAB-

HenueMm (2), HAJ0 BBISICHUTH COBHNRJIAIOT JIM MHOXKECTBA, DEIEHUil 9TUX ypaBHEeHuil u

HAYYIUTHCS BBIJIEIATH MOAMHOKECTBA peleHnii ypasaenus (1) u3 ypasaenus (2).
MmuoxkecrBa perennii ypasaenuii (1) u (2) He COBIAIAIOT — MHOXKECTBO DEIICHUIt

ypasHeHust (2) mmpe:
V2FE
Uig=+——
w

— He sapagiorcs pemenusvu (1) ecin E # 0. 91 " nonosaurensubie penrenns (2) mosisu-
Jch u3-3a ymHoxkenus (1) wa u'. JleficrBurensho, U{72 = 0 u B pe3y/ibTaTe YMHOXKEHUS
ypasuenusi (1) na U] 5 no/ydum TOxKIECTBO.

Crnenyommii BOMPoOC — Kak OJHO3HAYHO BBIIEIWTH CPEJIN pernenuii ypasuenus (2)
pemenns (1)? OTBer, Ka3ag0ch GBI, SICEH, — HAJIO K YPABHEHUIO (2) OMUCATH HAYATBHOE
YCIIOBHE: Ult—g = ug. DTOTO BPOAE JOIKHO OBITH JOCTATOYHO, TIOTOMY 9TO U'|t—p = U1
y7Ke UCIIOJBb30BAHO MPH MOJIYUYeHUN MOCTOAHHON F. OKa3bIBAeTCa 3TOTO HEJIO0CTATOYHO.
Pemenwe ypasnenus: mepsoro nopsigka (2) 0JIHO3HAIHO ONMpPeensiercs ABYMSsI HA9aIb-
HBIMH YCJIOBHAME — 3HaUYeHneM (QYHKIUN U|i—y, ¥ 3HAKOM ee IIPOM3BOIHO. JTO CTa-
HOBUTCSI MOHATHBIM, €C/IM ypaBHeHue (2) 3anucarh B BUJIE, PA3PENIEHHOM OTHOCUTE/IHHO

MIPOU3BOJLHOI:
u = +V2E — wu?.
O6tactb snadennit ynkmun u(t) — orpesox [—Y2E, Y2E] O nako, ypasuenue (2)
HepaspelmMo Ha 3roM orpeske. Korma pemenne ypasuenns u' = +v/2E — w?u? jo-

VIE v
w w

mbo yHkumedi, yaosaersopsiomeii ypasaenuo u' = Fv2E — w?u?. To ecrb B TOUKax
u = :l:@

Hac unrepecyior pemenusi ypaBHenus (2), siBJISIONINECs OJHOBPEMEHHO U DEIIEHN-
:I:@. To

CTUTAET 3HAYEHUS T , TOTJIa €r0 MOYKHO MPOIOIKATH JTU00 TTOCTOSTHHOM U =

pemienue ypasaenusi (2) Tepser 0JHO3HAYHOCTD.

sy ypasuenns (1). Uz (1) merko Bugers, aro u” = FwV2E mpm u =
ecthb, dyaknug u(t) B 9TUX TOUKAX NPUHAMAET MAKCHMAJbHOe (MAHIMATILHOE) 3HAte-
uue. IIpu sTrom ee npousBogHas menser 3uak. CiaenoBarensHo, pemenus ypasaerns (1)
@ JIOTIZKHBI TIPOJIOIZKATLCA ypaBHeHneM u' = Fv/2F — w?u?.

V2E
Ipouseodnas pewenus ypasnenus (1) npu npoxoscdenuu epes Y=
Ha NPOMUBONoA0HcHbG. ECan moMb30BaTHCA 9TUM [TONOJHUTENTLHBIM PEIENTOM, TOTI
pelterre ypaBHeHust (2) OTHO3HATHO.

nocyae +

MEHAECIN 3HAK

1.1.3 ®a3zoBblii IOPTPET

YHacTo aHAIN3 IBUKEHNN, ONpeeIdeMbIX TeM UIN NHBIM yPaBHEHUEM, IPOBOJAT, OCHO-
BBIBaSCH HA (hOpMe KPUBOIi [71s MOTEeHIINATBHOM SHeprun (nomenyuasa). B ciydae ypas-
HEHWS TAPMOHUYIECKOTO OCIIMLISITOPA TOTEHITNA — KBaApaTudHast mapabosia, n MaTepu-
aJibHasT TOYKA KOJeOeTcss Ha 3Toi KpuBoii. MakcuMaabHOE U MUHUMAJIHHOE 3HAYUEHUS
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Puc. 1: @a30Bblii TOPTPET rapMOHUYIECKOTO ociimigTopa (w = 0.5).

KOOD/IMHAT TOYKHU OIPEJeAI0OTCd IOJIHON IHEPrueil u JOCTUTAIOTCH, KOIJla KUHEeTUYe-
CKag dHEprus pasHa Hy/ai0 (up = %)

®@opmysia (2) cBA3BIBAET CKOPOCTH U U KOODAMHATY JIMHEHHOrO OCHUIIATOpa u. B
cucreme Koopauuar (u,u') 3Ty 3aBUCMMOCTH HETPYJHO U300pa3uTh rpaduyeckn B BH-
JIe KOHIIEHTPUIeCKUX 3/uicoB. Ilmockocrs (u, u') HasbiBaercs gasosotli naockocmoio, a
rpaduk, onpegensembiii ypasuenuem (2), — daszosvim nopmpemom ypasuenus (1). Pas-
HBIM 3HAYEHUSM MOCTOSHHON [ COOTBETCTBYIOT pPa3HbIe JIUICH], a 3HadeHN0 I = 0
COOTBETCTBYET TOUKA Hadaja KOOPIAUHAT — MOJOXKEHWe paBHOBecHs. Perrenust ypapHe-
aust (1), COOTBETCTBYIOIIME SJIIUIICAM, — MEPUOANIECKIE 0 BPEMEHN DEIIeHNUsT C OJIHOI
crernenbio cBOOOABI. OHOM, TOTOMY UTO MapaMeTpbl TAPMOHUYECKOTO OCIULISITOPA —
KOOD/IMHATA, M CKOPOCTh — CBSI3aHBI COOTHOTIIEHNEM (2) U HE3aBUCHMO U3MEHSITHCS MOYKET
TOJBKO OJIUH U3 HUX.

Eciu B Haya/ibHBI MOMEHT TOYKA JI€XKAJId HA OJHOM U3 JJLIMIICOB, TO Jajiee IpU
U3MEHEHUU BpEMEHNU OHa OyIeT MmepeMeIaThes 1o 3ToMy yturcy. Ho B kakyro cropony?
TTokaxkem, kak Ha (Ha30BOM OPTPETE CUCTEMBI BLIOPATH HAIIPaB/IeH e ABmKenns. [IycTn

VIE

w
B cnenytomnuit MOMEHT KOOp/IMHATA YBEJTUIUTCS, CKOPOCTH CTAHET MOJI0KUTETHHOM. DTO

COOTBETCTBYET HAIIPABJIEHUIO JBMKEHUS 110 (PA30BBIM KPUBBIM 10 9aCOBOI CTPEJIKE.

B HAYAJIbHBI MOMEHT CKOPOCTH TOYKHU OblLIa PABHA HYJIIO, a KOOPAWHATA, PABHA —

1.1.4 Pewenne ypaBaHenusi (2)

Beruncanm nepuog ocrmiamnmit. i 9T0ro paccMOTpUM ypaBHEHHE IIEPBOTO HMOPIKA:

u' = +V2E — w?u?. (3)
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OTO ypaBHEHUE C PABETSIONINMUCS TTePeMEeHHBIMMU:

du
 +V2E — 22

3a mepmoj; ToUuKa O0EKUT BeCh IIUINC W BEPHETCS B UCXOAHOEe mojoxkenue. Ilycts
OTIATh B HAYaJbHBINT MOMEHT CKOPOCTh TOYKW PaBHSIACH HYJIO, 8 KOOPAWHATA PaBH-

dt (4)

J1ach ——V(UZE. Torga cragana Touka MpoOEKUT 110 BEPXHEIT MMOJIOBUHE JJLIUIICA, a 3aTeM
— mo uuxkmueii. [Tosromy B (4) cHauama HAZIO BHIOPATH 3HAK -+, KOODIMHATA MPU ITOM
u3MeHdeTcd OT U_ = ——VE)E 0 Uy = —VEJE, a 3aTeM MUHYC, KOOpJMHATa MEHSETCdA OT

_ V2E _ _\2E . .
Ugp = ¥57 J0 u— = ==. B pesynbrare g nepuoga Kosnebanuii noayauM Qopmyiry:

T / U+t du / u- du
u- V2E —wu?  Jup V2E — w?u?
9Ty (opMyJIy JIEFKO YIPOCTHUTH, BOCIOJIB30BABIINCH CBOWCTBOM YETHOCTH TOJIBIHTE-
TpaJIbHON (DYHKITUN:

Ut du
T=2 / e — (5)
u_ V2FE — w?u?
Ha nepBblit B3I/Is,] 3HaYeHNe HHTerpaJja 3aBUCHT oT sHeprun E. Onaxo, a4 periennii

YDaBHEHUST TADMOHMYECKOTO OCIM/LIATOPA 3T0 He Tak. B dopmysne (5) MoxkHO n3baBuTh-
CsI OT TIOCTOSTHHONM F C TOMOIIBIO MTOIXO/ISIIEl 3aMeHbl TIePeMeHHON HHTEIPUPOBAHUS:

v=—=, wvi=FL.
V2E

Torga dopmyna mas mepuoaa KoedbaHuit TApMOHUIECKOTO OCITILISITOPA!

T 2 /1 dv  2m
w/1vl—v2 w’
B s7oit dhopmyse mer 3aBucumoctn ot F.

Permmm, B KOHIE KOHIOB, ypaBHEHUE mepBoro mopsaka (3). Popmysia 1 perneHmst
ypasrenus (1) momydaercs, eciim npoOMHTErpUPOBaThH ypasaerne (4):

t U dy
dr :/ —_—.
/to u V2E — w?y?
wu

Crenaem 3ameny y = Jap Tora:

Bosbpmem cramgapTHBI WHTErPAJ, B PE3y/IbTaTe:

wu wug

\/ﬁ) - arccos(\/ﬁ

(t — to)w = arccos(

)
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AN
wu wug

\/E), <;30:arccos(\/E

ITocsie obparenust 31oit GOpMyJIbI TOTYINM:

wt + ¢o = arccos( ) — wtp.

u = Acos(wt + ¢p). (6)

A=V2E _ 0 banui, w — Garudi
Bnece A = Y22 — amnaumyda woaebanut, w — wacmoma woaebanui, a TOCTOAHHAS Qg
— cdsue gasv xoaebarut. Teprnogom komebannii naspiBaercss Bemwanna T = 25 ona

w ?
coBmaiaer ¢ dhopmy,oit (5), ec/iu BEIYUCTUTE TabIMIHBIN OMIPe/IeIeHHBIN WHTETrPaJ.
1.2 TapmoHu4Yeckuii OCHUIIATOP C OTTAJKHUBAIOIIEil CuiIoit
Paccmorpum rapmormYeckuii OCHUISTOP C OTTAJIKUBAIOIIEH CHUION:

v — wru = 0. (7)

g sToro ypaBHEHUs [IPOBEJIEM KAUeCTBEHHbIN aHAJIN3, TOJ00HBII TOMY, 9T0 OBLI C/e-
JIaH B TIPEABIAYINEM ITyHKTe. BhIpaxKenne g MOTHON SHEPTUN UMEEeT BU:

L (8)

3/ech moTeHnMA — KBaJ[paTUYdHad mapabojia ¢ BeTBsAMU, HAIpaBIeHHbIMU BHU3. Mak-
CUMaAJIbHOEC 1 MUHUMAJIbHOE 3HAYCHUA KOODAUHAT TaK 2KE€, KaK U B IIPEAbIAYIIEM IIYHKTE
OTIPEJIEJISIIOTCST 3HadeHeM MoHON sHeprun. OIHAKO, eC/IM 3HAYEHUE TOJHON 3HEpTrun
E > 0, Torma kuHeTHYeCKasi SHEPrusl HUKOTIA He oOpalaercd B HYJb, U MaTepuasb-
Hasd TOYKA, TEPEBAJINB 4ePe3 MAKCUMAIbHOE 3HAUEHNE TIOTEHIINAIA, OYIeT TPOIOIKATE
JIBUYKeHMe B 00 1o JApyroil BeTBu mapabossl. Eciu E < 0, Torga TOYKa HE CMOXKET
JIOCTUTHYTH BEPIUHBI M1apaboyibl 1 CKATUTCs OOPATHO MO TO# Ke BETBHU, MO KOTOPOit
npukaruiack. Keim E = 0, TO B 3aBUCHUMOCTH OT HAYAJbHOIO YCJIOBUSI TOUYKA JIOO
0eCKOHEYHO 0Jr0 Oy/IeT CTPEMUTHCA K BEPIUHE MapadoJibl, ub0 OymeT HAXOAUThCd B
COCTOSTHUY HEYCTONYMUBOTO PABHOBECUS Ha BepIUHE, JUO0 OyIeT CKATBIBATHCS M0 OJHOMN
3 BeTBel K £00.

Kpusbie na dhazosoii mnockocru (u,w') npu E # 0 — runep6oasr. OcoOHAKOM CTOHT
suadenne F = 0, B 9rom ciiyuae Ha (azosoil mwiockocru mbl nonyunm [IATH (!) da-
30BBIX KPUBBIX (HaHOMHI/IM7 9TO JJId TaPMOHWYECKOTO OCHUJLIATOPa C HpHTHFHBaIOH.[efI
cuoit mpu E = 0 6puta jumms ogna (azoBast KpuBas — To4ka). [losicHuM, 9To 310 3a
ocobrie kpuBbie. [Ipex e Becero, 3To Touka pasHoBecus (Heycroitunsoro) u = 0, v’ = 0.

aJjiee, YypaBHEHue
y YP
(UI)Q 72u2

2 2

HMeeT [IBa PEHI€HNA B BHAE IIEPECEKAIOIMUXCA IIPAMBIX:

=0

/ /
U =wu, u U =-—wu.
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Puc. 2: ®azoBbiii TOpTPET OCHUIATOPA ¢ OTTAJKHUBaOIIEi cumoit (w = 0.5).

Ho dazosbie kpussie ypapuenust (7) npu E = 0 — 970 deThIpe Jiyda, JeKaIue Ha STHX
OPAMBIX 1 BBIXOJAIINE N3 HaYaJla KOOPAWHAT, TIPUYEM HavaJ/I0 KOOPAWHAT — BBIPOXKICH-
Hasg (HazoBag KpUBas — TOUKA — HE MPUHAIJIEKUT ITUM UETHIPEM OCOOBIM (DAzZOBBIM
kpuBbiM. CTpeJIKM Ha KPUBBIX JIETKO PACCTABUTDH, MOJIB3YSCh PACCMOTPEHUSIMU, MTPO-
BEJIEHHBIMU B TPEIBLAYIEM MyHKTE. deThipe 0coObIX (ha30BBIX KPUBBIX, JIEYKAIIME HA
JIy9daX, OTAEJAI0T BO3BPATHBIC ABU2KECHUA TOYKU, MMCIOIIME MaKCUMaAJIbHOE UJIN MWHU-
MaJIbHOe 3HAUEeHNe KOOPANHATHI, OT ABUKEHNI HeOTpaHNIeHHBIX. KpUBBIe, OTae Iaromme
OJIMH BU/I JIBUYKEHUI OT APYyroro, Ha3bIBAIOTCH CENAPAMPUCAMU.
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1.3 Brmmmyxknaennbie kKosiebanusa. Pezonanc. MaJsibie 3HaMeHaTeIn

YpaBHEHHUE BBIHYK/IEHHBIX KOJIEOAHUIT TADMOHIYECKOTO OCIUIIIATOPA:
" 2
u’ +wru= f(t). 9)

DT0 ypaBHEHUE ONpejesiser HEKOHCEPBATUBHYIO CHCTEMY. DHEPrusi B TAKOW cucreme
He coxpansiercst. [ToaToMmy aHams, MOJOOHBIN MPOBEIEHHOMY BBIIIE, 316€Ch CAEIATh HE
ynaercs. OJHAKO, METO] TIOCTPOEHUST OOITIETO PEIIeHust XOPOIIo U3BECTEH U3 Kypca aud-
dbepennmanbabIx ypapHenuii. Bygem canrtars, uro dynkuus f(t) npeacraBuva B BHIe
CYMMBI psifia:

ft) = Z <¢n cos(Apt) + sin()\nt)).

An
Torjga gyacTHOE peleHrne YpaBHEHUsI MOYKHO MPEJICTABUTH B BUJIE:
¢ Y :
u(t) = ug(t) + Z (oﬂ—n)\? cos(Ant) + ﬁ sin(Ant) ), (10)
AnFw n n

re
un(t) = t( - ;Z)TZ cos(wt) + % sin(wt)),

eCyIu CymiecTByeT \p = w u ugr = 0, ecaim HeT 3HAYEHHUS Ak, CoBIagatoriero ¢ w. Crara-
eMoe UpR ODBITHO HABBIBACTCS PE3OHAHCHBLM.

OcHOBHAS TPYIHOCTH B IPEJICTABIEHNY Perenns: ypasuenus (9) B BUje CyMMBI KPO-
€TCs B TOM, UTO DIl MOXKET OKA3aTbCsS PACXOISIIUMCS W3-3a HAJUYUNAS MAJIBIX 3HAME-
nareneit w? — A\2. DTo XOPOIIO W3BECTHOE SIBJICHUE MAAGT 3HAMEHAMEset B TeOpHuH
kojiebanuii./lerko mocrpouts npumMep Takoi ¢yukiuu. I[lycTs mocaesoBaTeibHOCTD Ay,
Takast, 9TO MpU N — 00 A2 — w? = n3 a kosbduEEnTH ¢, TPH N — OO TAKOBHI,
910 limy,— 00 i—g = 1. Koneuno, perenne ypapaerus (9) CymecTByeT, OJHAKO, €ro MOBe-
JieHre Tpu OOJIBIIUX 3HAYEHUSIX BPEMEHU OTJIMYAETCS U OT JUHEHHOr0 POCTa, KOTOPBIi
[POSIB/ISIETCS TPU HAJUYIUU PE3OHAHCHBIX UJIEHOB B IIPABOil 9aCTU, U OT OTPAHUYEHHBIX
pelenuii, oIy dalomuXxCsi, €C/in Bee 3Hamenaresu B npejcrasienun (10) orgenensr or
HYyJIS U UX CKOPOCTH yObIBaHUS MEHbIIlEe, YeM CKOpPOCTb yObIBaHUS KOI(MDMDUINEHTOB
pazyoxenust pyukumn f(t).

Bagada 1. UccnenosaTh pelienne ypaBHeHU:

/) =1 1
u +u:zﬁcos (1—$)t.
n=1

VKazarh aCHMOTOTUKY aMILIUTYALI PEIIeHns 0 BpeMeHM.

1.4 Jlurepatypa

B pazgen simreparypbl K 3TO# JIEKIIMM MOXKHO BKJIIOUUTH JIFOOOH y4ueOHUK 110 OOBIKHO-
BeHHBIM JudhepeHIuaibHbiM ypaBHeHuIM. OTpaHuauMcs ABYMs.

1. IMourpsarun JI.C. O6bikHOBeHHBIE AU depeHnraIbHbe YPABHEHUSI.

2. ®enoprok M.B. ObbiknoBenusbie audepeHimaibible ypaBHEHN.
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2 Ypasaenue IlItypma-J/InyBusiis ¢ mepuogmdecKuM Ko3g-
dbunuenTom

B smoti aexyuu usyuaromces ceoticmea pewenuti ypasuenus LImypma-JIuysuass ¢ ne-
puoduueckum Kospduyuenmom. Iloxazano upessvuatino eastcroe Ois dasvHeldwezo us-
AOHCEHUSA ABAECHUE NAPAMEMPUYUECKO20 pe3onanca. B kauecmee npumepa eviuucaervl
JdaHHvIE MOHOOPOMUL OAf CMYNEHUANO020 NEPUOIUYECK020 KoIPPuyUeHma.

2.1 CsoiicTBa ypaBHEHUIl ¢ mepuoanvdecKuMn ko3 punueHraMu

31ech MbI Oy/ieM U3ydaTh ypaBHEHIE BTOPOTO MOPAIKa ¢ KOI(DDUITHEHTOM, 3aBUCSIITUM
OT BPEMEHHU:

u” + (W? + q(t))u = 0. (11)

910 ypasHeHne 00bIYHO HasbiBaeTcs ypasrenueM [IITypma-JInyBu/Lis uim oHOMEPHBIM
ypasuerneM [peauarepa. OHO HrpaeT Ba;KHYIO POJIb B MATEMATHIECKOH (PU3HUKE OT Te-
OpHUU pacCessHusT YaCTUL 0 BOMPOCOB TEOPUH MHTErPUPOBAHUS HEJTMHENHBIX YPaBHEHMH
B YaCTHBIX IPOMU3BOIHBIX.

B sroii iekumun Mbt Gyem usyuars ypasaenne (11) ¢ nepuoanveckoit dbyuxuueit g(t).
O6osnauny epros, byrkimm ¢(t) wepes 27. Tycrs ¢(t, to,w) w é(t,tg,w) — muHEHO
HE3aBUCHMBIE DEIIeHUs 3TOTO YPABHEHUS, ONPEJETIAIONINecad HAYATbHBIMEA YCIOBASIMA
(37€Ch YepTa 03HAYAET KOMILJIEKCHOE CONMPSIZKEHNE):

gb(to,to,w) q_g(to,t[),w) _ 1 1

¢/(t0,t0,W) ¢I(t07t07w) W —iw .
OYHKINA ¢ U ¢ OIIpeensioT croaber dbyHIaMenTapHoro pemenna P (t, to, w). IlosTomy
B Touke t + 2T dpyHmaMeHTaIbHOE PEIIeHre MOXKHO BhIPA3UTh depe3 DyHIaMEHTAIHHOE

pelienne B TOYKe t:
q)(t+2T> t(]vw) = (I)(t,to,W)T(tO,W). (12)

)

Ha3bIBaETCS Mampuyeti monodpomuu. Huxe monamoburcs: popmyia, CBA3bIBAIOIIAS JJ1e-
MEHTBI 9TOl Marpuilbl. BpoHCKMaH AByX perenuii ypaBHEHU S (11) nocrostaer. [Tosromy
BPOHCKHUAH (pyHIaAMEHTAIbHON cucTeMbl pernennii P:

W(®) = 6’ — ¢¢/ = —2iw.

Martpuma

I o

T(t()v w) = (

S Q

[Tocste BBIUUCIEHNS BPOHCKUAHOB MPABOi 1 JIeBoit wacreit B dopmysie cBsi3u (12) mosy-
YUM:

jaf? — [b]* = 1.
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2.2 dDysknusa baoxa m mapaMerpmyeckuii pe3oHaHC

PaccmorpuM Bompoc o cBoiicTBax perennit ypasaenus (11). C oHO0ii cCTOPOHBI TOHATHO,
49T0 nepuoj udMenenus Kodddurmenta — 27 CyHUIECTBEHHO BJMSET HA PEIIEHUE, U BO3-
HUKAET yKeJIaHue HAlTH XOTh O/[HO [IEPUO/INYECKOe pelenue ¢ nepuogoM Kparasiv 27", C
JIPYTOii CTOPOHBI, €CTi CIUTaTh (bYHKIHO ¢(t) MaJIoii 10 BeJINUNHE, TOT/Ia BBISICHIETCS,
9TO €C/IN U €CTh MTEPUOANTIECKOE PEIeHre, TO ero ePUOL, KAK B CIy9Iae rapMOHUIECKOTO
OCIUJIISITOPA, JIOJIZKEH OBITH OJIM30K K 27 /w.

3/ech MbI IOCTPOMM ClienuaabHoe pentenue ypasuenns (11) — it dynuo Bioxa).
OTO peIleHNe OTPEeIe/ISIeTCS COOTHOIIIEHIEM

w(t07t05w) = ]-a ?/)(t + 2T’ tva) = Aw(tatO)w)' (13)

Permienne 510 6y/1eM nCKaTh Kak JUHEHHYIO KOMOMHAIINIO Perennii u3 (pyH1aMeHTaIbHON
CHUCTEMBI, BBEJIEHHOI B TIPEAbIIYIIEM TTYHKTE!

¢ =Co¢+ Dé.
Coornomenwue (13) B Touke toy + 27T maer:
C(ap + bg) + D(bgp + ag) = N(Cé + Dg).

IIpupasusiem K03pOUIMEHTH TPU JUHEWHO HE3ABUCUMBIX (DYHKIUIX ¢ U ¢. B pesyib-
TaTe TMOJYINM CUCTEMY yPaBHEHMUIA:

(a—\)C+bD =0,
bC' + (@ — \)D = 0.

JLitst cytecTBOBaHUS HEHYJIEBOI'O PEIIeHUs 9TON CUCTEMBI YPaBHEHU HEOOXOIMMO, ITO-
OBl ee ONpeIeTUTE/Ib PABHSJICH HYJI0. DTO YCIOBUE MPUBOJIUT K YPABHEHUIO IS TIOCTO-

AHHOT \:
(a—A)(a—\) —[p]> =0,
nJjin
N —(a+a)\+|a* = |b* =0,
nJjin

AN —2apA+1=0,

I7e GR — BEIeCTBeHHAdA JaCTh IIOCTOSHHON a. DTO ypaBHEHNE NMEET JIBA PEIIeHU.

A12 :aR:I:\/a%%—l.

BewecrBennble pemenus 3Toro ypaBaenust cyiecrByior nupu |ag| > 1. Ilpuuem, ecin
ap = %1, torma A = £1 u yukusa bjoxa nepuoguyecKas wiu aHTUIIEPUOIUTIECKAS.
Ecu |ag| > 1, Torga onmo u3 3uavenwii |A| > 1 u dbyurung Bioxa we orpannuena Ha
ocn t. Snavennsim |agr| < 1 cooTBeTCTBYIOT KOMILIEKCHBIE 3HadeHust . [Ljist Toro, 9To0h!
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Puc. 3: ®yuxuus q(t), (T =1,e=1).

BBISICHUTD, KaK BeJeT cebs npu 51oM dyHkius Bioxa, seraucaum |[A|. Hucna A\ u Ao —
KOMTLTEKCHO compsizkennbie. [1o Teopeme Buerta mpousBenenne KopHeii:

Ao = 1.

Do oznavaer, uro [A1| = || = 1. Cregosarensro, dynkuus Bioxa B aToM ciyuae
OrpaHHYeHA.

Takum 06paszom, nokaszano, eciu |ag| > 1, Torma cymecTByer pacryliee pPenieHue
ypasaenusa [ltypwma-/Inysumig. fBrenne Bo3pacTaHWs PENICHUs yPAaBHEHUS C IIEPH-
OIMYIECKN MEHSTIOIIUMCA KOI(DMUITMEHTOM B MEXQHUKE HABBIBAETCS NAPGMEMPULECKUM
DE3OHANCOM.

2.3 IIpumep

B xauectBe mpumepa ypasuenusi [lTypma-JluyBusias, mjis KOTOPOTO MOXKHO B SIBHOM
BHUJIE TOCTPOUTH (PyHIAMEHTAIBHYIO CUCTeMY perrennit u pyukmnmio Boxa, paccmorpum
ypasuenue (11):

u” + (wg(t))u =0,

¢ mepuoandeckoit dpyukrmeit ¢(t) Buga (cm. puc.l):
qt) =0, mpu0<t<T; q(t)=—e nmpuT <t <2T.

[Mocrpoum dbynmamenTanbayio cucremy pentenuii (@, ¢) Takyio, 4To:

gb(tO?tO:w) = 17 ¢,(t07t0,W) = jw.

JLtst MenbIelt rpOMO3KOCTU B BBIYUC/IEHUAX MBI Oy1eM cauTaTh, 910 tg = 0 1 omycTum
3aBUCUMOCTH ¢ oT tg. Torma npu 0 < ¢t < T mosryunm:

o(t,w) = exp(iwt),
npu T' < t < 2T ansg nocTpoeHus: ¢ HEOOXOAUMO penuTh 3a7a4uy Korn:

Ple=r = exp(iwT), ¢'|i=r = iwexp(iwT).
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Permmenne sToit 3agaun a1 ypaBHeHUS
u + (W —e)u=0
UMEET BUJL
P(t,w) = Aexp(ivVw? —e(t — T)) + Bexp(—ivw? —e(t —T)).
IMocrositabie A u B onpegensiorcs popMyIaMu:
exp(iwT) = A+ B, iwexp(iwT) = iAVw? — ¢ — iBVw? — ¢,

i
w

1 1
=3 exp(iwT) (1 + w2—5>7 B = 3 exp(iwT) (1 - w;u—5>

16

OnpejiesieHne MaTpUIbl MOHOJPOMUU HPUBOJMUT K CHCTEME ypaBHEHUil st pyHKIui

a,b — 37meMeHToR 3TOH MATPUIIHL:

(2T, w) = ap(0,w) + bo (0, w)
¢/(2T7w) = a¢/(07 w) - b(;ﬁ/((), w)v

nJjin

Aexp(iTVw? —¢) + Bexp(—iTVw? —¢) =a+0b,
iAVw? — cexp(iTVw? —e) — iBVw? — eexp(—iTVw? — ¢) = iaw — ibw.

[Tocne mpocThix TPeOOPaA3OBAHUI TIOTY IUM:

a= ;{Aexp(iT\/ﬁ)(l + \/c?) +
Bexp(—iTVw? —¢)(1 - \/“?)]
b= ;{Aexp(iT\/oT—a)(l - */‘?) +

Bexp(—iTVa? —2)(1 + ”"2_5)} .

w

[ToncraBus B dopmyny aas kosdduimenTa a BuIpaxKenus misd A u B, mogydum:

_ ep(iT(w Z Vw? —¢)) (1 + w;“)_ 6) <1 + wi_g) +
+exp(iT(w —Vw? —¢)) (1 W )(1 B w2—s>

4 2 w
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IToce YMHOZKEHNA U IIPUBEICHNA HO,HO6HI)IX CJIaTra€MBbIX IIOJIYYHM:

a = exp(iwT) | cos(TVw? — —————isin(TVw? — )
p( < 2w\/w2 €

BripaxkeHue J71s1 BEIeCTBEHHON YACTH:

2

—¢
R(a) = cos(Tw) cos(TVw? — sin(wT) sin(TVw? —
(a) = cos( Y T - (

Qaaa+a 2 Ilokasarb 30HBI HEYCTORYHBOCTH 110 OTHOLICHMIO K IAPAMETPHIECKOMY
BOBMYIIIEHUIO HA I'PAPDUKE COOTHOIIEHUS MEYXK/y YACTOTON W U IapaMeTPOM E.

2.4 JIurepatypa

Borpoc o cBoiicTBax JUHEHHBIX ypaBHEHUIT C TEPUOUYeCKUMU KoM UIueHTaMu o0brd-
HO m3Jj1araercs B Kypce auddepennuaibHbIX ypaBHEHU:

1. TTourpsarun JI.C. O6bikHOBeHHBIE AU depeHnraIbHbe YPaBHEHNSI.

2. ®emoprok M.B. Ob6vikHoBeHHBIE TudhepeHInaibHble yPABHEHNS.

WziokeHne B MEPBBIX JBYX IMYHKTAX 9TOTO pasiesa MOYTH JTOCTOBHO MOBTOPSIET

3. A6mosutiy M., Ceryp X.. ComuToHBI 1 METOJ OOPATHON 3a/1a4n.

[Ipumep 630K K mpuMepy pa3obpaHHOMY B KHUTE

4. Apuonsa B.I1.. Maremarnyeckue MeTOIbI KJIACCHIECKONH MEXAHIKH.
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3 MareMaTn4eCcKnuii MaAdTHUK

3dect nodpobro uccaedyemcs dsuIHCEHUE MAMEMAMUUECKO20 MAAMHUKAG. Bunucveaem-
CA pewenue 6 IAAUNMUYECKUT Pynkyuaz. Paccmampueaemea deuscenue MaAmMHUKa
60AUU NOAOIICEHUS YCMOTUUBO20 PABHOGECUS U HA CENAPAMPUCE.

3.1 BsiBog ypaBHeHUs MaTeMaTHIE€CKOTO MagTHUKA

Paccmorpum marepuasibHYIO TOYKY MacCChl 1M, [OJBEUIEHHYIO K HEKOTOPOH TOYKEe Ha
HeBecOMOM crep:kHe JyinHbl [. IlycTh crep:keHb OTKJIOHEH HA yIOJ ¢ OT BEPTUKAJIBHO-
ro noyioxkerus. Harmuimem ypasuenus Hbrorona /jist 910#t Mexanndeckoit cucremor. s
9TOTO CITPOEKTUPYEM BCE CHJIBI, IEHCTBYIONINE HA MATEPHUAILHYIO TOYKY, Ha HaIpaBJje-
HUe, TePIeHUKYIspHOe cTepxkui0. Crta HATIKEHUs CAMOTO CTEPYKHS JAeT HOJTb, OCTar
eTCsl CuJIa MHepIun — ee mpoekiws pasaa ml¢” n cuna rskecTn — pasaas mgsin(¢). B
pesysbrare nogyanM audgepeHmaibHoe ypaBHeHUE:

¢" + w?sin(¢) = 0,

e w? = g/l.

B 5TOM ypaBHEHHN MOYKHO M30aBUTHCS OT KOI(MDPHUIMEHT w? € MOMOIIBIO 3aMEHBI
HEe3aBUCUMOIT mepeMenHoi t — t/w. PopMaIbHO TPU ITOM HEOOXOAMMO HOBYIO Tepe-
MEHHYIO Ha3bIBATh APYTOi OyKBOIi, OIHAKO, 37€Ch ee Oymem 0003HAYUATH TAK)Ke uepe3 t.
Taxum obpazom, Mbl OyJgeM UCCIEIOBATH yPABHEHUE MAMEMAMUYECKO20 MAATNHUKG B
BUJIE:

¢" + sin(¢) = 0. (14)

3.2 @a3zoBbIe TpaeKTOPHUH

Jlerko HaiiTu GECKOHETHO MHOTO peIleHuii 3Toro ypaBHenus: ¢ = 2wk u ¢ = w(2k + 1),
riae k € Z. Koredano, eciu 06paTuThCs OT ypaBHEHUsI 0OPATHO K MAATHUKY, TO OKAYKETCs,
YTO BCE TU PEIIeHUsi COOTBETCBYIOT BCErO JIBYM €r0 IOJIOYKeHUAM paBHoBecus: ¢ = (0 —
HUKHAS TOUYKA PABHOBECUS W () = T — BEPXHSST TOUKA PABHOBECHA.

Kpome paBHOBECHBIX UMEIOTCS €Il W TMEePUOINIECKUe, ¥ BPAIIAIONINECsS TPAETOPUN
JIBUYKEeHUS MasTHUKA. it uX uccaeqoBanust TOCTpOuM (ha30Bblii TOPTPET YPABHEHUSI.
DTO MOXKHO CIe1aTh, 6arogapst ToMmy, 9To ypasienue (31) — aBToHOMHOE.

VYMHOKMM ypaBHeHHe Ha ¢ 1 IPOMHTErpupyeM IO ¢, B Pe3yJIbTaTe MOTyIuM

1

S(#)? — cos(9) = E. (15)

Baecy E— nocTosiHHas HHTEIPUPOBAHUS, a ¢ (bU3MUIECKOl TOUKY 3PEHNUs — MOJTHAST SHEP-
sl MATEMATUIECKOrO MasgTHUKA, u (popmysa (15) ecTh npoCcTo 3aKOH COXPAHEHUST JHEP-

1.

'y OJjid MaTeMaTHYIeCKOI'O MadTHHKaA.

'3 1ece mepexor or (31) x (15) caeman dopmambro. O6Cy K aeHNe SKBUBAJICHTHOCTY YPABHEHHS BTO-
POTO MOpSAKa U, MOy 9IEeHHOTO Moce (POPMATIHHOTO NHTETPUPOBAHNS, YPABHEHHUS ITIEPBOTO MOPSIKA CM.
Bm.1.1.2.
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Puc. 4: ®azoBwlii MOPTPET ypaBHEHUST MATEMATHYIECKOTO MAsSTHHUKA.

®opwmyna (15) mossoasier nccaeoBaTh noBegenne pemenns ypasaenns (31) B daszo-
BOM mpocTpancTee (P, ¢'). 31ech HAIO 3aMeTUTh, 9TO (a30BOE MPOCTPAHCTEO TUHAMU-
YEeCKOHU CHCTEMBI, COOTBETCTBYIOIIEH MaTEeMaTHIeCKOMY MAATHUKY, — HOBEPXHOCTb KPY-
TOBOTO TUIUHAPA. Beib Koop/inHaTa ¢ MOXKET U3MEHAThC TOJbKO oT 0 10 27m. OHaKO,
Mo "3a0yaem " npo MexaHuvecKyto naTepnperanuio ypasuenus (31) u 6yzem paccmarpu-
BaTh BCIO (ha30BYIO MJIOCKOCTH, & HE TOJBKO mosocy ¢ € [0, 27, CKI€eHHYIO O TPSIMBIM
¢=0mu ¢ =2m.

Paszupiv hazoBbiM TpaekTopusM ypasHeHUs (31) COOTBETCTBYIOT pa3HbIe 3HAUEHMUSI
nocrogauoit F. BpisicHuMm, kakue 3HadeHus MOxKeT HpuHUMATh nocroguHuHas F. Bo-
[EPBBIX, €CIM MBI HUCCJIEYyeM TOJMBKO BEIeCTBEHHBbIE pelieHns ypaBHeHus (31), Torga
2E + 2cos(¢) > 0, To ectb E > —1. Buauenne £ = —1 cOOTBETCTBYET CTAIIMOHAPHBIM
pemenuam ¢ = 2rk, k € Z. Bo-sropwix, npu E > 1 ckopocth — ¢ Hukorga ne obparia-
erca B HyJb. To ecTth, I > 1 cooTBeTcByeT BpamamommMca pemreausaMm. Ecmm E > —1
n F < 1, rorga ypasaenue (15) onpegenser ceMeificTBO 3aMKHYTBIX KPUBBIX. KpaiiHme
3Ha4YEeHus ¢ JOCTUraloTC npu ¢ = 0 M paBHBI (4 = :l:% arccos(—FE)+2mk. Makcumasb-
HbIe 3HAYEHHUS CKOPOCTEH TOCTUTAIOTCS B TOUKAX ¢ = 27wk W paBHBI +v/2E. Buagenuro
E = 1 coorBercTBYIOT IBa THNA TPAEKTOPHI, 9TO TOUKM pasHOBecus ¢ = w(2k + 1)
U CEenapaTpUChl, OTIEIONE KojiebaTe/ibHble OT BPAIATE/IbHbIX pelIeHuil ypaBHEeHUs

(31).
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3.3 HdBnag dopmyaa AJda pelreHud U Mepuos KojaedaHuii

dAsras dopMmyna s peleHus Jerko MoIydaeTcs U3 YPABHEHHS C Pa3/Ie/IsiONIIMICS
ko bunpenramu (15):

¢ ds
t+1to = / 16
0 6 /2E +2cos(s)’ (16)
311eCh g —IPOW3BOJIbHAS MOCTOsIHHAS. JTa (POPMYyJia BepHa HPU U3MEHEHWH ¢ OT ¢_
710 ¢4. llpu nBukeHnn MasgTHUKA B 0OPATHYIO CTOPOHY (DOPMYJIA JIJisi PEIIeHNs UMeeT

Apyroui Buj;
b+ ds

—V/2E +2cos(s)’

rae tp = to+ T'/2. Yepe3 ob6o3navaeH nepuoj KosaebaHmii.
®opmyser (16) u (17) HO3BOIAIOT BBIYUCIUTD IE€PUO KOTeOAHMIT MAaTEMATHIECKOTO

t4t = (17)

MadTHUKA:
T /¢+ ds O+ ds
"~ Jo_ V2E+2cos(s) Jo. —/2E +2cos(s)’
I

¢
T—1\5 + ds

o VE +cos(s)

ITpeo6paszyem dopmyant (16) u (17) rak, 9To6b M36aBUTHCA OT 3ABUCUMOCTH ITPe-
nesioB uaTerpuposanud ot E. Jlng sToro obo3znaunm: cos ¢pg = —F, Torna mogkopennoe
BbIPAJKEHUE B 3HAMEHATE/IE MOKHO 3alKMCATH KaK Pa3HOCTh: cos(s) —cos(¢p). danee soc-
TOIb3yeMcsi TPUTOHOMEeTpIYecKoil dopmyitoii: cos(a) = 1 — 2sin?(a/2). B pesyabrare

u3 (16) momyunm:
¢ ds
t+tyg = / .
~60 2, /sin?(¢o/2) — sin’(s/2)

Teneps crenaeM 3aMeHy EpEMEHHON WHTEIPUPOBAHUS TAK, YTOObI HUXKHUN TIPeJIes WH-

TerpupoBanus ObL1 paBeH —/2:
sin(s/2)
sin(¢o/2)’

3/1eCh U — HOBAsl IIEPEMEHHAsl MHTerpupoBanus. Bepxuuii npegesn Oyger paBeH

. sin(¢/2) )
U(¢) = arcsin ( .
) Sin60/2)
ITpu Taxoit 3amene auddepeHiuas HOBO TEPEMEHHON OMPeAeInTCa u3 popMy.I:
cos(s/2)ds
2sin(¢o/2)

sin(u) =

= cos(u)du,

31ech yao00Ha 3aMeHa:

cos(s/2) = \/1 — sin?(¢/2) sin?(u).
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Torna:
ds _
\/sin2(o/2) — sin®(s/2)
2sin(¢g/2) cos(u)du 1 _
\/1 — sin?(¢/2) sin?(u) \/sin2(<f>0/2) — sin?(¢pg/2) sin?(u)
2du

V1 = sin®(go/2) sin?(u)
OKoOHYaTE/IbHO, BHIPAXKEHHE JIJI PEIIeHUs IPUHUMAET B/
U(¢) du
/2 /1~ sin? (g/2) sin(u)

J-.[eI'KO BUAETH, YTO MaKCHUMAJIbHOE 3HAYCHNE, KOTOPOE€ MOXKET IIPUHATH BerHI/If/'I npeaes
uHTerpupoBanus pasuo w/2. @opmysa (18) ymobua s gasbHeNIero aHa m3a peie-
HUsl B [IEPBYIO 04Yepejib TeM, 9To ecaiu F # 1, Torjga 3HAMEHATE b HObIHTErPAJIbHON
GYHKIIMT HUKOTIa HE 0OPAIAETCS B HYJIb.

13 310it hopMysBl Clegyer, 9To TMepuof, KojaeOaHui MaTeMaTHIecKoro MasTHHKA,
3aBUCUT OT OJIHOM QHEPTUU CUCTEMbI UJIX, YTO TO 2K€ CaMO€, — OT aMIIJINTYIbI KO.He6a.HI/Iﬁ

bo: /2
i du
t+ty= ' v
0 /w/2 \/1 — sin(¢o/2) sin?(u) "

Wurerpan B dpopmysie jjs rneproja UMeeT CrielnajlbHoe Ha3BaHne 1 0003HadeHne:

/2 du
K= /0 V1—k? sinz(u).

K (k) — 9T0 MOMHBIN /THNITHYECKIH WHTErPa EPBOTO POJA.
3ameuanue. ObparHast (QyHKIUS K

t_/" du
0 \/1+ k2sin®(u)

HA3bIBAETCSL CUHYC amnaumydw (cunyc xobu): n(t, k) = sn(t|k).

t+to = (18)

3.4 Kosebanusa majioit aMIJanTy bl

Konebanma masoil aMIIUTYABI, KaK CIeayeT u3 aHaaum3a (a30BOTO MOPTPETa, IIPOUC-
XOJAT NIPH 3HAYEHUSX SHEPruu 4yTh Goibimux dem —1. Obozmaunm: F = —1 + 2¢2. B
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sToM caydae m3 —F = 1 — 2sin(¢o/2) crnenyer, aro sin(¢g/2) = €. Torga dopmyna st
pemenus ypasaenus (16) npumer Bu:

U(¢)
t+to —/ (20)

™/2 (/1 —e2sin?(u

Pazjioxkum nogpraTErpaibHOE BhIpazkeHue 1no ¢opmyJie Teiiyiopa u MoYI€HHO TPOUHTE-
rpupyemM. B pesysibrare nosy4um:

t+to=U(p)+ /24 *Q(¢,¢),
riae

U(¢) = arcsin (Sm(jﬂ))

Q(¢,e) — orpannvennas HyHKIHsL.
B pesynbrare masg Maabix KoaebaHuil mosydaeMm (GOpMyIIy:

sin(¢(t,€)/2) = esin(t + t« + £2Q(¢, €)).

ec/id aMIINTY/1a KosiebaHuii MaJjia, TorJa, IPejCTaBuB CUHYC B JIeBOi YyacTu 110 dop-
myJie Teitmopa , morydnMm:

¢+ 21k = 2esin(t + t. +2Q(¢,¢)) + e R(, €).

Mauible KomebaHusa MATEMATHIECKOTO MAATHAKA, OJM3KH K FAPMOHIIECKIM.
Bocnonbzosasumcs dopmysioii aus nmepuoga (19) serko nosmyunTs u 3aBUCHMOCTD
EPHUOJA, MAJIBIX KOJEOAHNN OT UX AMILIATYBL:

7r/2
—2/ 1+—sm2(u)+...):27r+s2/2+....
w/2

3.5 CemaparpucHoe peileHune

Ocobble — cemapaTpuUCHBIE PEIeHUsl TOAYyJal0oTCsI, ecin 3HadeHne sueprun F = 1. B
9TOM CJIydae /UINNTHIeCKuii uaTerpas B dopmyse (16) BBHIPOKIAETCS W €ro MOYXKHO
NPOMHTErPUPOBATH B d/1eMeHTapHbIX dyuknusax. [Togkopennoe Beipaxkenue B (16), ecim
E = 1, MOXHO TIpesicTaBuTh B BHe: 1 + cos(s) = 2 cos?(s/2), Torma:

t+1ty) = ! ’ —
* 0_\/5/_% V2cos(s/2)’

(i)
an | — + —
4 4

MPOUHTErPUPOBAB TAOJINIHBIN WHTErPAJ:

t+i /ﬁ s 1
= —_— = 1N
0 —¢o 2c0s(s/2)

%0

—%0
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t+ty :ln<tan (j—i—i))

OKOHYATENBHO [T PEIIeHns Moy IuM hOpMyJIy:

MOy YUM

¢(t) = 4arctan(exp(t + t«)) — 27. (21)

Bropoe cemaparprcHoe permenne moyaercs, eCau Te YK€ MaHWITYJIAIUA TPOU3BECTH C
dopmymoii (17). OHO uMeeT TOT Ke BUJI, JIUIIh MEHSIETCS 3HAK mepest ¢ B SKCIOHEHTE.
DTO penrenre HeneproINnIeCcKOe n ACMMITOTUIECKH CTPEMUTCSA K CBOEMY MUHUMAIb-
HOMY WJTM MAKCHMAJbLHOMY 3HAYEHHIO, BIPOYEM, HUKOTIA ero He JIOCTHUrad.
Basada 3. Hanucars HECKOIBKO NEPBbIX 4ICHOB pajla B pasnoxenun K (k) B okpecr-
woctu k = 1.

3.6 JIurepartypa

B crucke simreparypbl K 9TO# JIEKIUK OIPAHUYUMCS JIMIITh OJJHUM YIeOHUKOM:
1. @®enopiok M.B.. O6wsikHOBeHHBIE AU depEeHIInaIbLHbIE YPABHEHUS.
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4 Duamunrtudeckue (pyHKIUN

3decv aasunmuyeckue Pynrxuyuu dxobu 660damcsa Kax pewenus JuPPepeHyuasvHvlL
ypasnenuti. Hceaedyromes ceoticmea dynkyuti cunyc amniumyos, KOCUHYC GMNAUMY-
ol u deavma amnaumydv. Kax GyHrkyul ewecmeentozo nepemennozo. Hanoocenue ne
Kacaemcs ce0lcms IANUNMUYECKUT PYHKUUT 0MHOCUMENDHO KOMNAEKCHOT nepemer-
HOU U, 6 YACTMHOCTIU, HAAUYUA Y MAKUT GYHKUUT I6YT Nepuodos.

4.1 Perrenne ypaBHEHIS MAaTEeMAaTUIE€CKOTO MAaATHUKA U (DyHKIUSA CH-
HYC aMILIUTY/bI

Pemenne YpaBHEHUA MAaTEMATHIECCKOI'O MadTHUKA MOZKHO 3alliCaTb B BHUE!:

1/@ ds .
2 Jo0 \ [sin®(60/2) — sin®(s/2)

t+1ty =

91y dopMyy OKa3bIBAeTCs yI00HEe pPacCMaTpPUBATh, KOTJA B IMOJABIHTEIPAIbHOM
bYyHKIMK 110J] 3HAKOM KOPHS BMECTO CHHYCA, €CTh ITOJMHOMHUAJIbHAS 3aBUCAMOCTH OT
IlepeMeHHO NHTerprpoBaHnd. [I1a mepexona K TaKoil 3amUCH MOXKHO CAeIaTh 3aMeHY:

ku = sin(s/2) k= sin(¢p/2).

Torma
cos(s/2) 2kdu
kdu = S22 e ds = ——0
2 1 — k%u?

CiieoBare/IbHO, pellleHre YPaBHEHNsT MaTeMaTHIeCKOTO MAasTHUKA BhIPAYKAETCST depe3

UHTErpaJj BUIA:
sin(;b/2) du
t= . 22
0 V(I = u2)(1 - k2u?) (22)
Teneps ya00HO paccMarpuBaTh (GYHKINO, 0OPATHYIO HHTErPAJy KaK HOBYIO CIIEIN-
AJIbHYT0 (DYHKITHIO.

u=sn(tlk), rme sin(¢/2) = usin(pg/2).

OTa HOBas (DYHKITNS HA3BIBAETCS CUHYC AMNAUMYOIb, UL Cunyc HdKxobu.

4.2 Danuntudeckune pyHkuun Axobu

Dumunrrdeckue (QYHKIMU B aHAIN3e 00BIYHO BBOISTCS JIMDO KaK MepOMOPQHBIE JBOSI-
Korepuonudeckne pyHKIINN KOMILIEKCHOTO TIepEMEHHOTO Juh0, KAK 00paTHbIe PYHKITNN
SJLTUITAYECKUX WHTErPAJIOB. 37€Ch MbI BOCIIOIB3YEMCsI OMPEIeIeHUEM JLIATTHIECKIX
dbyuxnmit Axobu mpu nmomoru guddepeHnaIbHbIX YPaBHEHU].
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[Iponuddepentmposas (22) no t, JIErKO YBUAETH, 9TO (DYHKIHS CHHYC aMILTATY/IbI
yaosaeTBopser guddepeHnnaibHOMy YPaBHEHHIO:

y' = /(1 - k22)(1 - y?).

O6oszmaunm: cn?(t|k) = 1 —sn?(t|k), dn? = 1 —k?sn?(t|k). ®yuxuus cn(t|k) maspisaercs
KOCuHYC amnaumyov uau kocunyc drxobu, a dn(t|k) — deavma amnaumyodv. Boisemem

bopMyJIbL [1JIsT TPOUBBOAHBIX ITUX (PYHKIIHUA.

2cn’ (tk)en(tk) = —2sn(t\k)\/(1 —sn?(tk))(1 — k2sn2(t|k)),

2dn’(t|k)dn(t|k) = —2k25n(t|k:)\/(1 —sn?(t|k))(1 — k2sn2(t|k)).
W
sn’(t|k) = en(t|k)dn(t|k),
cn’(t|k) = —sn(t|k)dn(t|k),
dn’(t|k) = —k?sn(t|k)en(t|k).
Taxmm o6pasom, Tpoiika dyuximit sn(t|k), cn(t|k), dn(t|k) yroBaerBopsier cucreme ypas-

HEeHWN:
Yo = yoys, Yo = —yi1ys, Y = —Kk Y1y, (23)

¢ HAYAJBHBIMHA YCJIOBUSMHE, JIETKO TIOTYYAIOIINMUCS U3 WHTETPAJLHOIO MPEeJICTaBIeHNUS
sn(t|k):
Yilu=0 =0, yalu=0 =1, Yslu=0=1. (24)
Ecan orBieuscs or ucrokos nosisiennst Gynkuun sn(t|k) — kak obpaienusi uHTe-
rpasia (22), T0 MOXKHO BBOJWUTD 3JUIHNTHYECKHE (DYHKIMN KaK pelrenns 3agaqu Komm
(23), (24). Oxuu nepBbIi HHTErPAJ FTON CUCTEMBI [OJLYyYaeTCs, eCJIU [IEPBOe yPABHEHHE
YMHOXKHUTB Ha 2y1, BTOPOE — HA 2y U CJIOKHUTH 002 IOy ICHHBIX BBIPAZKEHUS.

20195 + 2y2y5 = (Y7 +y3)" = 0.

Emie oiH HHTErpaJl MOIyYaeTcs, eCIi IePBOe ypaBHeHne yMHOXKUTEL Ha 2k2y|, Tperhe
— Ha 2Y3 U CJIOXKUTH UX:

2k iy + 2k%yhys = (K*y; +y3) = 0.
B pesysbprare nBa mepBhIX MHTErpaa:
yiryd=c1, Kyi+y:=co

ITocrosiHHbBIE €] U C2 OUPEAENSIIOTC U3 Hada IbHBIX ycioBuii (24). D10 NpUBOAUT K TOXK-

JIeCTBaM:
sn?(t|k) + cn’(t|k) = 1,  k2sn®(t|k) + dn?(¢|k) = 1. (25)
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4.3 CgBoiicTBa Pyukiuii dxkodbu

Wccneayem cBo#iCTBa BBEJIEHHBIX IIUITUYECKUX (DYHKIIHIA.

4.3.1 OO0JacTh 3HAUEHU

Ob6.1actb 3Havenuii samnruaecknx byHkuii JIKo6u erko BHIICHUTD U3 TOXKAECTB (25):

“1<sa(tlk) <1, —1<en(tk)<1, VI—&2<dn(tk) <L

4.3.2 OO6JiacTh ompeesieHust

3meck MBI paccMaTpUBAEM LIANTHIECKHE (DYHKITNN KaK BEIeCTBeHHbIe (DYHKITUH BelTe-
cTBeHHOI mepeMenHoii. [ToaToMy mpuxoanuTCest orpaHnUUBaThCa 3Hauenusyu k € [0, 1].
Buauennst mapamerpa k > 1 TPUBOAAT K KOMILIEKCHBIM DEIIEHUusIM CucTeMbl (23). D10
ceyer u3 ToXKIecTB (25).

Teopema o cyriecTBoBaruy perennii 3aa4uu Ko yreepKgaer, 9To perenne 3a/1a-
qu (23), (24) cymecrByer B uaTepBase —§ < t < 0. OgHAKO, (DYHKIIUH OPAHUIEHBI BO
BCeit obs1acTn ux cyniecrsoBanus. VI3 cucrembr ypasHenuii (23) ciejgyer, 9To ux mpons-
BOJIHBIE TaKKe OTPAHUYIEHBI U AU HEpEeHIUPYEMBI. TIOITOMY Ha MOTO00HBIE HHTEPBAJIBI
MOXKHO Pa30UTh BCIO BEIIECTBEHHYIO OCh U JOKA3aTh CYIIECTBOBAHUE PEIICHUs] CHCTEMbI
npn —oo < t < 0o.

4.3.3 CsBoiicTBa 4eTHOCTHN

BeisicHuM Kak MeHsI0TCs ypaBHeHust (23) npu 3aMeHe 3HAKa He3aBUCUMOIl 11€PEMEHHOI:
zj(t) = yj(—t). Cucrema ypaBHeHuii [jis z; UMeeT IOYTH TOT Ke BUJI, 4TO u (23).
TonbKO 3HAKM 1IPABBIX YaCTell 3aMEHEHbI Ha IIPOTUBONOJIOKHBbIE. HavasbHble JaHHbIE
Juist (DYHKIHIL 2 OCTAHYTCS T€MU JKe, 9T0 1 1/ y;. Torna dbyHKIUK 2; JTerKo BHIPA3UTh
gepes y;:

21(t) = —yi(=t),  22(t) =y2(=1) 23(t) = y3(—1).

Takum obpazom:

sn(—t) = —sn(t), cn(—t) =cn(t) dn(—t) =dn(t).

4.3.4 MOHOTOHHOCTDH

Ob61acTi MOHOTOHHOCTH pelieHuii cucteMbl (23) ompenessieTcss 3HAKOM TTPOU3BOIHOIA.
ITpu t = 0 npoussoaHas ¢yukuwii sn(t) pasra equnuie. To ectb, GyHKIMs BO3pacTaer
u

v = (=51 - k2.
Dra DyHKIMs BO3PACTAET JI0 TeX [0p, II0Ka He JocTurHer csoero makcumywma sn (K (k)|k) =
1. Buavenne K (k) onpezmesnsiercss n3 WHTErpaJa;

K(k) = /01 dey/(1 - 22)(1 — k2a2).




4  Dmaunradeckne (OyHKIHH 27

IIpu srom cn(K (k)|k) = 0, dn(K (k)|k) = V1 — k2.

4.3.5 Cpasur

Baecwk mpuBeeM BBIBO GOPMYIIBI st sn(t + v), STOT METOJ IPUHAJIEKUAT Dilrepy.
[Ipeamosioxkum, 910 t U vV UBMEHAIOTC TaK, 9TO t + v = (¢ = const, TO ecTb,

dv
Yo,
dt
Hna ynobersa 0603naunm $1 = sn(t), se = sn(v), rorma
2shs = —(1 4 k?)2s18) + 4k*sis),  2shsh = —(1 + k?)2s25) + 4k?s3s)

31ech mrpux o3Hadaer guddepennnposanve 1o t. OTCona ¥ U3 BhIPAYKEHWH 11 KBaI-
PATOB TEPBBIX MTPOU3IBOJHBIX:

(s1)? = (1= s1)(1 —k?s1), (s5)* = (1 —s3)(1 — k?s3),

TIOJTY VM , .
sisa — shs1 2k?s182(sT — $3)

(s1)%s3 — (s5)%st (3 — s1)(1 — k?sts?)’

Torna

1 d . d
(880 — s581) 1@(5’132 — shs1)(1 — k:%%s%) 1%(1 — k2s%5%).

[IponHTErpUPOBAB, MOLY UM
s s9 — shsy

182~ 50 _ ¢
1 — k25252

Takum obpazowm:
cn(t)dn(t)sn(v) + cn(v)dn(v)sn(t)

1 — k2sn?(t)sn?(v)
To ecrb, BbpazkeHue B npapoii yacru ecrb GyHkuus or o: f(t +v) = f(a). Homoxus
v = 0, momyuanM, aro f(t) = sn(t).
B pesyubrare jjokazana Gopmyaa caodcenu:

=C.

cn(t)dn(t)sn(v) + cn(v)dn(v)sn(t)

su(t +v) = 1~ k2sn2(£)sn2(v) !

4.3.6 Ilepuomgu4yHOCTH

g Berancenns 3nadennit Gyukmnmii fxobu mpu capure #a K (k) Bocmombzyemcs mo-
JiygeHHoit dopmyJoit (26):
_en(t)

sn(t + K) an(t)’

(27)
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Torna

cn?(t) _ dn?(t) — cn?(t) 1 —k%sn®(t) — en?(¢)

en®(t+k)=1- dn2(1) dn?(t) B dn®(t)

nJjn
sn?(t)

en?(t+k)=01- kQ)dn2(t)'

B pesysbraTe momydamMm:

ent+ K) = —/1 =220 (28)
dn(t)
3HaK MUHYC TTPU BBIYUCIEHUE KOPHST BRIOMPAETCsT, UCXOS M3 CIEAYIOMNX COOOPaskeHuii.
IMpu K <t < 2K sn(t) > 0 u yobiBaet, a byHKIus cn(t) MeHbIIe HYJIS 1 TAK¥Ke yOBIBAET.
To ects, dyuknus cn(t) nveer pasubie 3nakn pn 0 <t < K n k <t < 2K.
AmnayornyHbIe BHIYUCTEHUS JATOT:

V1—k?

dn(t + K) = an(D)

Dopmyuibl (27) — (29) npuBoasT K BhIpaXKeHUsIM Jyisi casura Ha 2K:

en(t+ K)

sn(t+2K) = Wi K) = —sn(t),
en(t +2K) = —/1— kQ(m = —en(t + K),
dn(t + 2K) = dm _ dn(t).

Torna:
sn(t +4K) =sn(t), cn(t+4K) = cn(t).

®ynkunn sn(t) u cn(t) — nepuoguyeckne ¢ nepuonom 4K, dynkuns dn(t) — nepuo-
Judeckas c nmepuogom 2K

4.4 Jlurepatypa

Nznoxenne B mynkTax 1 n 2 BO MHOrOM CjieyeT y4eOHUKY
M.B. ®emoprok. ObbikHOBeHHBIE nudpepeHInaibHble yPABHEHNS.
CeoitcTBa sammnTraeckux QyHKINH W3JI0KEHBI B COOTBETCTBUN C KHUTOM
9.T. Yurrekep. Ix.H. Barcon. Kypc coBpemennoro anaimsa. 1.2
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Puc. 5: ®yuxuus sn(t|k) npu pasHbix 3uadeHnsx k.

29
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5 Anmpokcumanug pyHKOnin Axodn

3decv usywaemes nosedenue Pynxyuu sn(tlk) 6 oxpecmuocmu nyas nepemennotd t u
snauenuti napamempa k = 0 u k = 1. B cuay mozo, 4wmo asssunmuveckue Gynxyuy
AHAAUTNUNECKY, 3G6UCAM KGK OM GP2YMEHMA, MAK U OM NApamempa k, ur mMoaHcHo pas-
AOCUTND 6 CTOOAUWUECA CEenennvie padel no smum napamempam. Ilepsovie Heckoavko
YAEHO8 MAKUT PAC0S U bYOYM BHINUCAHYL HUICE.

5.1 PazsyoxkeHne B OKPECTHOCTHN HYJA apryMeHTa

[Tycts 3mavenume ¢t gocrarouno maso. Torga sn(t|k) MoKHO uCKaTh B BUZE PAla IO
creneHsam t.

su(t|k) = fi(k)t + fa(k)t2 + f3(k)t> +....
[Mogcrasum 310 BhIpazkenue B auddepernuaabHoe ypasHenue ais yukuuu sn(t|k):
() = (1 -y (1 - ky°).
B pesysibrare nosy4um:

(fi(k) + 2fa(k)t + 3fs(k)t* +...)% =
(1= (fr(k)t + fo(B)t2 + f3(B)t2 +...)%) x
(1= K> (fk)t + f2(k)E* + fs(k)t> +..)%).

IIpupasusem ko3 durinenTs Tpu OAUHAKOBBLIX cTeneHsx t. Torma:
k) =1 4fi(k)fa(k) =0, 6f1(k)fs(k) + 4f2(k) = —f7 (k) — K fa (k).
OkoHYATE/IBHO, PA3I0OKEHNE B OKPECTHOCTY HYJIEBOTO 3HAUEHUST apryMeHTa;
1 2,3
sn(t|k):t—6(1—l—k 4+
Bripaxkenne 1151 001IIeT0 WIeHa 3TOTO Psiia HEM3BECTHO.

5.2 PazsnoxkeHne B OKPECTHOCTHU HYJIEBOTO 3HAYEHUS IapaMeTpa

[Tycts mapamerp k 6m30K K HyJTi0, Tora dbyHKIug sn(t|k) 6/n3Ka K TpPUTOHOMETpHUYe-
CKOMY CHHYCY. DTO JIETKO T10Ka3aTh, eC/IM NCKATh Tpejacrassienne sn(t|k) B Bue:

sn(tk) = ¢o(t) + ¢1(D)k + G2(t)k + 3 (K> + ...
[MogcraBuMm 310 Bhipazkenue B auddepeHnuaabHoe BeipaxKenne 1y dbyskimn sn(t|k).

(60 + Pk + ¢ok® + d3k® + .. )2 = (1 = (¢o + o1k + dok® + d3k” + .. )?) x
(1= k*(do + o1k + pok® + p3k® +..)%).
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IIpupaBusieM K03(pPUIMEHTH IpU OSUHAKOBBIX cTemeHsax k. B pesyiabrare mosrydmm
muddepennuanbable ypaBHeHns 18 (DYHKIUH ¢;:
(¢0)° =1—¢5, 20105 = —2dod1, 2608 + (¢1)” = —2¢0d2 — ¢5,

Hauanbubie ycnosua aas Gynkuuit ¢

doli=o =1, ¢jliz0=0, j=1,2,....

Pemtennst 9T0it peKypeHTHON CHUCTEMBI YpaBHEHUIA:
do =sin(t), ¢1 =0, ¢o = (—tcos(t)+sin(t)cos(t))/2, ....

B pesynbraTe momydamm:

sn(t|k) = sin(t) + %(—t cos(t) + sin(t) cos®(t)) + ...

5.3 Pazsnoxenme B oKkpecTHOCTH k = 1

Pacemorpum ciaydait, korma mapasverp k 6sm30k k 1. B aTom ciyuae ero ymobHO BbIpa-
3UTH Wepes JAOMOMHuTe bHEI Moyih k2 = 1 — (k')2. Pemenne ypapHerus 151 cunyca
AMILTUTY /Il OMATEH OY/IeM MCKATh B BUJE Psa, HO yKe MO CTENeHsIM JOMOTHUTETHHOTO
moays k'
sn(tlk) = o(t) + K61 () + (&) 20 (t) + . ..

IMoxcraBum 310 paszsoxenne B auddepenunanbroe ypasaenne st sn(t|k):

(W0 + U1k + 5 (k) +...)% = (1= (o + 1k + 12 (K)? +..)?) x

(1= (1= (K)*) (o + 1k + hak® +..)%).

ITpupasusiem kosdduimenTbl NIpyU OJMHAKOBLIX crenensx k. B pesyibrare nosyudmm
PEKYPEHTHYIO II0C/I€/I0BATETbHOCTD yPABHEHMIA.

(o) = (1 —¥3)% 2049 = —2¢otn,
2001 + (Y1)? = —2ot2(1 — ¥§) — (2vhotha — ¥3) (1 — 43),

Hawanbubie ycnosus aug QyHknmit 1 Takue e, Kaxk 1 Jjis QyHKIW ¢j B IPEbIIYIIeM
nyHkTe. PermmB ypaBHeHnii 1151 MepBLIX Tpex KoM MUITHEHTOB Pa3I0KeHN, IOy THM:

sn(t|k) = th(t) + %(k’)2(sh(t)ch(t) - t)Cth(t) + ...

Qééél+éBmpa3mb uepes yumnTudeckune pyHkiuun AKobu perreHve ypaBHEHUsI
(3nmunrraeckyto dynkumio Beitepmrpacca):

(P")? = 4P* — gaP — g1.

5.4 JIurepatypa

g 6onee riayboKOro u3ydeHus SATUNTAYECKUX (DYHKIMI MOXKHO 00paTUTHCS, HAIPH-
Mep, K KHure Yurrekepa u Barcona, uin K y4eOHUKY
B.B. IIpacosos, FO.II. ConoBbés. Damuntuyueckue QyHKITUH.
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6 YcTONYMBOCTH pellleHnii HeJIMHENHBIX YPaBHEHU

3decv nHanomunaromces onpedenenusn ycmolvusocmu pewenud ypasrnenut ¢ odnoti cme-
nenvro c60600bl, HAYUHAA C KAACCUPUKAUUL MOYEK DABHOBECUA U 3AKAHYUCAA YCMOT-
YUBOCMHIO N0 AUHETHOMY npudsusceruro. OCHOBHOE GHUMAHUE YICAEHO UCCACI06a-
HUIO YCmMOUYUBOCU PEWEHU YPABHEHUA MAMEMAMUYECKU20 Masmuuka. [loxaszano,
YIMO NEPUOIUYECKOE PEULEHUE YPABHEHUA MAMEMAMUYECKO20 MAAMHUKA HE ABAACTNCA
yemotuusvim no JIAnyHnosy, o cenapampucHoe peuterue Heycmotvueso.

6.1 IlomoxkeHusi paBHOBECUSI

KoncepBaruBHbie CUCTEMBI C OJHO CTEIEHBIO CBODO/IbI OOBIYHO HHTEPIPETUPYIOTCH KAK
JIBUKEHWE IIapUKa 10 MMOTEHIUAJIbHOM KpuBoil. Ilpu TakoM ABUKEHUM y IIapUKa MO-
KeT ObITh JIBA THUIA PABHOBECHBIX COCTOSIHUIT: MO0 paBHOBeCHE HA BepIINHE (MaKCH-
MyMe) KpuBoii, mbo pasHoBecue BO Bnaaunue. Koneuno, mpu HEGOIBIIOM OTKJIOHEHUN
[IAPUKA OT MOJIOXKEHNs PABHOBECHS HA BEPIIWHE (B TOYKE MAKCUMyMa MOTEHIHATBHOM
KPUBO#i) MapuK MoTepsieT PABHOBECHE W CKATUTCA. Takoe paBHOBECHE OOBIMHO HA3BLIBA-
0T HEyCTOWYMBBIM. ECIU OTK/JIOHUTH MIAPUK W3 IMOJIOXKEHUsI PABHOBECUsI BO BIAJINHE,
TOrJA mapuk Oyaer KoaebarbCsa OKOI0 TOUYKM MuHUMYyMAa. [lodToMy mosoxeHnre paBHO-
Becusl B TOYKE MUHUMYMa [MOTEHITNAJIBHON dHeprun ycToiranso. MunuMyMm, KOHEYHO, He
00s13aT€/IBHO JIO/I2KEH OBbITh TJI00AIbHBIM, KOJI€0aHNS BO3HUKHYT U OKOJIO JIOKAJTBHOI'O
MUHUMYMa, €CJIU He CJIUIIKOM CUJIbHO OTKJIOHUTD ITAPUK OT PABHOBECHOI'O MOJIOXKEHUS.

Takue npocTbie PacCykKIeHus eCTECTBEHHO IPUBOIAT K MATEMATHIECKUM (DOPMYJIH-
poBKaM 00 yCTOWYMBOM IIOJIOKEHUN pPaBHOBecus. /11 aBTOHOMHOI CUCTeMbl YpaBHEHU

v =f(y) (30)

Honooicenue pasnosecus y = a nasveaemes yemotivusum (no Jlanynosy) nososcenuem
pasnosecus cucmemv, ypasuenut (30), ecau, 6o-nepewx,— cywecmsyem maxoe oy > 0,
umo ecau |y(0) — a| < dg, mo pewenue cucmemve (30) cywecmeyem npu 0 < t < oo;
60-6mMopuiT, — das a106020 € > 0 cywecmeyem §(g) > 0 maxroe, wmo ecau |y(0) —al < 9,
moeda ly(t) —al < e npu 0 <t < oco.

To ectb, TpaekTOpuUs ABMKEHUS Oy/1€T HAXOAUTHCS BOJIM3U [MOJI0KEHUS] PABHOBECHU ST
OECKOHETHO JOJITO.

Ha da30Boit mI0CKOCTH 0KOIO YCTORYIMBLIX 10 JIAMyHOBY TOUEK paBHOBeCHs hazo-
BbIe TPACKTOPUU — ITO y3€J WM IEHTP.

6.2 YcToliumBOCTH HO JINMHEHOMY ITPUOJINKEHUIO

IIpakTraeckn mpu nCcaeJOBAHUN PEIeHNi HeIMHEHHBIX YPaBHEHNN TaCTO OKA3BIBAETCS
JOBOJILHO TPYIHO MCCAEIOBATH HA YCTOMYIMUBOCTH TO WM WHOE MOJOXKEHNE PABHOBECHS.
lemo 3mech B TOM, 9TO JjIsl BRISICHEHUS YCTOMIMBOCTH TIOJIOYKEHNST PABHOBECHS TTPUXO-
JIUTCS UCCJIE0BATH, BO-MIEPBBIX, — 00JIACTH CYIIECTBOBAHUS ITOTO PEIIEHUsT C HEPABHO-
BECHBIM HAYaJIbHBIM TOJI0KEHUEM, BO-BTOPBIX, — JOKA3bIBATH OJIM30CTH STOTO PEIIeHUsT
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K TIOJIOZKEHUIO paBHOBeCHsI. JacTo TaKue NCCIe0BaHNsI OKA3bIBAIOTCS BECHMa 3aTDPY IHI-
renbabiMu. C IPYroif CTOPOHBI, BeJb B ONPENEJIEHUN YCTORIMBOCTH MOXKHO HAYATBHOE
OTKJIOHEHWE B3dTh OYeHb MaJeHbKuM. [109TOMY OKa3bIBaeTCs JOCTATOYHO PA3yMHBIM
UCCIEI0BATh HA YCTOMYUBOCTDL HE PEIlleHre HEJIMHEHHOrO yPABHEHUS, & PEIeHUe JIMHe-
ApU30BAHHOTO YPABHEHUS OKOJIO MOJIOKEHIsT DABHOBECHSI.

Bynem uckars pemenne cucremst (30) B Bue:

y(t) = a+ x(t).

Torma cucrema ypaBHEHUI /i HOBOI HEM3BECTHOM (DyHKIIAM x(t) OpUMEeT BUI:

2 = fla+a(t)).

Ora cucrema ypaBHeHuit ondTh HesmHelina. [lycrs npasas dacts — dyuknusa f(a+x(t))
— mragkas pyuxius. [Ipeacrasum ee ¢ momombio popmyanl Teitiopa B Buje:

fla+z) = f(a) + f'(a)z + O(2?).

B rouke pasnosecusi f(a) = 0 npu JmHeapusaiyuu 0ObIYHO [IPEJIIOIATAIOT, YTO KBaJl-
paTUYHbIE CAaraeMble MaJjibl 10 CPABHEHUIO C JIMHEWHBIMU U UX MOXKHO oTOpocuTh. B
pesyJ/brare II0/y4aercd JIMHelHas CucreMa ypPaBHEeHUR njis T:

2 = f'(a)x

Bompoc 06 ycroftanBocTH perieHust 3TOTO JTUHEHHOTO YPaBHEHWS JIETKO PEIaeTCs WC-
clieloBanneM COOCTBeHHbIX uucest MapTpunbl f'(a) = (O, f(a + x)).

Teopema JIsimynosa. Ilycrs Bekrop-dyukims f(y) aazk bl HenpepbiBHO audde-
peHIIpyeMa B OKPEeCTHOCTH TIOJIOXKEHNUST PABHOBecHs Y = a. Ecin BelllecTBeHHbIE YacTH
BCEX COOCTBEHHBIX 3HaveHui Marpunpbl f'(a) OTpULATENbHBI, TOTIA TOI0KEHNE PABHO-
BeCHUs @ aCUMITOTHYECKH yCToiunBo. CIpaBe/InBa OIIEHKA:

|z(t) — a| < Cexp(—at)|z(0) —al, 0<t< oo,

rae a > 0, C' > 0 gs Beex x(0), 10cTATOUHO OJIUBKUX K @.

6.3 Ilepuoaumyeckme penieHNs KOHCEPBATUBHBIX CUCTEM U OpPOUTAIB-
Hasl yCTOWYNBOCTh

B kxadecTBe mpuMepa KOHCEPBATHBHOU CHCTEMBI yPaBHEHUM PAaCCMOTPUM MaTeMaThude-
CKHUit MagTHHUK.

@" + sin(¢) = 0. (31)
Bripazkenne 17151 TOIHOI SHEPIUN MATEMATHIECKOTO MASITHUKA!
(¢)?

E= T cos(¢).
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[Morentmanbaast GYHKIUSA 71 yPABHEHUST MATEMATUIECKOTO MASITHUKA UMEET BUI:
P = —cos(¢). (32)

[lepuoandaeckue pereHnsi MATEMATHIECKOTO MASITHUKA, COOTBETCTBYIOT 3HAYEHUSIM
-1<E<1.

Broiscaum ycroitunBo jim 110 JIgnyHOBY €pHOAMYECKOE PEIIEHNE YPABHEHUS MATEM A~
TUIECKOTO MASTHUKA 110 OTHOIIEHUIO K MAJIOMY W3MeHEHUIO0 HAYaJIbHBIX ycjaoBuil. s
9TOTO HAPANY C PelleHneM YPaBHEHWS MaTeMaTHdIecKoro MadTHuka ¢ F = FEy mamo
PacCMOTPEeTh pEIeHre YPaBHEHUS MATEMATHIECKOT0 MAATHUKA C JTOCTATOIHO OJIM3KOIM
sHeprueit £ = Fj.

Insans va dazoBbie TPAGKTOPUN TTEPUOIUIECKUX PEIIeHU ¢ OJIM3KUMY 3HATEHUSIMU
SHEPTHUH, JETKO BUJIETH, UTO 9TU TPAEKTOPUU HAXOAATCs OJTU3KO APYT K Apyry. OgHAKO,
nepuobl Koebanuii 3rux pemennii paszaumaasl (nepuos Konebanuii 3aBUCAT OT SHEPTUU
E):

T

w/2 d
T:4/ 9
0 /1 —k2 sin2(x)

Taxum o6pazom, nepuog perternust 11 > Ty, eciim By > Ey. D10 TPUBOJUT K TOMY, UTO
€C/I PACCMATPUBATH PEIleHusl C OJU3KUMU HAYAbHBIMUA JTAHHBIMU, TOTJA 33 BpPEMs
t = Ty Touka, Jiexkalnas Ha BHYTPEHHENH TPAEKTOPUM, HEMHOT'O OOTOHUT TOYKY HA BHEII-
Heit TpaekTopun. /lasibire Tak Oy/IeT MPOUCXOIUTH HA KaXKJ0M BuUTKe. U, HECMOTps HA
01m30CTh (HA30BBIX TPACKTOPHIL, IBA PEIIEHNs CO CKOJIb YTIOAHO OJIM3KUMU HAYAIbHBIMA
YCJIOBUSIMU MOTYT Pa30UTHUCh HA BEJIMYUHY MOPs/IKA €IUMHUIIBI 33 JO0CTATOYHO OOJIbIIIOEe
BpeMmd. TO €CTh NEePpUOJUYECCKUE DEUICHUYA YPAaBHEHUA MATEMATUYECKOI'O MadATHUKA HE

k = sin(¢y/2).

SIBJIAIOTCS YCTONYIMBBIMI 110 JIsTTyHOBY.

Tem we Menee, (paz0Bbie TPAEKTOPUN TEPUOTUIECKUX PEIIEHU YCTOWINBBI OTHOCH-
TEeJIbHO MaJIbIX U3MEHEHWH HadaabHBIX ycaoBuii. Takas ycroitunBocTh (ha3oBbIX TPaeK-
TOpHUil HA3BIBACTCA 0POUMAALHOT YCMOTYUBOCTNHIO.

6.4 JluHeapu3oBaHHOE B OKPECTHOCTHU MEPMOANYIECKOTO PEMIEHNS YPaB-
HEHHNEe MaTeMaTNn4eCKOTO MasgTHUKA

BOJIee ,ELGT&JIBHI)IP'I AHAJIN3 MO2KHO TPOBECTU C IMTOMOIIBIO IMHEAPU30BAHHOTO YPAaBHEHUA.
PaccmoTpum nmmHeapm3oBaHHOe HA MEPUOANTECKOM DEIIEeHNN ypaBHEHNE MaTeMaThde-
CKOI'O MadTHUKA. ILJIH BbIBO/Ia 9TOT'O ypaBHeHI/Iﬂ 6y,ueM NCKaTh penieHune ypaBHeHI/IH
MaATEMATUYECKOTI'O MadTHUKA:

¢" +sin(¢) =0
B BHUJeE:

b= ¢(t, E) + ei).

Baecy ¢(t, E) — TouHOe pelienne ypaBHEHHsT MATEMATHIECKOT0 MAagTHUKA, £1) — Bapu-
anus WM MaJjas MompaBKa K pereruio. [logcraBuM BeIpakenne ¢ B ypaBHEHHE MaTe-
MATUYECKOTO MadTHUKA. OT6paCEIBa§I YJIEHBI BBICIIUX TIOPAAKOB TIO Ew, IJId TIEPBOTO
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NOpAJKa IIOJIYYINM:
" 4+ 1pcos(¢(t, E)) = 0. (33)

OTO /NWHEHOe ypaBHEHUE ¢ nepuojndeckuM KodddurmenTom. Kak m3BecTHO, 110
Kpaiineil Mepe O[HO U3 PELIeHUN ITOr0 ypaBHEHUd MOXKeT 0Ka3aThbCd PACTylIUM 110 Bpe-
MEeHU u3-3a sBJIEHUs apaMeTPUYECKOro pe3oHanca. Takoe pacryiiee penieHne Kak pas
OTBEYAET 33 [IOCTEIIEHHOE OTCTABAHNE PEIIeHUs YPABHEHUSI MATEMATUIECKOI0 MASTHIKA
C MeHbIIell MTO/THON dHeprueil. B 3ToM myHKTe OyIyT HOCTPOEHBI PElleHus JTUHEAPU3O0-
BAHHOTO YPABHEHUS — OJIHO TIEPUOINIECKOE, BTOPOE PACTYIIEEe 10 BPEMEHH.

Pertennst mumneapu30BaHHOTO yPABHEHUS JIETKO MOy IUTH U3 PEIEHUsT HEJTMHEHHOTO
ypasuenus. JIss aToro Ha1o npoanddepeHInpoBaTh peIlieHe HeTMHEHHOTO YPaBHEHU ST
110 TTapaMerpaM, OT KOTOPBIX 3aBUCHUT PeIleHne HeJnHelnoro ypasuenns. s ypasme-
HUA MaTEeMAaTUIeCKOTO MagTHUKA STUMU TapaMeTpPaMu SIBJISIOTCS BpeMs U TI0/THAS SHEP-
rust . Tlokaxkem, aTo mpousBogHas o F — pernenne TuHEAPU30BAHHOTO YPABHEHUS:

Op(¢") + Op(sing) = 0,

(0r®)" + (0r¢) cos(¢) = 0.

Taxkum obpazom, aBa JUHEHHO HE3ABUCUMBIX PeIIeHWs JIMTHEAPU30BAHHOIO yPABHEHUS
MaTeMaTHYeCKOTO MAagTHUKA UMEIOT BUJI:

wl(ta E) = 8t¢(t7 E)v ¢2(t’E) = 6E¢(t7E)

Ucciiepyem cBoiicTBa 11epBOTO U3 TUX PEIIEHUI:

1 = 0((t, E)) = £1/2E + 2 cos((t, E)).

3/ech, KaKk U B PEIIeHNN HEJUHEHHOrN0 ypaBHEHUs, BayKHO MPABUJIHLHO BBHIOPATH 3HAK
nepes KopHeM. [Ipu nBukeHnn MasgTHuKa 0T —@g = — arccos(E) 10 ¢g Oymem BoIOHpaTh
3HAK TIJIIOC, TP JIBU2KEHUU B JPYI'YIO CTOPOHY — 3HAaK MHUHYC. B pesysbrare nosy4dum
nepuoandeckoe perrerne ¢ mepuogom 1 = 4K (E), T0 eCTb HEpHOJ TOrO DPEIIeHwsI
COBIQJIaeT C MEPUOJOM PEIeHUs HEJIMHEHHOTO YPaBHEHUS.

Uccnemyem cBoiicTBa BTOPOrO pellieHus JUHEAPU30BAHHOIO ypaBHeHwus. ljis sToro
npoauddepennupyem 1o Jp MHTErpaILHYI0 GOPMYJILY A P:

Op(t — to) = 0 </¢(t’E) du )
AN +/2F +2cos(u) /-

B pesysibrare nosydum:

=0.

OpeE) et
+1/2E + 2cos(¢(t, E))  Jo +(2F + 2 cos(u))3/2
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31ech 3HaKku + cokpamaroTcs. TakuM 06pa3oM, BTOpPOe JIMHEHHO HE3aBUCUMOE PeIlIeHne

JINHEAPU30BAHHOTO YPABHEHUS UMEET BU/L:
du

o(t,E)
o = \/2E+2cos(¢(t,E))/0 (2F + 2 cos(u))3/2

KoaddurtmenT nepe nHTErpasoM u moAbIHTErpATbHAA (DPYHKIIASA BCET/IA TOJI0KUTE/b-
ubl. [TosTomy, Bo-iepBBIX, — 19 > 0, BO-BTOPBIX, — UHTErPAJI PACTET, U MPU KAXKJOM
M3MEHEHUU BpeMeHU Ha mepuo/i Kojedbanuilt pyHkiuu ¢ GyHKIns 12 MOKeET ObITH Tpej-
CTaBJIEHA, B BUJIE:

(34)

Yot +T) = A1 (t) + a(t). (35)
Ha nepBoriit B3rss 151 Berauncienns ko3dduiimenTa, Ha KOTOPBI Bo3pacraeT pyHK-
s e 3a nepuon Kojebanuii 1', JOCTATOYHO BBIMUCAUTH UHTErpaa B GopMmyse g 3a
nepuog 1. OjiHaKO, JIErKO BUETh, YTO 3HAMEHATE/Ib [OJIBIHTErPAJIbHON DYHKIUU HA OT-
pe3Kke Takoil JIINHBI JBAKIBI 00PAIIAETCS B HYJIb — B TOUYKAX U = *+¢q. s BoIsicHeHUSA
MOBEJICHNUST MHTErPaJia, KpaiitHe BaKHO BBISICHUTH OCOOEHHOCTH TIOBIHTEIPDATBHON (DYHK-
Y B 9TUX TOYKAX. PACCMOTPUM TTOBEIEHNE TTOABIHTErPAIBHON (DYHKIUN B OKPECTHOCTH
TOYKHU ¢g:

2F — 2cos(¢pp — &) = 2E — 2(cos(¢o) cos(e) + sin(¢p) sin()).

Pazjoxum dbynknum, 3aBucsdiime ot €, no ¢gopmysie Teitopa B okpecTtHoCcTH HyJisd. B
pe3y/ibraTe mOJIy duM:

2F + 2cos(¢pg — €) = 2E + 2 cos(¢o) (1 — 622 + &Ry (€)) + 2sin(¢o) (e — e Ra(e)),

W
2F 4 2cos(¢g — ) = e(2sin(¢g) + eR3(e)).

Bnec Rj(e), j = 1,2,3 — orpanuuennsie Gyuknun npu € € [0,C], C > 0.
[TpuBenentnie HoOpMyIbI MOKA3BIBAIOT, YTO MOABIHTErPATbHAS (DYHKIINA B TOUKE (g
nMeeT 0COOEHHOCTD: (U — ¢0)3/ 2. Dra ocobenHocTs HemHTerpupyema. Takum o6pazoM,
3anmch pemenus Py B BUge (34) npurogra Toasko pu 0 < ¢ < @g.
st Toro, arobbI mosb30BaThCst hopMyItoit (34) Ha GOIBIIEM TPOMEKYTKE, BBHIUIC-
JINM PA3JI0KEHUE STOTO WHTErPAId B OKPECTHOCTH Q.

du

Po—¢
0= (@sin(d0))*2(go — w2

[ (e )
u —
0 (2E + 2cos(u))¥?  (2sin(¢0))*/2(do — u)3/2
Bropoe ciaraemoe B 31011 hopmysie B TOYKE ¢)g UMEET MHTEIPUPYEMYIO OCODEHHOCTb.
I/IHTera.}I B TIEPBOM C/Iara€MOM JIETKO BBIYUCIACTCA:

2
(2sin(90)PPVE |

/450—5 du( 1 B 1
0 (2E + Zeos(u)*?  (2sin(¢0))* (g0 — w??)’
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Takum 06pa30oM, WHTErpaJ UMeeT OCODEHHOCTh MO DsiiKa |y — ¢|1/ 2 B OoKpecTHOCTH
¢o. C apyroii croponsr, B dhopmyse (34) MHOKHUTENb MEPEJ, MHTErPAJIOM NP @ = g
obpalaercs B HyJib, IPUYEM, B OKPECTHOCTH (g STOT MHOXKUTEIH UMEET MOPSI0K:

V/2E + 2cos((t, E)) = 1/2sin(do)e + Ra(e).

Baecy Ry(e) — orpanuuentas pyHKINS.

Urak, noxazano, uro dyHknnsa g orpanndena npu Vi > 0. g toro, arobbr oHa
ObLTa peIeHreM JUHEeAPU30BAHHOTO NudeHIna bHOTO yPaBHEHN, HATO eIlle JT0Ka-
3aTh, 9TO 3Ta MYHKINS ABAKIbI HETpephiBHO nuddepeniupyema mo t. Bo Bcex Toukax
ompejesienns, Kpome 1ouek 1'/4+Tn /2, n € Z, coiicTBo muddepeHnnpyeMocTs He Bbl-
3biBaer comuennii. B roukax t = T'/4 + T'n/2 BepxHuil npejes MHTErpUPOBaHUS PABEH
+¢g, cyliecTBOBaHME TPOU3BOIHBIX TI0 BPEMEHU HAJIO JI0KA3BIBATH 0CO0O.

[lepeitnem x m0Ka3aTeILCTBY HEmpepbiBHON auddepenuupyemoctu OYHKIUNE Y1 U
12 0 BpeMeHu. BpranucimmM mpou3BOAHYIO [0 BpeMenn (byHKIUN 7 :

—¢' sin(¢)
V2E 4 2 cos(¢)

10 ecthb pyuknusa muddepennupyema npu V.
Beraucium mepByo mpou3BOAHYIO 10 ¢ (pyHKIUU a:

@Zji = = _Sin(¢)7

w, B Y sin(¢) é du +
2 = \/m o 2E+ 2(305(“))3/2
¢ _
28 = 2¢08(9) = cos(@)
w0) | e T
—sin 0 (2E +2cos(u))3/2 " \/2E + 2cos(¢)

W3 npencraBienns: nHTErpasia B OKPECTHOCTH ¢y CJIEIAYET, 9TO CHHIYIAPHBIE B OKPECT-
HOCTHU ¢pg 9JIeHbI B (pOpMyJie /i MPOM3BOJHON (pg BXOAAT C PA3JIUIHBIMYU 3HAKAMU U
cokpariaorcs. OCTaToK ABJISIeTCs OTPAHUIEHHON HEPePhIBHONW (DYyHKIIUET.

HenpepbIBHOCTE U OTpaHUYEHHOCTH BTOPBIX IIPOU3BOIHBIX, CJIEIYET HENOCPEICTBEH-
HO U3 JIMHEAPU30BAHHOI'O YPABHEHUS.

Dynryua P2 pacmem no epemeny. Caedcmeue 3mozo — PEUEHUA AUHEGPUI0EAHHO20
HA NEPUOIUHECKOM PEULEHUY YPABHEHUA MAMEMAMUYECKO20 MAAMHUKE HE ACAANOMCA
yemotivusvmu no Jlanynosy .

6.5 HeycToiiunBOoCTh CcENAapaTPUCHOTO PEINEHUS

CenapaTpucHoe perieHne OTaeasieT 1Ba Buaa (ha3oBbix TpaekTopuit. Ias ypaBHeHus
MaTEMATUYECKOTO MAasATHUKA, — 9TO TPAEKTOPUM COOTBETCTBYIOIINE TEPUOINIECKUM WU
HaMaTbIBaOIMMCS pernenusaM. [[09ToMy odeHb BaKHBIM SABJISIETCS BOIPOC O TOM, UTO
MIPOU30MUIET ITPU BOBMYIIIEHNN HAYAJIbHBIX YCIOBUI, COOTBETCTBYIOININX CEMTAaPATPUCHOMY
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perernto. O4YeBUIHO, UTO pelreHne OyIeT U000 BPAIIAIOIINMCS, TUO0 TEPUOTUIECKUM.
Benn cemaparpucHoe perieHne 0HO, U TOCTe BO3MYIIEHNsT HadalbHbIE JIAaHHBIE YKe He
00s13aHBI Y/IOBJIETBOPSTDH CIIENUAIBHBIM YCIOBUSIM CemapaTpuckl. Takum obpas3om, ode-
BU/IHO, 9TO CENAapATPUCHOE perneHue He o0/1agaer ycroiiuuBocThio mo Jlanyuosy. Bosee
TOr0, 9TO pEIllleHre HeyCTONINBO 10 jinHeiinoMmy npubsnkenuto. To ecTsb inHeapu30BaH-
HOE HA CETapaTprce YPABHEHWE MMEET KCIOHEHIMATHLHO PACTYINEe PEIIeHne, KOTOPoe
[PUBOJUT K OBICTPOMY yJIAJEHUIO PENIeHUil OT CernapaTpPUChI.
CenaparpucHoe pelleHne MareMaruiecKoro MadTHUKA UMEeT BUJL:

o(t) = 4arctg(exp(t)) — 2.
JluHeapu30BaHHOE HA CeapaTpUce YPaBHEHHE MOYKHO 3alliCaTh B BH/JE:
V" + 1) cos(4 arctg(exp(t))) = 0.

DT0 ypaBHEHNE MOXKHO YIIPOCTUThH, €CJIN BOCIOIb30BAThCSI TPUTOHOMETPUIECKuMu (HOop-
MyJIaM# /19 KPATHBIX YTJIOB:

cos(4a) = cos?(2a) — sin?(2a) = (1—tg2(a))2 — (2tg(a)))2.

1+ tg?(a) 1+ tg?(«
Ot (popMyJibl TPUBOAAT K Gojiee TPOCTOit (popMe JIMHEAPU30BAHHOTO YPABHEHMS:
1
" 2
+ (th*(t) — ) =0. 36
o+ (020~ s ) (30)

OpxHO U3 perneHuil TNHEAPU30BAHHOIO YPaBHEHHUsI JIEMKO MOLYYUTh mpoauddepeH-
IIMPOBAaB M0 BPEMEHN peIlleHne HeJINHEHHOTO YpaBHEHNUST:

1 (t) = (darctg(exp(t))) = Chz(t)

Bropoe nmneitno mezaBucumMoe permenne ypasaenus: (36) MOXKHO TMOCTPOUTH, BOC-

[O/IH30BABIINCH YCIOBHEM TOCTOSHCTBA BPOHCKUAHA JIJIsl IMHEHHO HE3aBUCUMBIX pellie-
Huit ypasHenusi (36):

. (37)

Yripy — Piapg = 1.

Dyuxuys 12(t) Moxker ObITH TOCTPOEHA METO0M BaPUALMU MOCTOAHHBIX:
P2 = A(t)yr (1),
TOor/1a
1
VIWA =1, uwm A(t) = 1 /Chz(t)dt.
Tloce maTErpUPOBAHMS IOy IUM:

s 2
0a(0) = S+ s (33)

Dyuxuys o (t) — 01HO U3 pemenuii TMHEAPU30BaHHOrO ypasHenus (36) skcnoneHm-
AJIbHO PACTeT. DTO O3HAYAET, YTO CElapaTPUCHOE PelIeHne HeyCTONYUBO 110 JTHHEHHOMY

OpUOIMKEHUIO U, CJIEIOBATETHHO, TTPOCTO HEYCTONINBO.

Cééa+éBbI‘H/IC.HI/ITB koadumment A B dbopmyse (35).
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6.6 JIurepatypa

Teopusi ycTOWYMBOCTH TIOJIOKEHUY DABHOBECHSA IMOAPODOHO M3/IaraeTcs MPAKTUIECKU B
Jrobom Kypcee duddepenimanibibix ypaBHeHuit. 31eCh ONpeeaeHus YCTORNIUBOCTH 10
JIAMyHOBY /aHbI B COOTBETCTBUU C y4eOHUKOM

M.B. ®emopiok, ObbikHOBeHHBIE MudhepeHITnaIbHbIe YPABHEHNS.

Bompocsr ycToitauBOCTH TTEPUOANTECKAX PEIIEHUN U CerapaTPUCHOTO PeIIeHus 110
OTHOIIEHUIO K BO3MYIIEHNIO HAYAIbHBIX JIAHHBIX, KAK MPABUIO, HE BXOJAT B CTAHIAPT-
HBIIT Kypc AuddepeHnuaibHbIX YPaBHEHNH. DTH TeMbI 00CY K IaI0TCsI, HATPUMED, B KHU-
rax

B.U. Apnosbg, donosaurensHble TaBbl Teopun guddepeHinaabHbIX YPaBHEHU.

["M. Bacnasckuii, P.3. Carnees, Beegenne B nHenuneitnyto husmuky.

H.H. Mouceer, AcuMiToTuIecKue MeTOAbl HEJIMHENHOW MEXaHUKH.
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7 DJaeMeHTHI Teopuu o6udypKaImii

Teopus bupyprayuti udyuwaem, Kok MEHAIOMCA PEUWEHUA NPU USMEHEHUU NAPAMEMPOS
ypasHenuti. 3decv nodpobro paccmompens, npocmetiwue buPYPKAUUL KOHCEPBATNUCHHLT
cucmem 8mopozo NopAdKa: muna cedro-uenmp, budyprayus yosoenus. IIpocmetiuiue
bUPYPKAUUY UHMEPECHBL MEM, YMO OHU YGULE BCE20 BO3HUKAIOM 8 NPUAONCEHUAT Meo-
puu JuPdepenyuasvrox ypasrenut. Hanpumep, budyprayus muna cedro-uenmp npu-
s6odum K nomepe Ycmotuusocmu Pewerus U 0MmeEedaem 3a AHCeCmKul PENCUM GO3HUK-
HOBeHUA Koaebarul. Budyprayus yosoerus uepaem 6adCHY POAbL 6 ONUCIHUU 603-
HUKHOBEHUA MYPOYsernmuocmu 6 modeau mypbysenmmuocmu Jlanday. Boaee caooicnvie
buPyproyuy, KK NPAGUA0, COOMBEMCMEYIOM BHPOHCOCHHDLM CAYUAAM U, TOIMOMY,
scmpeuatomesa peoice. Ilpuseden npumep Heaokasvnotli budyprayuy — nepecmpotixvu ce-
napampuc.

7.1 JlokanbHBIH aHAIN3 HEOTPAHWYEHHOTO JBUXKEHUS

PaccmoTpum ypaBHeHMe BTOPOTO MOPSIKA
2 = Fl(a), (39)

rae F(x) — rnagkas dynknus.
B maJ0it oKpecTHOCTH TOUKH 00MIEro mojioxkenus xo GyHKIuo F () MOXKHO mpes-
CTaBUTb B BUJIE:

F(x) = F(x) + O(z — x0).

Ecin npenebpeus ocraTkoMm, Torjga BMecTo ypasHenus (39) MOXKHO MCCI€10BATh ypas-
HeHme

y" = Co, (40)

e y = x — g, Co = F(xo).

9TO ypaBHEHHE JIErKO PeluTh, HO HAac OyJeT MHTEPecOBaTh HE CTOJIHKO PelleHne,
CKOJIBKO HOTeHIuaabHasg GyHKnuda u (Has30BBIi MOPTPET 3TOro ypapHeHud. g mosy-
YeHusl NOTeHIUaIbHON (DYHKIUKM HAJ0 YMHOXKUTHL 00e 4acTu ypasHeHus Ha 2y’ u npo-
HHTErpUPOBATH 10 t. B pesynbrare moaydnm

(y')2 —2Cyy = F.
IToTermmaabHasg (PYHKIHA 3TOTO YPABHEHUS

II= —QCoy.

®as3oBble KpuBble — apabo/ibl. Paz0BbIil MOPTPET He COMEPIKUT HUKAKUX OCOOBIX TO-
4qek. /IBrkeHne OrpaHmYIeHo TOJIBKO C OJHOM CTOPOHBI M OYEBUIHO, 9TO PEIIEHUE PACTET
€O BpEMEHeM, U Hallla alnpokcuMarus ypasuenns (39) ypasuenuem (40) 10BOJIBHO CKO-
PO CTAHOBUTCS HeMpUToaHOH. OJHAKO, €C/IN HHTEPECOBATHCS JIOKATBHON KAPTUHON MPO-
UCXOAIEr0, He 3aberas JAIeKo BIEPE], TOTa MOJA00HOe MOBEJIEHNEe CUCTEMBI CELYeT
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Puc. 6: [lorennuanpuas dpyukius u (Ha3oBblil mopTper 6e3 TOYeK PaBHOBECHSI.

npu3HATh Haubojee TUIUYHBIM. Beb mocsie Toro, Kak Haie npub/inKeHne B OKPEeCTHO-
CTHU TOYKHU Ty CTAHET HEIIPUTI'OAHbIM, TaKOE€ 2Ke HpI/I6.HI/I)KeHI/Ie MO2KHO yCTPOUTDH B6JTI/IBI/I
J1I000i1 IpyToit Heocoboit TOUKM, U KapTuHa (ha30BbIX KPUBBIX OKAYKETCHd MOXO0XKEN.

7.2 OKpeCTHOCTb TOYKU PAaBHOBECUSI

Kapruna jasuzkenusi, nIpuBeeHHast BbIIe, Pa3PyIIA€TCA B OKPECTHOCTU TOYKH X = X1,
rae F(xz1) = 0. 910 o3Hagvaer, 970 B OKPECTHOCTH TOYKM T HEOOXOAMMA JApyTast arl-
npokcumarus dbyskiun F ()

F(z) = F'(z1)(z — 1) + O((z — x1)?).
JlokanbHo, BOIM3u TOUKN 21 ypasHenue (40) MOXKHO TpUOGIU3UTEH yPABHEHUEM
y' +w’y =0, (41)

— 2 _ !
e y = (x — 1), w® = —F'(x1).
D10 ypaBHEHHE TapMOHMYECKOIO OCHMJLIATOPa C mpuTarmsaomei (w? > 0) mim
orrankupaiommeii (w? < 0) cuoit. [loTernuanbaasg DYHKIHS A9 STOTO yPABHEHHIS:

I = w’y?.
YpaBueHue 1ig Ha30BbIX KPUBBIX:
(') +w?y* =2E.

B pesyabraTe Ha hazoBoil II0CKOCTH HOTyInM 60 mentp (w? > 0), mmbo cemo (w? <
0). Touka 1 — TOYKA yCTONYMBOrO MM HEYCTONYUBOIO PABHOBECHUSI.

Ceta 1 HEHTPBI HEYCTPAHUMBIM 0Opa30M BCTPEYAIOTCS [IPU U3y9YEHUU KOHCEPBa-
TUBHBIX CHCTEM.

7.3 DBudypkaius ceago-meHTp

st uccmemoBamnus 6oJtee CIOKHBIX (Pa30BBIX KPUBBIX OY/I€M PACCMATPUBATEH (DYHKIIUIO
F', 3aBucanIyio oT JOMOTHATETLHOTO BEIIEeCTBEHHOTO MapaMeTpa .

F =F(z,a).
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Puc. 7: Budypkaius ceaio-1eHTp.

B o6tmem ciygae 3TOT JOTOMHUTEIBHBIN TapaMerp HUYEro He MeHsgeT B (ha30BOM
noptpere. OIHAKO, B CUTyaIuu 0OIIEro MOJOYKEeHNs CYIECTBYeT TOUYKA (v W 3HAUEHUe
1, TPU KOTOPHIX OOPAIIAIOTCS B HYJIb U 3HAUEHNE (DYHKIUU, ¥ 3HAUECHNE €€ TTPOU3BOJI-
HO.

F(.Tl, 011) = 0,
F/(Sﬂl, al) =0.

IIpuBeieHHBIE pABEHCTBA MOYXKHO PACCMATPUBATH KaK YPABHEHUS JJIsT OTIPEIETeHUS 3HA-
YeHUU 1 A Q-

B okpecTHOCTHM TOYKM B MPOCTPAHCTBE MapaMeTpPOB (xl,al) dyuarImio F MOXKHO
NpeaCcTaBuTh B BUE

F(z,a) = F(z1,a) + 0o F(z1, 1) (a0 — 1) + Oy F (21, 1) (2 — x1)2/2 +
O((z — 21)° + (a — an)?).

OTO0 NMPUBOAUT K YPABHEHUIO
v = v+ g1, (42)

riey = (x —x1)C, g1 = f(a).

Perienne sroro ypasuenus — dpyuknus Beiiepmrpacca. OHa M0OXkKeT ObITH BhIPasKeHa
gepes ynunrudeckue pyaxmuu Axobdn.

[Morennunanbuas dbyHKIWA 11g ypaBHeHus (42)

M= —1°— .
3y g1y
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Ypasuenne i GHa30BbIX KPUBBIX:

() - %y?’ —qy =15

Ecnu g1 < 0, Torga na pa30BoM MOpTpETE €CTH JBE TOYKYM PABHOBECHUS — yCTOMNYnBast
n meycrofumBag. [lpu g1 = 0 TOYKM paBHOBECHS CAUMAIOTCS, 00pa3ys CJOKHYIO TOU-
Ky pPaBHOBeCHsi, KOTOpasi Ha3biBaeTcs cemyio-y3en. [Ipu g1 > 0 Tovek paBHOBeCUsI HET.
Pemenne ypasuenus (42) onuceiBaer 6udypKanuio poXKICHNs ABYX TOYEK DABHOBECHS.
Takasg 6udypKaims HA3BIBAETCI CEAA0-Y3EAN.

Budypkarmust cemio-y3ea oTBevaeT 3a sIBJIEHUE HCECKOT NOmMepu ycmotiuueocmu.
IIpu kecTKoi moTepe YCTONYUBOCTH PellleHne CHCTeMBI IPU MaJIOM M3MEHEHHH Iapa-
MeTpa JAJEKO YXOAUT OT UCXOIHOTO COCTOSTHUST PABHOBECUsI. DTO JIETKO HAOJIIOAATEH HA
KapTUHKAX [MOTEHINAJIbHLIX KPUBLIX. [Ipyn m3MeHennn mapaMeTpa g1 yCTORYUBOE COCTO-
sitHue papHOBecust nipu g1 = (0 CTAHOBUTCS HEYCTOWUYMBBIM U BOOOINE MPONAIAET MpPU
g1 > 0.

7.4 DBudypkaiusa yaBoeHus

Bosiee cnoxkuas cuTyalinst BOSHUKAET, KOT/1a (DYyHKIWS F' 3aBUCUT OT JABYX JIOTIOTHUTE b=
HBIX ITapamMeTpoB. Torja B curyamuu 0OIIEro MOI0KEHUsT CYIIIECTBYET PEIIEHNE CUCTEMbI
ypaBHeHU

F(xlaalaﬂl) == 07
/
F'(z1,01,81) =0,
/!
F(r1,01,61) = 0.
To ecThb cyImecTByeT TOYKA B TPEXMEPHOM IMPOCTPAHCTBE MAapaMeTPOB, MPH KOTOPOM
obparaiTcsd B HyJIb TPU MEPBBIX WieHa B pasjoxkennn Teittopa mo x dyuknun F. Torma

71 JIOKQJBHOTO UCCAeJOBAHUS YPAaBHEHNS €0 MOYKHO alllTPOKCUMUPOBATH yPaBHEHUEM
C HEJIMHENHOCTHIO TPETHETO TOPSTKA.

/!

y' = —a1 — agy — 2y°. (43)
[MoTennuanpaasg PYHKIMUA /I8 STOTO YPABHEHUS:
I = 2a1y + az2y® + y*.
Vpaguenne mist hpasoBBIX KPUBBIX:
(¥)* + 201y + azy® + y* = E.

Ilorennuanbabie KPUBBIE IPU PA3INYHBIX COOTHOIIEHUSIX [IAPAMETPOB a1, G2 OY1yT UMEThH
passinanbie POPMBI 1apabosi YeTBEPTOIO MOPIIKA.

Kpusble ¢ IByMsi pasHBIME MUHUMYMAMN W KPUBYIO C MEPErHOOM W MUHUMYMOM
JIOKAJILHO MOXKHO Pa3bnTh Ha yIKe WCCaenoBaHHble ciaydan. Hac OymyT mHTepecoBaTh
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Puc. 8: [lorennuanbubie HyHKINE npu 6udypKamyu yIBOeHUs.

Puc. 9: ®azossie noprpers! npu budypKaluu yIBOEHUS.

KaPTUHKH, HA KOTOPBIX €MHCTBEHHAsI TOYKA PABHOBECUS] CTAHOBUTCS HEYyCTONYMBON u
BOJIM3W Hee BO3HUWKAIOT JBE TOYKW MUHUMYyMA. Takas 6udypkaims OnuchiBaeTCs ypaB-
HEHHEM:

y" = —y(2y* — ). (44)

IIpu v < 0 ecTh TOMBLKO OfHA TOUYKA ycToirumBoro paBuHoBecusa y = 0. Ilpm v = 0 —
CTIOXKHasg TOYKA paBHOBecHs, pu ¥ > () — TpU TOYKM PABHOBECUS Y = j:\/m, 0. Takas
oudypkarus HazpiBaeTCs budyprayuet yosoenus. Ita budypKalys OMICHIBAT MALKUT
peorcum nomepu yemotivusocmu. eficTBUTETHFHO, HECMOTPST HA MTOTEPI0 YCTONIMBOCTH
TOYKY PABHOBECHsI, PEIIeHne 0CTaeTcsa O3 9Toit Touku. [locmemoBaTenbibie 6udyp-
KAy yIBOCHWST PACCMATPUBAIOTCS KAaK OJMH M3 MEXaHW3MOB BO3HUKHOBEHWST TypOy-
jerTHOCTH (MOmesnb TypOymenTHocTH Jlammay).

Pemenue ypasnenus (44) — yHKIUs CMHYC aMILIUTY/Ibl DU PA3IMYHBIX 3HAYEHUAX
MOJTYJISI.

7.5 Henokanbuble OundypKanumn

Budypkarun Touek paBHOBECHST MOXKHO KJIACCUMPUIIUPOBATEH C TOMOIIBIO OOIINX TPWH-
numoB Teopun Katactpod. OgHAKO, B IMHAMUYECKUX CHCTEMAaX BO3HUKAIOT OMdypKa-
[IN7, CBI3aHHBIE HE TOJBKO C TOUYKAMU PABHOBECUS, HO U C MEPECTPOUKAMU CEemapaTpUC.
Takwue mepecTpoitku B TPUHIUIIE HOCAT HEJTOKAJIBHBIN XapaKTeP U 0 CUX TOP He TO/I/1a-
0TCs Kyiaccudukaimu. B 3ToM myHKTE pacCMOTpUM TIPUMED OHON U3 TAKUX MTEPECTPO-
€eK.
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PaccmoTrpum 0bpyd paguyca a, Bpalarominiicss BOKPYT BEPTUKAJIBHOM OCH C TTOCTO-
saHOi cKopocThio ). ITo 06pywy ckomp3UT MaTepmaabHas Touka Macchl m. CocTaBum
VPaBHEHUS JBUKEHUS MATEPUAJTLHON TOUKHU. /L1 5TOTO CI0XKUM MOMEHTHI CUJ OTHO-
cuTesIbHO 1eHTpa o0pyyva. B pesysibrare mosyunm:

10" = mQ?%sin(6)a’ cos(h) — mgasin(6).

2

2 — momenT nHeprIE MaTepuambHoit Toukw, mS2? sin(#)a? cos() — MmomenT

Smecs I = ma
LEeHTPOOEKHOM CH/IBI, —Mga sin(f) — MOMEHT CHJIbI TSIZKECTH.

Bsenem napamerp A = Qi% u HOBOe BpeMms t = (. IlpescraBum ypaBHEHUE B BUjE

CHUCTEMBbI X 20
s1n(2) - A sin(@)).

PaccMmorpuMm 310 ypaBHeHne npy pa3HbIX 3HAUYEHHIX HapaMmeTpa A € R.
Vpasuenne (Ha3oBbIX KPUBHIX

dw  (cos(0) — A)sin(0)

a9 w ’

0 =w, W' = (cos(d)— \)sin(h) = (

WU, 9TO TOXKE CaMoe:
dw (sin(29)

Wy = 5~ Asm(@)).

Wnarerpan sneprun

w? — (sin?(#) + 2\ cos(6)) = h.

31ech noTeHIraaIbHAs SHEPIUs:
IT = —(sin®(#) + 2 cos(h)),

njim

IT = cos(260) — 2 cos(6).

N3 sroit dopmysisl ciemyer, aTo (Hha30Bbie KPUBBIE CUMMETPUIHBI OTHOCUTEIHHO OCEi
KoopauHaT 0, w.

Haiisem nosioskenusi paBHOBECUST TIPU PA3/INIHBIX 3HAYEHUSIX TTapaMeTpa A.

IIpu |A| > 1 ects Tpu monoxkenns pasuosecust § = 0, £7. Ilpu |A| < 1 — mare Touex
pPaBHOBECHUSI, KPOMe NPUBEJIEHHBIX BhIlIe 100aBasiorcs emte g = + arccos(\). Uccneny-
€M 9TH TOYKHU PABHOBECHS HA YCTONUIMBOCTH 1O JIamyHoBy. [Ijist 5TOr0 Ha/I0 BEIYUCIUTD
BTOPYIO NPOU3BOJAHYIO TTOTEHIMAILHON (DyHKIMH: TaM TJ1e OHA II0JOKUTEJIbHA — TOYKA,
MUHHMYMa, IJle OTPUIATebHa — MAKCAMYM.

" = —2cos(260) + 2\ cos().
B pesysibrare nosygum:

A>1: =471 cenno;
=0 wuenrp.



7  Diemenrtsl Teopun Ouypraimii 46

=

Puc. 10: Ilepectpoiiku cemaparpuc A = %, A=0, A=—7.

—1<A<1l: O#==£nw cenno;
0 = +60y uenrp;
0 =0 -cenJo.

A< —=1: 0==+m 1enTp;
0 =0 -ceno.

To ecTbh, C TOUKM 3peHUsT POXKIEHUS TOUYEK PABHOBECH, OM(yPKAIMOHHBIMY 3HAYCHUSIMA
mapaMerpa A gBJSIOTCS 3HadeHust A = £1.

[Tepeitnem k moctpoenuto cemaparpuc. [Ipm A > 1 cemaparpuchl BHIXOAAT U3 TOUEK
0 = 7. YpaBHeHUe cenapaTpuc uMeeT BUJ;:

w? = sin?(0) — 2\ (cos(h) + 1).

IIpu 0 < A < 1 cenaparpuchbl BbeixoadT u3 cegen. 3 cemyia 0 = 0 BbIXOAAT ABE
cermapaTpucel B OpMe MIeTeb:

w? = sin%(6) + 2\ (cos(h) — 1).

W3 cemen 6 = +7 BBIXOAAT cemapaTpUChL:
w? = sin®(6) + 2\ (cos(h) + 1).

IIpu A = 0 maps! cenapaTpuc BBIXOAANINX U3 PA3HBIX CEIEs CAUMAIOTCS:

w?® = sin?(h).

IIpu —1 < A < 0 merseobpa3Hblie CEMAPATPUCHI BRIXOIAT U3 cemen § = £
w? = sin%(0) + 2\ (cos(h) + 1).

Kpowme HUX ecTh ermmne nBe cemapaTpUCH:

w? = sin®(6) + 2\ (cos(h) — 1).
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IMpm A < —1 KapTWHA CYIIECTBEHHO YIPOIMAeTCsa. ECTh TOMBLKO JIBE CEMapaTpUCHI, BbI-
xougdmpe u3 o4k @ = 0 u oxBaTbIBalOIIKe HEeHTPhl § = +7.

Onucannas KapTuHA MOKa3biBaeT, 4To 3Hadenne A = 0 — OGudypkarumonnoe. I[Ipu
9TOM TPOUCXOJIUT MMEPECTPOIKA CenapaTpuc, a YUC/IO U XapaKTep TOYEK PABHOBECHUSI HE
n3MeHseTca. B pesyabraTe 3TOi mepecTpoiKn CYNIeCTBEHHO MEHSETCs XapaKTep KoJje-
OarebHbIX JBUXKEHUIT, oxBaTblBalommx o00a uenrpa 60 = £60y u cemyo § = 0. ITocue
9T0i IepecTpoiiku 6o/ibine KojebaHus Mo-TIPEKHEMY OXBATHIBAIOT 00a IIEHTPA, HO yKe
oxBarbiBaiorT He ceuio B 0 = 0, a oxBarbiBaioT cejio B 0 = 7.

JInteparypa OcHoBbl Teopunu OudypKalnii ©3JI0KEeHbBI, HAPUMED, B KHUATE

Amgponos A.A., Burr A.A. Xaiikuu C.9.. Teopuga komebanuii.

B wacTHOCTM, OTTYyZa B3AT NMpUMEP MEPECTPOWKM CenapaTrpuc, PacCMOTPEHHBIH B
MOCTIeTHEM TIYHKTE 3TOM JIEKITHH.
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8 IlpuHIINII HaMMEHbIIETO AeiiCTBUS

B amoti aexyuu ypasenus MeXAHUKY 8b600AMCA U3 NPUHUUNG HAUMEHbUE20 JeticmeuA
ona pynrxyuu Jagpanoica. Beedena pynxuua Iamusvmona. Ipuseden obuyudi eud ypas-
Hewul das xoucepsamusnoti cucmemvr. Chopmyauposana meopema Jluysuars o gaso-
6oM momoke u meopema llyanxape o 6o3spawsenu.

8.1 TI'ene3uc ypaBHeHMil MEXaHUKM

O e U3 BO3MOYXKHBIX CIIOCODOB BBIBOJA YPABHEHMT MEXaHUKU COCTOUT B UCIIO/Ib30BAHUT
BApPUAIMOHHOIO MPUHIINAIA. DTOT MOJX0J] aJbTEePHATUBEH CITOCOOY BBIBOJA YpPaBHEHU
HeoCpeICTBEHHO 13 3aKOHOB HpioToHa. PaccMOTpuM MeXaHWYIecKyIo CHCTEMY, KOTOpas
B MOMEHTHI BpeMeHnu t] u to 3aHMMAET OIPE/Ie/IEHHbIE TOJIOKEeHNs. 10T/1a MEXK /1y STUMU
[IOJIOZKEHUSMU CUCTeMa BesieT cebsd Tak, 9T0 (DYHKIMOHAJ JefCTBUS NPUHUMAET MU-
HUMaJIbHOE 3HaveHne. PopMaSHLHO BBHIBOJ YPABHEHWI MEXaHWKW PACCMATPUBAETCI KaK
3a/1ava BapPUAIMOHHOTO NCYNCIEHNST

¢
S = : L(q,q',t)dt — min.
t1

Bneco dbyuxmus L(q, ¢, t) nazsisaerca dbyukuumeit Jlarpanxa. [lepemennsie ¢ = q1, g2, - - -, Gn
7 WX TPOW3BOLHBIE 10 BPEMEHN HA3BIBAIOTCS ODOIMEHHBLIMNM KOOPAWHATAMHU W 0000IIeH-
HBIMU CKOPOCTSAMU. 3aBUCUMOCTH (PYHKIINY Jlarpanka TOIHKO OT BpEMEHHU, caMuX 0000-
[IIEHHBIX KOOPJANHAT 1 0D0OIIEHHBIX CKOPOCTEN CINTACTCS IKCIIEPUMEHTATBHBIM (PAKTOM

1 WCIIOMB3YeTCs B KAYEeCTBE OJHOTO W3 TOCTY/IATOB.

BriBos ypaBHenuit qBv2KeHUS U3 BAPUALMOHHOTO MPUHIMIA, cTangapreH. Mckomast
3aBHCAMOCTb KOOpAUHAT OT BpeMmenu — ¢(t). Munnmym byHKIHOHATA TeiCTBIA 03HA-
vaer, uro jobas 3amena ¢(t) nwa q(t) + dq(t) npuseger K BO3pacTanuio 3HaueHust PyHK-
nuonasia. Bapuaiyuu dq(t) B KOHEYHBIX TOYKAX BPEMEHHOTO WHTEPBA/Ia PABHBI HYJIIO
dq(t1) = dq(t2) = 0. 3menenne dbyHKIMOHATA TEHCTBHS:

to to t2
L(q+6q,q +6q,t)dt — / L(q,q,t)dt = / (0gLdq + Oy Lég )dt + . . .,
t1 t1 1
rJIe MHOTOTOYUNE 3aMEHAeT 4IeHBI 00JIee BBICOKOTO MOPAIKa 1Mo dq 1 0q’ .
JIunetinas gacTh 910 (HOPMYJIbI HA3BIBAETCs Bapualumeil pyHkimonasa. B okpect-
HOCTH MWHUMYMa OHA PaBHA HYJIIO.
to
08 = (04Ldq + Oy Léq')dt = 0.
t1
Oty dopMysy HEYI00HO UCIOIB30BATH, IIOTOMY YTO 3/IECH MPUCYTCTBYIOT KaK Bapua-
[Usi HEM3BECTHOM (DYyHKIMHU, TaK U Bapualus ee npousBogHOi. OT IPOU3BOIHON JIETKO
n30aBUTHCS, MPOUHTEIPUPOBAB BTOPOE CIATAEMOE TI0 JaCTSIM.

oL 2 9L d OL
58 = 9% 5ql2 / 9% _ 9% sadt = 0.
S qt1+ t (aq dtaq/) q 0

aq’
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BrennTerpanbHoe caraeMoe paBHO HYJTIO, TAaK KaK BapUalus 0¢ paBHA HYJIO B TPAHITY-
HBIX TOYKAX WHTepBaja. Bapuarusa dg MoxkeT Ji000#, MOITOMY JIJisi PABEHCTBA HYJIIO
BapuaIuu 0S5 TONKEH PABHATHCS HYJTIO MHOXKHUTETh B CKOOKaX. DTO MPUBOJINT K CUCTE-
Me nuddepeHIma bHbIX YPABHEHNI BTOPOTO TOPSIIKA:

oL d oL

dq dtdq
OTHu ypaBHEHWIT B MaTeMaTuKe OOBITHO HABBIBAIOTCS yPAaBHEHUsIMU Diljepa, a B Mexa-
HUKe — ypaBHeHusME Jlarpanka. [IpefiMyIecTBo TaKoro MOJAXO0/a TIPU UCCIEOBAHNH

MeXaHUIeCKOU CUCTEMBI COCTOUT, HAITPUMED, B TOM, UTO yYPaBHEHUS JBUKEHUS He 3aBU-
CAT OT BBIOPAHHOW CUCTEMBI KOOPIMHAT.

8.2 ®ymknuga Jlarpanxxka

JL1s1 maanbHeRIero nceae0Banmsa MATePHAILHON CHCTEMbI HeOOXOANMO OIPEIeINTh BI
dyuknun Jlarpamxka. ObuiereopeTndeckre COOOparkeHust 3/1eCh YKe He 0YEHB-TO TPU-
rogunl. I[ToHATHO, YTO pe3y/bTaThl HAJAO CPABHUBATL C YPaBHEHUIMU IBUKEHHNS, II0-
JIYJAIOIIMMUCS U3 3aKOHOB HBIOTOHA. DTO NPUBOIUT K 3aKIIOUYEHUIO, YTO ypPaBHEHUS
Jlarpam:ka st MEXaHNIECKON CHCTEMBI JOJIKHBI IMETh BT

i)+ 5 =0,

dt 8(]1'
rae U—-toTeHIuabHast SHEPrusd CUCTEMBI. DTa, (POPMYJIa BbIpazkaeT TpeTuii 3akon Hobro-
TOHA: CyMMa u3MeHeHus 0000IIEHHOIO UMITY/IbCA CUCTEMBI U JIeHCTBYIOMIUX HA CUCTEMY
O0OIIIEHHBIX CHJI PABHA HYJIIO.

C mOMOIIBIO TIPSIMOIl IOCTAHOBKY JIETKO YOEIUTHCA, YTO ypaBHeHus Jlarpamxa Oy-

JyT COBIAJATH C ypaBHeHusiMu HbioToHA, eciim B KadecTBe pyHKInn Jlarpanxka B3gTh
Pa3HOCTH KMHETUYECKOH U MOTEHINAILHOM SHEPIUU CUCTEMbI

Paccmorpum npumepst dyukiuit Jlarpan:ka u ypasuenuit Jlarpamzka /s pasind-
HBIX MEXaHUUIECKUX CUCTEM.

IIpumep 1. MaTtemarudyeckuii MasgTHUK. B kagecTBe 06001eHHON KOOPIUHATHI
BBIOEpEM YTOJI OTKJOHEHWS MasTHUKA OT TOJIOXKEHWs paBHOBecus ¢. Maccy MasaTHU-
Ka 0bo3HAUMM dYepe3 m, minHy MaaTHuka — [. Torma BbipakeHume Jjisi KWHETHYIECKOM
SHEPIUH:

T =m(l¢')?/2,
HOTeHHI/IaJIBHaH SHepFI/Iﬂ:

U(¢) = —mlgcos(9).

Oyukmmga Jlarpamxa:
L =m(l¢')*/2 + milg cos(¢).
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VYpasuenne Jlarpanxa:

mi?¢'¢" 4+ mlgd' sin(¢) = 0.

Ilpumep 2. IBe B3aumo/ieiicTByoiine Marepuajibubie Touku. O6o0IeHHbe
KOOPpAWHATHI TOYCK — UX PaJNyC-BEKTODDI. B3a,HMOI[eI71CTBHe 3aBUCHUT OT PACCTOAHUA, TO
€CTh OT PA3HOCTU PaJIIYC-BEKTOPOB.

2 12
_ ml(er) +7712(27“2) U

L

(|1 —r2l).

8.3 Pynknus 'amuiabToHa

Moxket OBITH, 60Ie€ €CTECTBEHHO PaCCMaTPUBATL B KA9eCTBe HEM3BECTHLIX (DYHKIUI He
TOJIBKO 000DIIEHHBIE KOOPAWHATHI, HO U 0000IIeHHbIe UMY IhChl. OO03HAYNM BEKTOD
0000OIIEHHBIX UMITYJIBCOB cucTeMbl depe3 p. Ilo omperesienuro 0OOOIIEHHBIN UMITYJIBC
cucrembl — 310 p = Oy L. Toryga npupamenne dynxiyunm Jlarpanka MOXKHO 3aIlICATh B
BHJIE:
_ r_ /
dL = 04Ldq + 0y Ldq' = 04Ldq + pdq'.

C nmpyroit cTopoHbl, U3 ypaBHeHwuii Jlarpanxa cieayer:
p = 0,L.

IIoaTomy
dL = p'dq + pdq'.

Temepb MOXKHO BBIPA3UThH Ipupaiienne GyHKINN Jlarpamn:xa ToJIbKO depe3 06001IeHHbIe
KOOPAuHATHI 1 00001eHHbIE UMITY/IbChI. J[j1s1 9TOT0 npencraBum:

pdq' = d(pq’) — p'dg,

TOTHA
d(pd — L) = —p'dq + ¢'dp.

Tlox 3makom audpbepeninaria cieBa CTOUT BBIPAYKEHWE TTOHON SHEPTUN CUCTEMBI Iepe3
006001IIeHHbIE KOOPAUHATHI U 00OOIIEHHBIE HMITYIbChHI:

H(p,q,t) =pq — L.

Buipasicenue noanoti snepauu cucmemst, kax GyHruuy 0606ueHnbir xoopdunam u 0b00-
WEHHBLT UMNYADCOS, Ha3bisaemca Pyrkyuet [amuibmona.

O600611IeHHBIE KOOPANHATEI U 0000IITEHHBIE HIMITYIbCHI 37€Ch ABISIIOTCA HE3aBUCUMBbI-
mu niepemerabiMu. [loaToMy u3 Beipakenus s auddepennuana pyakmun 'aMuibTo-
Ha JIETKO TOJYYUTh YPABHEHUS JIBUKEHUSI:

, 0H , OH

qzafp, P——87q~
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OTU ypaBHEHUs] HA3BIBAIOTCS ypaBHeHusMu [aMuibrona. M3-3a mMpoCcTOTHI 3amucu ux
WHOT/Ia, HA3bIBAIOT KAHOHUYECKUMU.
Ilpumepsi. Oyuknusa ['amMuibToHA /I ypaBHEHNT MATEMATHIECKOTO MAATHUKA:

p2
H = — 4+ mlgcos(q).
2m
Oyuknusg ['aMuIbTOHA 419 ABYX MagTHUKOB OJMHAKOBON JIJIMHBI, TIOJIBEIIIEHHBIX HA PaC-
CTOSIHUM @, Ha, OJIMHAKOBO BBICOTE, CBSI3AHHBIX PYKUHON JJMHON a )kecrkocTu k. O60-
3HAYUM Y€PE3 ¢; YIJIbl OTK/IOHEHNS MAgTHUKOB OT IIOJIOZKEHUI PABHOBECHUs, TOT/1a (DYHK-
umg amuiiprona Oyer uMersb BUL:
2 2
_ P D3

k
= + 2y + mqlgcos(qr) + malg cos(q2) + 5(—lsin(q1) + lSiH(QQ))Q.

8.4 OOmuit Bua ypaBHEHUN OJisT KOHCEPBATUBHOI CHCTEMBI

Bynem roBoputh, 4TO CUCTEMA YpaBHEHUU C OJHON CTEleHbI0 CBODONBI ABJISAETCA KOH-
CEPBATUBHON, €C/TU TPAEKTOPUU ITON cucTeMbl Ha (PA30BOIl IJIOCKOCTH UMEIOT BU/IL:

F(p,q) = C.

VpaBHEHUs ABUKEHUT MOXKHO ITOJIYIUTh MCXO/s U3 9Toi GopMyJibl. s 9TOro BuIImc-
auM guddepeHmar:

oF OF
dFF = —dg+ —dp = 0.
9¢ " " op
Torma quddepennmaipbnoe ypasaenne KpuBoil Ha (Ha30BOil MIOCKOCTA NMEET BUIL:
OF
dp _ o
- OF "
dq S

Orcroma ciiegyer, 9ro 00Iee ypaBHEHUE JIBUXKEHUsS] KOHCEPBATUBHON CUCTEMBI MOYXKET
OBITH 3AIMCAHO B BUJE:

;1 oF
= Qlg.p) op’
/) -1 8£
P = Qlap) 0g°

OTu ypaBHeHUd HA3BIBAIOTCH ypasnenuamu Ilpagpga. lpu BbIBOJE TUX ypaBHEHU
[PEJIoIarajioch, Kak 00bI9HO, 9TO F u () — OJHO3HAYHBIE AHAJIUTUIECKUE (PYHKIUU
puq.
IIpumep. Cucrema Bosabreppa. Cucrema Bosibreppa — o U3 npuMepoB Hera-
MUJIBTOHOBO KOHCEPBATUBHON CHUCTEMBI, KOTOpas IpuBouTcs K ypaBuenusm [ldadda.
PaccmoTrpum cuctemy Tmma Kapacu-mryku. dmcsio Kapaceir B npyay — Np. Kapacnm
Pa3MHOXKAIOTCS TTPOMOPIMOHAJIBHO WX YHUCIEHHOCTH ¢ Kodddurmerntom 1. C apyroit
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CTOPOHBI, UX €IAT NMIyKH. DTO MPUBOJUT K YMEHBIIEHUIO YUC/Ia Kapaceil MpOmopIino-
HaJIBHO YUCIY MIYyK ¢ KO3 dunmenTtom . Camu IMyKH, OKA3aBIINCH Oe3 Kapaceii, MpyT
¢ 10707y ¢ KO3 DUIMEHTOM TPOMOPIUOHATHLHOCTH €2, U PA3MHOKAIOTCS MPOIOPIINO-
HAJbHO KOJMYECTBY Kapaceil ¢ kK03 UIMEHTOM TPOMOPIUOHAIBHOCTH Yo. Takas Kap-
THHA HAIVISIHO OMUCHIBAETCH CHCTEMOl TuddepeHinaibHbIX YpaBHEHU].

Ny = Ni(e1 — 11 N2),
Ny = —Na(eg — 12 N1).

OxkazbIBaeTCs, ITO 3Ta cucTeMa KoucepparueHa. [lonyunm ypaBaerue $hpa3oBbIX KPUBBIX.
JLj1st 3TOTO YMHOXKUM TIEPBOE YPABHEHUE HA 72, BTOPOE HA Y] U CJIOXKUM 3TU YDPABHEHUS.

! !
Y2N1 + 71Ny = €172 N1 — €271 Na.
£1 €2
yMHO}KI/IM HepBoe ypaBHeHI/Ie Ha E’ BTOpoe — Ha ]\]71 " CJIO2KUM HOJIyquHbIe Bpra)Ke—

HUA.
! 4

N N.
€2ﬁ1 + 61ﬁz = —e972 N2 + £1724V1.

B pesynbraTe, C10KUB 1B IIOMYYEHHBIX PABEHCTBA!
Y2 N{ +71N3 — e2(In(N1))’ — e1(In(N2))" = 0.
[Tocie uaTErpUPOBAHUS Oy YMM:
Y2N1 + 71Ny — g2 In(Ny) — 1 In(Ny) = C.

Taxwum ob6pazom, cucrema ypasHeHuil Bosibreppa MOXKeT pacCMaTPUBATHCS, KAK CHCTEMA
ypasuennii [Idadda, rme

1
NiNy'

F(Nl,NQ) = N1 + 71 N2 — €9 ln(Nl) —£&1 111(N2), Q(Nl,Ng) =

8.5 ®a3oBbIit TOTOK U TeopeMa JImyBuaiasa

B dazoBom mpocTpaHCcTBE IMHAMUTECKON CHCTEMBI

, OH , OH
49 =—F5— P =—"F57"
dp 0q
paccMOTpUM 3JIEMEHT 00bemMa
dI' = dpdgq.

Broisicuum, kak u3meHsgeTcsa o6beM 3TOro djemenTa (ha30BOro MpOCTPAHCTBA CO BpeMe-
nem. B moment t koopaunarsl Troukn (p°,¢°) B dbazosom mpocrpancTBe CTaHyT paBHbI-
vu (pt, ¢). Torma ob6bem smementa Ga3zoBoro MpOCTPAHCTBA B 3THX HOBBIX KOOPAMHATAX
CTAHET PABHBIM

t .t
T — 3(290,610)

dpdyq.
a(pY, ¢0) M
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To ecTh, Ha10 BLIMICINTD aKobman mpeobpazosamud gt (p°, ¢°) = (pt, ¢*). B oxpectHOCTH
Toukn t = (0 TpeoOpa3oBaHMe NMEEeT BUI:

oOH
p=p"— tafq(qo,po, t) + O(t%),

oOH
t_ 0 0 0 2
=q +t78p(q 0, t) + O(t7).

Ilosromy npu masiom m3Menenwnu ¢ siKOOMAH MOXKHO MPEICTABATH B BUIE:

op,q) taqap@ PO +0E)  tSH (e, )+O(t2)
(r°,¢°) 82H( ,pY,t) + O(t?) 1+t8p8q(q 0, 1) 4+ O(t2)

=1-0(t?).

L1 mpoCTOTHEl pacCMOTPUM CUCTEMY C OJHON CTEemeHbio cBOOOABI. Torma m3meHeHUe
snemenTa (aszoBoro obwvema mpu t = 0:

dr
im0 = 0.
dt l1=0

To ectb, a3oBbiii 00bEM He MEHSETCS CO BpPEMEHEM. DTO YTBEDXK/EHUE HA3bIBAETCH
meopemoti JIuysuansa.

Xots 06beM Karii (ha3oBoii 2KUIKOCTH B TAMUJIBTOHOBBIX CHCTEMAX HE U3MEHSIETCH,
CO BpeMeHeM BUJ KATlI TPeTepIeBaeT 3HAUNTEIbHBIE JedopMarui. IToObI TOHSITH 3TO,
PaCCMOTPUM HECKOJIBKO TPUBUAJBHBIX TIPDUMEPOB.

®a30BbIil TIOTOK TAPMOHUYECKOTO OCIIUJIJISITOPA. Y paBHennsa 'aMuIbToHa A19
TAPMOHUIECKOTO OCILISITOPA

¢=p p=-q

Torna q(t) = Acos(t + ¢o), p(t) = —Asin(t + ¢p). To ects npeobpazosanue (hazoBoro
IIOTOKa CBOAUTCA K IIOBOPOTY OTHOCUTE/IbHO Ha4daJ/la KOOPAUHAT.

®da30BBIl TOTOK MATEPUAJIBHON TOYKU B MOJIE TI>KECTU. Y paBHEHUS [ aMuIb-
TOHA

Torma
q(t) = qo + pot — gt*/2, p(t) = po — gt.

Daz0BBIl TOTOK ABUTAETCHA C TMOCTOIHHON OTPHUIATENHHON CKOPOCTHIO BAOIL OCH P U
YCKOPSIETCS BJIOJIb OCH Y C TIOCTOSHHBIM OTPHUIIATE/IBbHBIM ycKoperuem. Kpowme Toro, cko-
POCTb BJOJIb OCH ¢ TPOIMOPIIMOHAIHHA 3HAYEHUIO0 p. DTO MPUBOIUT K HEPABHOMEPHOMY
CMENICHUIO CJIOEB C PA3HBIMU 3HAYCHUAMU P BAOJIb OCH (.
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8.6 Tepema Ilyankape o BoO3BpamieHuu

WuTepecHoe cjie/icCTBUE MOCTOSHCTBA (ha30BOro 00beMa Jijid TaMUIBTOHOBBIX CUCTEM Ha-
3biBaeTcst Teopemoit Ilyankape o Bo3BpalieHuu.

IIycts ¢' — coxpansiomee ¢pazoBbIil 06eM HEIPEPBIBHOE B3AMMHO OTHO3HATHOE 0TO0-
pakeHwne orpaHndeHHOr0 MHOroobpasus D B cebs. Torma B m0boit okpectaocTu U sfo-
6oit Toukn u3 D wmaiigerca x € D maxas, aro cymectsyer T > 0, takoe, uro g7 (x) € U.

HoxazareasctBo. PaccMmorpum mociienoBarTebubie orobpaxkenusa obgactu U. [lpu
oTobparkeHusix 00beM HEe M3MEHSETCsI, CTAJI0 ObITh, 0TOOpakeHust OYIyT TepPeceKaThCs
g"(U) N g™(U) # 0. Cnepoparensuo, ¢'"™(U) N U # (). BosbMeM B KauecTBe MCKOMOiL
TOYKHM & — TOYKY U3 00J1acTH 1epecevenust 3rux obsacreit, a T = — n.

JIuteparypa.

Oyuknusa Jlarpanxka n dyaxnug ['aMuibTOHA BBEIEHBI, CIEIysd KHUTE

Jlannay JI./1., Jludpiun E.M.. Mexanuka.

[IyakT 06 0b611eit hopme ypaBHEHU! KOHCEPBATUBHOM CUCTEMBI, TPUMEPHI (DA30BBIX
[IOTOKOB rAPMOHUYECKOTO OCHU/LIATOPA U MATEPUAIbHON TOYKHU B [I0JIE€ TSAKECTU B3ATHI
u3

Annporos A.A., Burr A.A., Xaiikua C.D.. Teopus kosiebanmi.

QopMyIUPOBKH U JOKA3ATENHCTBA TeopeM JInyBuiis o pazoBom moToke u [lyankape
O BO3BPaIlI€HUW U3BJICYCHBI U3 KHUTU

Apnosbg B.I.. MaremaTuueckue MeTOILI KJIACCHUIECKOR MEXAHUKH.
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9 IIpumMepbl BIIOJTHE NHTETPUPYEMBIX CUCTEM

3decv ¢ pazaunnoti cmenenvio nodpobrocmu pa3obparvl NPUMEPDL HEAUHETHDIT BTOAHE
UHMEZPUPYEMBLT METaHUuYeckux cucmem. 3adawa Kenaepa, eoawor Iisepa u 60440%K
Kosanesckori.

9.1 3amaua Kemaepa

PaccvoTpnm 3a7avdy 0 ABUXKEHNNW MATepUAIbHON TOUKW B TOJIE TAXKeCTH. ByaeM cum-
TATh, 9TO MOJI€ TAXKECTU CO3/AETCS HEMOJIBUKHBIM TeJIOM. 3anuiieM QyHKIuo laMuib-
TOHA JIjIg MaTepuaabHOil Touku. B KaduecTBe 0600IIEHHBIX KOOpAWHAT OyIeM paccMat-
pUBATH MOJISIDHBIE KOODJAUHATHI TOYKU 7' = ¢ U ¢ = ¢o. OOODIIEHHBIE UMITYIBCHI —
UMITYJIbC B PA/IMaIbHOM HAIIPABJIEHUU P| U MOMEHT UMITY/Ibca Po. B pesyibrate dhyHK-
g 'aMuibToHA MMeeT BUI:

2

2
P Py
H=— U(q1).
2m + 2mq? +Ula)

3/1ech TepBoe CaraeMoe — KHHeTUIeCcKas SHEPTusl PAInaIbHOTO IBUKeHusd. Bropoe cia-
raeMoe - KMHeTHJIecKas Heprust yriaosoro apuxkenus. U(q) — moTeHIMaIbHAS SHEPIUsT
MAaTepuaJTbHON TOUKW B IIOJIe TAXKECTH. YpaBHEHUs laMWIbTOHA I MaTepuaabHON

TOYKMH:

S
=

q

s

H\

I
D Qo
= S

o~

Il
3
N

2= ops

2
Py = _gTH = p,?? — 0, U(qu), (45)
0.

3
Q
e

1 m
/I _ _0H
27 g2

®az0BOE MPOCTPAHCTBO 3TOU 3aja4un dYeTbipexmepHo. OHAKO, MOC/eHEe PABEHCTBO
O3Ha4Ya€T, 9TO yFHOBOﬁ MOMEHT HE€ 3aBUCUT OT BPEMEHU U dBJIAE€TCA OJHUM U3 ABYX
UHTerpaJjoB cucreMbl. Bropoit murerpan — cama ¢dyukiusg lamuiabrona. [lostomy B
YeThIpeXMepHOM (PA30BOM TTPOCTPAHCTBE MHOT00Opa3ne peIeHuii CUCTEMbl YpaBHEHUH
JBYMEPHO. DTO MHOTOOOpa3ne OMpeIessercss YPABHEHUSIMI:

2

p% b2 U M
— pr— E pr—
2m = 2¢im +U() ro P2 ’

rome FE, M = const.
Cucrema ypaBHEHNI JIBUKEHNS JIETKO PA3IEIseTCs Ha YIJIOBOE U paanaaIbHOoe. Y paB-
HEHHWe JId yIVIOBOW KOOPJAWHATHI:

, M
@=_"—5-
maqz
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Koopaunara ¢ga COOTBETCTBYET MOJISIPHOMY YIUIY, TIO3TOMY O0JIACTD €€ M3MEeHeHUs —
ot 0 10 67r. YpaBHeHUE 151 ¢3 MHTErPUPYETCs TTOCTIE TOTO, KAK OTPEIEIeHa 3aBUCUMOCTh
or Bpemenn koopauaathl q(t). [lepuog dyukmu go(t) Beraucasiercsa mo dgopmye:

o Mdt
27T == 72-
0o maqi(t)

[Ipoauddepennupyem ypaBaenue Jjisi PaJAraibHON KOOPAUMHATHI U MOICTABUM Bbl-
paskenne MPOW3BOIHON P) W3 TPETHEro yPaBHEHWsT CHCTEMbI ypaBHeRnit qprkenns (45).
B pesyabraTe mosyyaeTcss ypaBHEHNE BTOPOTO MOPSIITKA

M?
"o
mqy = ——= = 9, U(q1). (46)
mq;
OTO HM YTO MHOE, KAK YPABHEHWE PAAUAJIBHOTO JABUKEHUs, KOTOPOE MOKHO ObIIO To-
JIYIUTD, PACCMATPUBAS CHCTEMY, UCXOIsT M3 3aKOHOB HbIoTOHA.

Ypasuenue (46) slerko NPUBOIUTCA K YPABHEHUIO MEPBOTO MOPSIIKA C PA3IEISAIONIN-

MICS TIepeMEeHHBIMIZ:

2
@)= (E-U@)> -1

Hac unTepecytor nepuognvyeckue ABUKEHUS MaTepuaabHOi Touku. [losTomy Oymem
CUNTATh, KOOPAWHATA @] TPUHUMAET 3HATECHUA MEXKIAY Gmin U Gmaz- MaKCHMaIbHOE T

MHUHHUMaAJIBHOE 3HAYEHUA — 9TO peHIeHI/IH ypaBHeHI/IH:

2 M?
—(E-U(q1)) — —55 =0.
m m“qq

VpaBuenue Jjisi ¢ JIETKO WHTEIPUPYETCSI:

a dz
: 2 M
dmin i\/R(E — U(l‘)) — m212
BHaK ILJIFOC BI)I6I/IpaeTC${7 KOrjga TO4YKa JABUXKETCA OT IIOJIOKEHUA C MUHHMAJIBHBIM 3HA-
YEeHUEM ] B CTOPOHY MAaKCHUMAaJIbHOT'O 3HAYEHUs W HA0OOPOT.

Ilepron paguaabHOTO ABAXKEHUS:
dmaz dx
. 2 M2

B]:.ISICHI/IM7 KaK U3MEHAETCA YyIJIOBad KOOPJAWHATA 3a MOJIOBUHY IEPUOJd M3MEHEHUA
MepBOii KOOPAMHATHI. [IJ1s1 9TOr0 MpOW3BOAHYIO IO BpEMEHN BBIPA3UM Uepe3 IIPOU3BO/I-
HYIO 110 paJuaJibHON KOOpAUHATE:

Ty =2

= dzdas M
T dgs dt  ma}’

20 mepexoze OT ypaBHEHWsI BTOPOTO TIOPSIIKA K YPABHEHMIO TIEPROTO TIOPAIKA CM. JIEKIMIO 1.
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njim

dgo _ M 2
L N E M2
L E(E*U((h))*qu%
Torna
A /qmaz 7771];22 dzx
q2 =

. 2 M2
q < _ _
min \J2(E - Ul(z)) - 22,
Ecnu caurarh, 9T0 mOTEHNIMAbHAS dHEPrUs O0OPATHO MPOMOPIMOHAIBHA PACCTOs-
HUIO

Qmaz
Agp = / m?
2 2
min \J2(E —ym(L)) - 23 (L)

CirieioBaTe/IbHO, B 9TOM CJIydae Mepuojl JBUKEHNs 110 PAJUyCy PABEH HEPUOY JIBUKE-
HUs TI0 YIJIOBOW KOOp/IMHATE.

Ecim 3akon 00 00parHOil HMPONOPIUMOHAIBHOCTU HE BBIMOJHSIETCs, TOT1a, BOOOIIe
roBopst, Agy # 2”7"‘ U, CJe0BaTe/IbHO, TPAEKTOPHS IBUKEHUS He 3aMKHYTa U ILJIOTHO
3aM0MHAET KOMBIO Qmin < T < Qmaz-

3aMe‘-IaHI/Ie. HpI/I ABUKEHUUN CITyTHUKA BOKDYT BeMJII/I TOTEHIINAJIbHAA SHEPTUA

U~ —1[1 - (5)*AP(cos(9))]

rie A = 4.00108565, P(cos(¢)) = 5(3cos(¢) — 1). To ecrb, OpGUTH CIIyTHUKOB He

3aMKHYThbI.

9.1.1 MWMuBapmaHTHOe MHOTrooOpa3ue B 3a7adye Kermuiepa

Paccmorpum noapobHee TpaeKTOPHUIO CUCTEMbI B Y€THIPEXMEPHOM IPOCTPAHCTBE 0000-
IIIEHHBIX TapaMeTpoB. Kak yKe 0TMedaIoCh, TPAEKTOPUH JIEZKAT HA JBYMEPHOM TOBEPX-

HOCTH
2 2

2m * 2q6

+U(q1) =E, p2= M.
KOOp,Z[I/IHaTbI Ha STOﬁ HOBerHOCTH N3MEHAIOTCA HI/IK.HI/ILIeCKI/I

q1 € [Qmina xmar]a q1 (t + Tl) =q1 (t)a
g2 €[0,27), q2(t +T5) = qa(t).

Takum 06pa3om, mHBapUaHTHAS TOBEPXHOCTH AuddeomopdHa IBYyMEPHOMY TOPY.
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Ha 5Toit moBepxXHOCTH eCTh JiBa JIMHEHHO He3aBUCUMBIX (Da30BLIX MOTOKA. OMuH U3
HUX — (Hba30BbIi MOTOK, ONMpPEe/IsieMblii TaMUIBTOHUAHOM (3aKOHOM COXPAHEHWs JHEP-
run) H(p,q), Bropoii — 3aKOHOM cOXpaHeHus MOMeHTa uMmmyabca M (p,q). YpaBHeHus
JBUXKEHUs, onpeessembie dyakiueit M:

p3=0, p;=0, ¢,=0, g¢y=>.

Daz0BLIil TOTOK, OMpeIeIgemMblii raMuabronunanoMm H, Gygem obosnauars gf, dazobrii
noTox, onpesnensembrii dynkmueit M — gb. Jlokansno, oxono Touku (po,qo), aTu da-
30BBIE MTOTOKW B TJIABHOM TIOPSIIKE IO BPEMEHU ¢ OTPEIE/IAI0TCA IBYMS KAaCATETbHBIMU
BEKTOPAMU K MHBAPUAHTHOMY MHOFOO6paSI/HO. KaCH.Te.HI)HbIe BEKTODPBI JIETKO TOJJIYyIUTH
U3 YCIOBUA PABEHCTBA HYJIO AudepeHIinaioB 3aKOHOB COXPAHEHUS

dH =0, dM =0.
JlokaabHo 311 (ha30BbIe TTOTOKW MOYKHO 3aMicCaTh B BUIE:

0\2
ph=10+ (B — 95U (gh)t + O(12),
(QQ) . 10
V%) :0102
dy = ai + St + O(t%),
Gh =5 + iyt + O().

gt (p,q) =

p’i=p§,

t

t Do = P2,

g5(p,q) =

2P, 9) qi = qi,
g5 =3 +1t.

Jlerko BujeTH, 9TO 3TO pa3Hbie (hazoBbie MOTOKU. Kpome TOro, oKa3piBaeTcs, YTO OHU
KOMMYTHDPYIOT, TO €CTh
t t _t t
9192, @) = 9291 (> Q).

DTO JIETKO TOHSITh, eCJIN 3aMETUTh, YTO MAaTPHUIA EPBOTO MPeoOpPa30BaAHUs KOOPINHAT
He 3aBUCHUT OT @2, & MATPHUIIA MPeodpa30BaHUsI, COOTBETCTBYIOIIAS BTOPOMY (ha30BOMY
[IOTOKY, BOODIIE HE 3aBUCUT OT KOOPIUHAT.

Takum obpazom, nHBapuanTHOe MHOTOOOpasue 3aja4un Kemepa — nuddeomopdno
TOPY, U HA TOM MHOTr000pa3uu CyLIECTBYIOT JIBA KOMMYTHUPYIOHMX (DA30BBIX MOTOKA.
TpaekTopun IBMKEHUS Ha WHBAPUAHTHOM MHOTO0Opa3WM MOXKHO PACCMATPUBATH KaK
0OMOTKY JBYMEPHOTrO Topa. Eciu TpaekTopuu 3aMKHYTHI, TOT/Ia TOBOPST, ITO 0OMOTKA
TOPa NEePpUoJnuYeCKad, €CJINn HE€ 3aMKHYTHI, TO TPACKTOPWUU BCIOAY IIJIOTHO 3allOIHAIOT
MHBAPUAHTHOE MHOTOOOpa3wme.

9.2 Bomuok Diinepa

Ee oiun npuMep, B KOTOPOM y/IA€TCsi IBHO UCCJIEI0OBATH WHBAPUAHTHOE MHOrooOpasue
9TO BOJTUOK Ditiepa. 3/1ech He TPUBOIUTCS BBIBOM nuddepeHImanibubiX ypasuenuii. [1o-
SICHUM, JIUIITh, 9TO BOJTUYOK DiljIepa — 3T0 TBEP/IOe TEJI0, 3aKPEIJIEHHOE B IIEHTPE TAXKECTH.
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Boobirie rosopst, (pazoBoe MPOCTPAHCTBO JBUKEHUsT TBEPIOTO TEIa B TPEXMEPHOM IPO-
crpaHcTBe mectuMepro. OIHAKO, B CIydae BOTIKA Ditjiepa UMITYJIbC IBUKEHUS [EHTPA
TAXKECTH paBeH HyJ 0. [losToMy ocTatoTca UL BpallaTeTbHble COCTABSIONINE TBUKE-
HUS, UX TPU — ITO MOMEHTHI UMIIYJIbCA OTHOCUTEIBHO TPEX KOOpAWHAT. B pesysibrare
ypaBHEHUS JIBUKEHUS MOXKHO 3alllCaTh B BHUJE:

M/ = MyM;s(as — ag),
Mé = M3M5(—a1 + ag),
Mé = M2M2(CL1 — ag),

rjae a; — CTaTu4YeCKre MOMEHTHI MHEPIIUN TeJla G > a2 > a3.
Ecrb aBa nHTerpasia JABUKEHUs. DTO [OIHAS SHEPIrUst

1
H(M) = §(alM2 + aas M3 + a3 M3)
" HOJIHBIﬁ MOMEHT I/IMHyJIBCEL
F(M) = M} + M3 + M3.

W3 Bua 3TUX HHTEIPAJIOB CIEIYET, 9TO NHBAPUAHTHOE MHOT000pa3ue B TPEXMEPHOM
MIPOCTPAHCTBE — 3TO epecedenue yunconsa H = const u cdepsr F' = const. Bpaire-
HUE BOKPYT MaJIOil u OOJIBINOI Oceil yCTOoWdnBO, & BOKPYTD CPejHell — HeyCTORINBO. DTO
MOYXKHO 3aMeTUTh W3 MPAMOT0 PACCMOTPEHMs CHUCTeMbl ypaBHeHui. Kcim HapmcoBaThb
TPACKTOPUU JBUXKEHUHA, TOIJa MOXKHO 3aMETHUTb, YTO OKPECTHOCTU BEPIIMH CpeaHeit
ocn — cenjia.

[IpounTerpupyem ypaBHeHUS IBUKEHUsT BOJTUKA Ditiepa.

M| = MyM;s(as — a3),

%(a1M2 + agM3 + asM3) = h,

M}E+ M3+ M = f.

Torna
ME= oA,
S(@M? +axM3 + asf — asMP — asM3) = h,
(a1 — ag) M7 + (a2 — az) M5 = 2h — as f,
1

My = ———(2h —asf — (a1 — az) M7),
as — as

1

My =f M- o

(2h — asf — (a1 — as)M7),
M22 =C1 — CQM12,

M3 = c3 — ey M.
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OKOanTe.HbHO HO.quI/IM
(M7)? = (c1 — caM7)(cs — C4MP)(az — a3)?.

Caaa+aBmpa3HTb M; gepes suntudeckue GpyHkimnu Axodu.

9.3 Boauok KosaJjsesckoii

Kpowme yrke pazobpaHHOTO Caydasi BOYKa Jilepa, yPaBHEHWs JIBUMKEHUS 3aKPETLIEH-
HOTO TBEPJIOTO TeJIa UMEIOT eIlle JBa Caydasi, KOT/Ia OHU MTOJTHOCTHIO IPOUHTEr PUPOBAHBI.
D70 Tak HasbiBaeMblie Bosukny Jlarparka u Kosasiesckoit. Bosraok Jlarpas:ka — 310 oce-
CUMMETPUYHOE TBEP/IOe TeJI0, 3aKPEILJIEHHOE B TPOU3BOIBHON TOUKE. 37€Ch PACCMOTPUM
Borgok KoBasierckoit. B sTrom ciaydae Kpome 3aKOHOB COXpaHEHWs SHEPTHH, MOMEHTA
HUMITYJIbCA U YCJIOBUS CBSI3U JjId yIJIOB Jiijiepa €CTh eIlle OJUH 3aKOH COXPAaHEHUs, He
AMEIOIIAI TPOCTOT0 MEXaHWYIeCKOro TOAKOBaHWs. HTerpmpoBanme BomuKka Kopases-
CKOMl CBSI32HO C KPACUBBIMU MaTEeMATUIECKUMU TTPEOOPABOBAHUSME — TAK HA3BIBAEMBIM
npeobpazoBannem Abesst u 3ajadeit oOpamenust Ikobu. Ilosromy, HecMoTpst Ha rpo-
MOBKOCTH (POPMYJI, KAYKETCsI TIOJTE3HBIM XOTS OBl TTOZHAKOMUTHCS C WIEAMU, JICIKAITUMA
B OCHOBE MHTEIpPUPOBaHUs BouKa KOBaEBCKOii.

VYpasuennst Boraka KoBaieBCKOit MMEIOT BUI:

2p’ = qr,

2¢' = —pr — pys,
T/ = U2,

Y =12 — s,
Yo = Pz — T,
V5 = qv3 — e

3neck p = const.
ECTI) YeThbIpe mHTerpaJia JABU2KCHNA:
[IOJTHAS SHEPTHS

H=2(p" +¢*) +r° = 2um,
MOMEHT I/IMHyJ'Ibca
L =2(py1 + qv2) + 173,
YCJIOBUE CBA3N
2 2 2
M+t =1

n maTerpas Kosasesckoii
K =@ = ¢ +un)”+ (2pg + p)’.
PaccymoTpum moBepXHOCTH YPOBHS 3TUX WHTETPAIOB

H=6h, L=2, K=FkK.
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Bsenmem ma 9T0il TOBEPXHOCTH KOOPAWHATEHI S1 U So

. R(IEl, .2122) + \/R(Zlfl)R(.iL‘Q)
5172 — 3h + 9

(z1 — 22)?

e
T19=p+iq, R(2)=—2"46h2® +4ulz + p* — k2,

R(x1,19) = —2223 + 6hayxe + 2ul(zy + z2) + p? — k2.
B nepemennbix S1 9 ypaBHEHUsI JIBUKEHUsI 3AIIUCBIBAIOTCS B BUJIE:

Si: (3 P5(51) S, o 2 P5(SQ)

2(51 — So)" T2 2(S, — S1)’ (47)

- Ps(2) = [2[(z = 3h)* + 1i® — k] = 20°1%)((2 — 3h)® — k7).

VYpaBuenus ais S o HHTErpupyiorca npeobpaszosamueM Abens I' — J(I'), rne I' -
PHUMaHOBa MOBEPXHOCTH poda 2: w? = Ps(z). 1o npeobpasoBanue uMeeT Buj:

¢ / Sz (dz
1= —F—
\/ P5 Py P5 (Z)

zdz Sz zdz

©= «/7P5(z) T e VB
e Py— dukcupoBanHas TOYKa HA PUMAHOBOH moBepxHOCTH. CUCTEMa YpaBHEHUH TBU-
euust (47) npuHUMaeT BUIL:
G de
a7 dt
OTU ypaBHEHUS JIETKO WHTETPUPYIOTCS, OJHAKO [IJIsT BBISICHEHUS MOBEJEHUS PENIeHus
B HMCXOJHBIX TIEPEMEHHBIX HeoOX0oamMo obparuTh npeobpasoBanne Abess. 3amady 00
oOpaIleHnn TUTEPITHITHIECKUX WHTETPAJIOB HA3BIBAIOT 3a1aueil obparenns Axkoow.
Omna perraeTcst ¢ UCIOIB30BAHUEM TaK Ha3biBaeMbIX ToTa-pyHKImil. [Tokaxkem, aro B
CUTyaruu 00IIero MONOXKeHus peobpazoBanne Abess TokaaIbHO obpaTtumMo. s aToro
BeraucuM fKobuan npeobpa3oBaHusd U MMOKAYXKEM, YTO OH HE PABEH HY.JIIO.

1 51
a(Ch CZ) _ \/P51(S1) \/P5( _ SQ - Sl )
d(51,52) TRGS I 2( 5 P5(51)P5(S2)

Ecnu P5(S),2) # 0, Torga cymectByer o6paTHOe Ipe0dPa30OBALIE.
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9.4 JIurepatypa

IIpu mosroToBKe 3TOi JIEKIIUK UCIOIB30BAIUCH KHUTH

Jlangay JI.JL., Jlucbrmmn E.M.. Mexanuka.

Apnospa B.1.. MaremaTudecKuie MeTOAbI KJIACCHIECKOR MEXAHUKH.

Sacnasckuit [\M., Carnees P.3.. Beenenne B mHenuueiinyo husmnky.

Paznen 06 warerpupoBanne Boauka KoBaseBckoit mammcan mo 0030py

Hy6posun B.A.. Henumeitanle ypaBHeHUS W TITA-(DYHKIINNA. YCIEXH MaTeMaTHUe-
CKUX HayK, T., 1, C.
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10 Teopema JInyBusijiss 060 MHTErpupyeMbIX CUCTEMaX

B smoti sexyuu 660dumcea nonamue o ckobkax Ilyaccona, Kommymupyowus $asosvs
nomoxax. Iocmpoenv nepemennvie deticmeue-yzon u chopmysuposana meopema Jluy-
BUANA O BNOAHE UHMELDUPYEMBLL CUCTIEMAT.

[Ipumeps! AUHAMUYECKUX CUCTEM, PACCMOTPEHHbBIE B IIPEJbIIYINEN JIEKIIUU, TOKA3bI-
BalOT, 9TO B HCKOTOPLIX C/IyYdadX penieHue ypa,BHeHI/H';I JABUZKEHUA CBOJUTCA K UCCJIEJ0BaA-
HUI0 WHBAPUAHTHBIX MHOr00Opasuit. IHoTIa 9T nHBapuaHTHBIE MHOTOOOPA3UA MOYKHO
pacCMaTpUuBaATh KaK Ti-MEPDHBIC TOPbI, a TPACKTOPHUU CUCTEMBbI — KaK O6MOTKI/I 9TUX TO-
pos. EcrecTBeHHO TOCTABUTH BOMPOC O TOM, MPHU KaKWX OOIIUX YCIOBHUSX 3ajada 00
UHTETPUPOBAHUE 2N-MEPHBIX TAMUJIBTOHOBBIX CUCTEM CBOJUTCS K 3aJade O JUHAMUKE
Ha n-MepHoM Tope. OTBeT Ha 3TOT BOMPOC [TaeT Teopema JInyBULIs 0 BIIOJHE WHTETPH-
PYEMBIX CHCTEMax.

PaccmorpuM raMu/ibTOHOBY IWHAMUYECKYIO CHUCTEMY B 2n-MepHOM (a30BOM TIPO-
crpaHcTBe. st TOro, 9ToOhl Pa3MEpHOCTH MPOCTPAHCTBA CUCTEMbI MOHU3UTH JI0 pa3-
MEpPHOCTH 7, HeOOXOAUMO, 9TO0BI 3Ta cucTema 00131718 7 He3aBUCUMBIMU TTEPBBIME WH-
TerpajaMu. B 3ToM ciiyuae TpaeKTOpUs PEIIeHus CUCTEMbI OY/IET JeXKAaTh Ha N-MEepHOM
MHOroo0Opaszuu. lajee, /st BbIIEIEHUS N-MEPHOTO TOPA U HE3ABUCUMbBIX JBUXKEHUI Ha
HEM HeOOXOJMMO, 9TOOBI 3TO N-MEPHOE MHOIr000paszue ObLIO KOMIIAKTHBIM U 9TOOBI Ha
HEM CylieCTBOBAJIO M-HE3aBUCUMbIX KOMMYTUDPYIOIINUX CbaBOB]::IX IIOTOKOB. I/IMeHHO 9TU
HE3aBUCUMBIE d)aBOBbIe TTOTOKW TIO3BOJIAIOT PA3JEJIUTH TMEPpEeMEHHbIE Ha MHOFOO6paBHH
PEeIleHnit U BIIOC/IEICTBUU MPONHTEIPUPOBATH YPABHEHUS JBUKEHUS B KBAIPATypPaX.

[Ipex e wem bopmyaupoBaTh Teopemy JIumyBuLIs, BRISCHUM, KAKAM yCIOBUSM JTOJI7K-~
HBI yJIOBJIETBOPATH MEPBbIE UHTETPAJIbI CUCTEMBI, YTOOBI (pa30Bble TIOTOKU HA WHBAPU-
AHTHOM MHOT'000pa3uu KOMMYTHUPOBAJIN.

10.1 Cxkobku Ilyaccona

ITonmnas npousBoguas dyuxknun F' (t, D, q) 110 BpeMeHU B CUJIY CUCTeMBbl ypaBHenmit ['a-
MHMJIBTOHA UMEET BU/:

aF OF + 0,Fp +0,F¢ = O,F — 9,FO,H + 0,FO,H
2 =9 + Opl'p + O0gl'q = Ol — Opl' Ogtd + Og ' Op 1.
B 9TOM Bpra}KeHI/II/I HepBoe CJlaraemMo€ HHUKaK HE€ 3aBHUCUT OT CHUCTEMbI FaMI/IJIbTOHa.
Bropoe n Tperhe craraembie OMpenensiOTCs TaMUIbTORanoM. It KpaTKoCTH 9TH ABa,
CJIaraeMbIX 0603Ha‘{aIOT B BUJE:

{FH} = 8,F8,H — 8,F0,H.

DTO0 BhIpaXkeHue Ha3bIBaeTCA ckobrxamu Ilyaccona.

Jlerko moHATH, uTO eciu HYHKIN [’ He 3aBUCUT OT BpEMEHHU U SIBJIAETCA HHTEIPAJIOM
cucrembl, Tora ckobka Ilyaccona pasua mysio. Ecim ckobka Ilyaccona nByx dyHkimit
paBHA HYJIIO, TO TOBOPST, 9TO STH (DYHKIINN HALOOATNCA 6 UHBOAIOUUL.
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3ameuareapHOE CBONCTBO CKOOKM Ilyaccona nByx byHKIN COCTOUT B TOM, UTO €C/IU
ot aBe PYHKIUKM [ W ¢ HAXOASTCA B WHBOJIONUN TpeThelt (pyHKIUU h, TOrma CKOOKa
[Tyaccona {fg} Takxke HAXOAUTCSA B WHBOTONUNA (DYHKIUU h. DTO YyTBEPIKCHUE HA3DI-
Baercst meopemoti Iyaccona. C nomornipio Teopembl [lyaccoHa B HEKOTOPBIX CJIydasx
MO2KHO TIO JIBYM U3BECTHBIM HHTErpaJjiaM JBUKEHUs TIOCTPOUTD €Ille OJINH U JAJIee ellle
OJIMH W €Ile OJMH, /I0 TeX [OP IOKA He OyJyT MOCTPOEHBI BCE MHTEIPAJIBI JIBUNKEHUS
CUCTEMBI U/IU WHBOJIONUS JABYX IOC/IEIYIONIUX WHTErPAJIOB He Oy/eT paBHATHCI HYJIIO.
Takoe ocTpoeHre HOBBIX UHTEIPAJIOB JIBUXKEHUS ¢ MOMOIIBIO CKODOK Ilyaccona yaercs
penko. IIpex e gem 10Ka3bIBATH WHBOIIOTUBHOCTEL CKOOKM [lyaccona mokakem opmy-
JIy, HA3BIBAIOIIYIOCS mooicdecmeom Sxobu:

{H{gh}} +{r{fgt} +{g{hf}} = 0.

ToxmectBo AKOOM MOXKHO JOKa3aTh € IMTOMOIIBIO MPSIMBIX Bhraucaenuit. Ilociae BoI-
gncyenns Beex ckobok Iyaccoma n mpusegennst TOZOOHBIX CIATAEMBIX OKA3BIBAETCS, ITO
CyMMa paBHA HYJIIO.

Teopewma Ilyaccona siBasiercst npsiMbiM ciaegcrBueM Toxaecrsa Jkobu. Ecim {gh} =
Ou {fh} =0, Torna { fg} Hexyma meBaThCA, KAK TOJIBKO WU PABHATHCS HYJIIO U OBITH
B MHBOJIIONUYU K A W, CJEJI0BATENBHO OBITH €IIe OJHUM MEPBHIM WHTErPAIOM CUCTEMBI
FaMuIbTOHA ¢ TAMIJIBTOHUAHOM .

Paccmorpum weckosbko npumepos. Ilycrs P — umnysbse cucrembl, M = [r, P| —
MOMeHT nmiyabca. Torma
oM, 0
{M,P,} = — 6y’” = —@(ypz —2P)=-P.,, {M,P.} =P, {M,P,}=0.

{M M} = —-M., {MyM,}=—-M,, {M,M,}=—-M,.

Ecmu 3a0b1Th 0 usmyaeckom cMbIciie 0D0OIIEHHBIX KOOPJAUHAT W OOOOIIEHHBIX WM-
IyJIbCOB W IIEPENNCATh CHUCTEMbl ypaBHeHHI ['aMHIbTOHA KAaK CHCTEMY ypaBHEHHI 21
HE3aBUCUMBIX KOOPIUHAT ¥; = ¢; W Ynti = Pi, TOTAA CKOOKH [IyaccoHa MOKHO 3alMCaTh
B BUJIE:

2n
oF 0H
(FHY = hiyjo o™,
ijzl " Oy; Oy
rae hiiqn = 1,0 = 1,...,n, hi;—n = —1,0 = n+1,...,2n. Marpuna h Ha3bIBaer-

¢ cumnaexmuseckot mampuyed. DT 0003HAYEHUS MTO3BOIAIOT 3AMUCATH YPABHEHMS
lavmuprona B ee 6osiee mpocToit popme

dy;
%:{yi,H}v H=H(y,. . y2n)

10.2 KommyTtupyoniue ¢pa3oBble IIOTOKHT

Ecmu dbyuximuu F(p,q) w H(p,q) HAXOAATCS B MHBOJIIONUH, TOT/IAa HEe TOIBKO F'(p,q) —
NepBbIii MHTErpas jjis cucreMbl ypasHenwii [amuiabrona ¢ ramusiabsronnanom H(p, q),
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Ho u dbyukuusa H (p, q) ABASETCS TEPBBIM UHTEPAJIOM I IPYTOil CHCTEMBI ypaBHEHUIT
ypasaennii l'amuibrona ¢ ravmuiasronnanom F(p,q). B pesysbrare, Ha nHBapnaHTHOM
mHOr00Opazun pertennit H(p,q) = h, F(p,q) = f ectb nBa pa3ubix (Ha30BbIX TTOTOKA
gt u g&. Kacarenbubie BekTopbl 911X (ha30BLIX MOTOKOB KOMMYTUPYIOT. [lokaxem 310.

g kpaTkocTu mepeiijieM K KOODJAWHATAM ¥;, BBEJIEHHBIM B KOHIIE MPEJIbIIYIIEro
pazzena. Kacareabublii BexkTop dha3oBoro noroka B rouke y° 910 npoussoguas hbazoBoro
noToka 1o BpeMmenn B Touke t = (. Torma

91959° — 95919° = g1 (1° + {y"F}s + O(s%) — g5 (" + {y°H}t + O(t*)) =
=y + {y°F} s+ {y"H}t + {{° F}H}st —
Y0 = {yH}t — {y°F}s — {{y’H}F}ts + O(t* + s7).

B pesysnbrare nosyuunm:
91959° = g391y” = ({y°FYH} = {{y" H}F})st + O(t%) + O(s%)
B cnny Toxecrsa Axobu

{4y’ FYH} — ({y’HYF} = {y*{FH}} =0.

To ectn, muHelHAS YaCTh IPUPAIIEHUil 110 ¢ 1 s KOMMYyTaTOpa (ha30BbIX IIOTOKOB PABHA
uymto. CrieoBaTeibHO, KacaTeIbHbIE BEKTOPHI (PA30BBIX MTOTOKOB KOMMYTHPYIOT.

Ecmu cucrema Famuabrona nmeer n GpyHKIIMOHAIHHO HE3ABUCHMBIX MEPBBIX WHTE-
IPAJIOB B UHBOJIIOIUH, TOT/Ia, HA N-MEPHOM WHBAPUAHTHOM MHOTOOOPA3UU ITOH CUCTEMBI
CYIIECTBYET N KOMMYTHUPYIOIIUX (DA30BBIX MTOTOKOB.

10.3 Ilepemennsle aeiicTBUe-yToJI

Crepyomuii eCTeCTBEeHHbBINM 11ar — BBECTH HA N-MEPHOM MHBAPUAHTHOM MHOIOOOpa3uu
B da30BOM NPOCTPAHCTBE N HE3ABUCUMBIX KOOPAUHAT. DTU KOOPANHATHI MEHAIOTCS CO
BpeMeHeM. B KadecTBe ele n He3aBHCHMBIX KOODAHMHAT B 27m-MepHOM (ha30BOM MPO-
CTPaHCTBE CUCTEMBI MOKHO B34ATH T€ CaMbI€ 3HAYECHUA 71 TEPBHIX MHTETPAJIOB — 3aKOHOB
COXpaHeHNs — WU HabOp IMepeMeHHBIX, (DYHKIUOHAJBHO 3aBUCAIIMX TOJIBKO OT 3HATe-
HUI TEPBBIX WHTETPAJIOB. DTHU MEPEMEHHbIE HE U3MEHSIOTCA CO BPEMEHEM U TOJTHOCTHIO
OIIPEJENIAIOT MHOr006pasue Ha KOTOPOM JIEZKAT TPACKTOPHUN CHCTEMEL.

O060o3HaYNM TIepeMeHHbIe, OIPEeeAIONMecs Kak PYHKINN OT 3HAYEHUH TePBBIX WH-
rerpasos, uepe3 I; = I(h, f1,..., fn—1),1=1,...,n.

dl;
dt
OTu nepeMeHHbIe HA3BIBAIOTCH NEPEMEHHbMU Muna deticmeus.
[Tepeventble Ha WHBAPUAHTHOM MHOT00Opa3uu oO03HAUMM 1eped ¢, ¢ = 1,...,n.
Bynem camrarh, 9T0 MHBapuMaHTHOE MHOr00Opasne KOMMIAKTHO. [loaToMy mepemenHbie
¢ — nepuoanueckue ¢; € [0,27). 3aBUCHMOCTH OT BPEMEHU ITUX TTEPEMEHHBIX

=0.

¢/ Wi(Il7---7[n)7 z':l,...,n.

P =
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ITepeMeHHBIE ¢; HAZBIBAIOTCS NEPEMEHHDBLMU MUNG Y204,
[Mocrpoum npoussoggamyio dynkumio S(1,q), Takyio, 9To

aS(I,q) s

p: 8q ? ¢74:87]—Z'

Torpa dyuxuus S(I,q) — penenune ypasuenust

oS

H(%?Q

) = h(I).

OTO ypaBHEHHE — ypaBHEHHE MEPBOTO TOPSIKA B YaCTHBIX MPOM3BOIHBIX HA3BIBAETCS
ypasuennem [ amusvmona-dxobu.

Huddepennuan npousBosgieit pyHKIHI:

oS oS
dS|I:COHSt = ﬁdli + aT]id%

3/1ech TIEPBOE CJIAraeMOe PABHO HYJIIO B CHUJIY TTOCTOSTHCTBA MIEPEMEHHBIX [; Ha peleHunn,
POU3BOIHAS BO BTOPOM C/IaraeMoM paBHA p;. Torma

7
S(I7 q) = /0 pldql7 AS = /M pzd(h - 27TIz(h7 flu .. '7fn—1)7
q; f

7

rae My — nasapuanTHoe mHOrooOpasue. [lepemennbie I; 1 ¢; MOXKHO BBIPA3UTH B BUJE!

1
1122*/ pidqg;, Qi =
Y Mf

HOKa}KeM, YTO TaK OIIp€eJIEeHHbIE II€pEMEHHbIE ,HQfICTBI/ITeJII)HO ABJIAIOTCA II€pEMEH-

as
a1,

7

HBIMU TUIA JCHCTBUE-YTOJI.

;o d oS 825 de+ 825 de_apjaj_aH

. = — — pr— —_— — prm— p— t‘
(ZS’L dt ( 8]1) 8[16.73 dt 8Ii6qj dt 8[2 8])]' aIZ cons
dl;
— =0.
dt
IIpumep. Jlaa MareMaTndeckoro MasgTHUKA TTepeMeHHbIe JIeiCTBUe-YTOJT:
2 u
p dx
I=f(H)=H=— —cos(q), = _
J(H) 2m (@), ¢ uo /2H + 2 cos(x)

10.4 Teopema JInyBujjig o6 MHTErpupyeMbIX CHCTEMAX

Pesyabrarel npeapiaymx pasaenos dpopmyaupyorcs B hopme Teopembl JInyBuiag 06
HHTETPUPYEMBIX CHCTEMAX.
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[IycTh HA CUMIIIEKTUYIECKOM 2N-MEPHOM MHOTO00Opa3uu 3aJaHbl n (DYHKINN B WH-

BOJIIOIIUUA:
Fi,...,F,, {FF}=0,i,7=1,...,n.

Paccmorpum MHOXKECTBO ypoBHs Fj:
My ={x: Fi(x)=fi,i=1,...,n}.

[Tycrs na My n dynkunii F; nezaBucuMbl, Torja:

1) My — rmaskoe MHOTOOOpa3ue, HHBAPHAHTHOE OTHOCHTENBHO (Da30BOIO TOTOKA C
dbyukuneit Namuibrona h = Fi.

2) Ecim My KOMIAKTHO U CBS3HO, Toria oHO AuddeoMopdHO n-MepHOMY TOpY

™ ={(¢1,...,¢n) modd2r}.

3) ®azosblit noTok ¢ pynkimeit l'amuibrona H onpegenser na My yCa0BHO-IIEPHOATYECKOE
JIBUPKEHNE, TO €CTh B YIVIOBBIX KOOPAWHATAX O(P1,. .., ¢n)

do;

dt = Wi, wi:w(fl,...,fn).

4) Kanounueckue ypasaenus ¢ dynkuueir lamuibrona H uHTErpupylorcs B KBaJl-
parypax.

10.5 Jlurepatypa

[Ipu moAroTOBKE K 3TOM JIEKITUN UCTOTH30BAINCH YICOHUKN

Jlargay JI.J., JIudbrmmun E.M.. Mexannka.

Apnospg B.I.. MaremaTuueckue MeTOAbLI KJIACCHUIECKOR MEXAHUKH.

A Takyke MOIl KOHCIEKT JIEKIIWi TI0 BIIOJIHE WHTEIPUPYEMBIM CHCTEMaM, TTPOINTAH-
ueix mpod. B.FO.HosokmenoBbiv Ha MaTemarudeckoMm dakyabrere BI'Y (ocennnii ce-
mectp 1989/90 yuebroro roja).
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11 Teopus Bo3MYyIlleHU

B amoii sexyuu 660dumca nouamue npamoz2o pada meopuy 803MyuLenuti, Popmyiu-
pyemca meopema Iyanxape 06 anasumuseckoti 3a6UCUMOCTU PEULEHUS CUCTEMDL O
napamempa. IIpamovie pasrogcenus meopuy 603Myuleruli, e No380AAI0OM UCCALIO8aMb
PEWEHUA HEAUHETHVT YPasHeHUutll Ha BOABWOM UNHMEPBAAE BPEMERU, TOTROMY MO DA~
dvl MO MAAOMY NAPAMEMPY, O KOMOPHL 2080pumca 6 meopeme Ilyankape, nepecmarom
cxodumovcs. C Gopmasdvrol MmowKy 3PeHUA MO 4acmo 03HAYAEM, 4Mo Hado nepepas-
AOACUMD PAD UAU, 4MO MO HCE CaMOe, 88eCU Kakoe-Hubydo dpyeoe onpedesenue cym-
muposarus. Texrnuvecku olce 06vuHo MenA0om 6ud passodicenus. B wacmmuocmu xoagh-
PuyueHmbL PA3N0NCEHUA NO MAAOMY NAPAMEMPY € CAMU CMAHOBAMCA 3AEUCUMDL O
2M020 MAAO20 NAPAMEMPA.

3decv nocmpoenvs nepuoduueckue pewenus ocyuaiamopa Aydpdunea. Imu pewernus
CMPOAMCA € NOMOUDBIO 00HO20 U3 BAPUAHMOE MEMOIL MAAO20 NAPAMEMPE — MEMOIQ
Jlundwmedma.

11.1 IIpsamoe paz3iioKeHUe TEeOPUU BO3MYIIMEHUIT

Uccnemyem MeTosoM Teopun Bo3MyIneHuil pemenne ypapuenus lyddunra.
u” + wiu + eud = 0. (48)

KoneuHo, pelienne 310ro ypaBHeH s BbIPAXKAeTCs Yepe3 110/1pOOHO UCCIIe/I0BAHHYTO DYHK-
nto0 cuHyC aMmInTyabl. OQHAKO, 3JeCh MBI TOCTPOUM DeIeHne IPYTUM CIoCcoOOM ¥ B
JIPYTOM BU/JIE — B BU/JIE MPSIMOTO Psi/Ia TEOPUH BO3MYIIeHMI. SHAHNE K€ CBOUCTB (DyHKINN
CUHYC aMIIJIUTYAbI TIOMOZKET TTOHATH TPUYIUHBI OTPAHNYIEHHBIX BO3MO>KHOCTe apaAMOro
pa3jIozKeHus TeOpUU BO3MYIIEHNH, 0 KpaliHeil Mepe, B pacCMaTpUBaeMOM CIIydae.

Bynem cunrarh € mezaBucuMbiM mapamerpoMm 3agaqun. llocTpoum permrenue ypasHe-
uus (48). Ecau e = 0, Torga permrenne XOpoIo W3BECTHO:

uo(t) = Acos(wot + ¢p).

Crepyromuii mar coCTOUT B TOUCKe pernennst ypasaenusi Jlyddunra B Buje psijga 1mo
CTeTeHAM E:

2
Ue = Uy + EUL + EU + . ... (49)
HOHBITaeMCH TTOCTPOUTH YJIEHBI 3TOTO DPAda. 'Z];.HH 9TOTO TOACTaBUM BBIDAXKEHUE Us B
yDABHEHUE.
" " 2,1 2 2 3 29,2
uy + euy + €“uy + wi(ug + eur + e%ug) + eug + e“3ugur + ... = 0.

31ech 10J MHOTOTOYMEM I[IOHMMAIOTCS CaaraeMble ¢ MHoxKuTenaeM €, rae n > 3. Kak
9TO OOBIYHO [I€/IA€TCsl B METOJIe HEONPEIEIEHHBIX KO MUIMEHTOB, TPUPABHIEM K03(-
d)HL[HeHTI)I opu OAVMHAKOBBIX CTEIIEHAX £. B pe3yabTaTe NOJAyYUuM YPDAaBHEHUA:

" 2
UO + CUO'LL() = 0,
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" 2 3
Ul "‘(A)OU]_ = —’LLO,
U + w2u2 = —3u3u1.

[logcTaBuM pellenne ypaBHEeHUs IS U
uo(t) = Acos(wot + ¢o)

B ypaBHEHUe IS U]
uf + wiuy = —A3 cos® (wot + o).

IIpaByto yacTh 3TOr0 ypaBHeHUs yA00HO Mpeobpa3oBaTh K BUIY:

3
A3 cos? (wot + ¢g) = A3 cos(wot + ¢o) — % sin(2(wot + ¢o)) sin(wot + ¢o) =

3
A3 cos(wot 4 ¢o) — AI(COS(W()t + ¢0) — cos(3(wot + ¢0)))

Tenepb JIETKO HAUCATh YaCTHOE DEIIEHNE YPDaBHEHUA JIJId U1

u ——Etsin(w t+¢)+A73005(3(w t+ ¢o))
' 4wy 0 0 wd — 9w 0 0/

ﬂeFKO MOHATH, 9TO YaCTHOE PEIIEHUE YDaBHECHUA [Jid U2 MO2KHO IPEACTAaBUTH B BUJE!
_ 2 ;
ug = Bat” cos(wot + ¢g) + Bit sin(wot + ¢g) + C1 cos(5(wot + ¢g)) + Co cos(3(wot + ¢p))-

[MTocrosinubie By g u C12 BBIYUCILIOTCS SIBHO.

JeficTBYsI TaK2Ke 1 JaJjiee, MOXKHO IIOJIYIUTh BbIPAXKEHU /11 JTI000r0 Ko3dduIimenTa
psijia 0 CTeNeHsIM € pa3J/iozkenus pemenus ypapuenust (48). [Tosyvennstit psij HazbiBa-
eTCS NPAMYLM PA3AONCEHUEM MEOPUL 603 MYWeHul ayist pemenns ypasaeans (48).

11.2 Amnajurumdyeckasi 3aBICHIMOCTH OT IIapamerpa

IMocmoTpes na ypasuenne (48), u pasmoxenne ero pemenus B Buge (49), cranoBuTcs
MOHSATHO, YTO 9TO MPOCTO pasJjioKeHue B psy Teiiopa pemenns ypasaenus (48), Koro-
pO€e aHAIUTUIECKU 3aBUCUT OT TapaMerpa £. ZCHO TakiKe, TaKOe Pa3JIOXKEHUE MOXKHO
MOJIYIUTh JIjIsl PEIleHns J00ro ypaBHEHUs, aHATUTUYUECKU 3aBUCAIIET0 OT MapaMer-
pa. Bostee Toro, Takoii psiJ, HaBepHOE, OyJIeT CXOAUTHCST K PEIIEHNI0, eCIU TapaMeTp &
JIOCTATOYHO MAJI.

DTO JOCTATOYHO TPOCTOe HabromeHne u chopMmyaupoBano B teopeme Ilyankape.
[Ipexie yem opMyIUPOBATH Ty TEOPEMY, OMPEIETUMCS C TEPMUHOJIOTHEN.

Paccmorpum cucremy ypaBHeHUit:

2 = f(z,t,¢). (50)

Bynem npeanonarars, uro QYHKINS B IPaBOil 9acTH 3TOM CUCTEMBI AaHAJUTHIECKH 3a-
BUCHUT OT €, z U HenpepwiBHO muddepennupyema 1o t.
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Cucremy ypaBHEHUII:
20 = f(20,t,0)

OyIeM Ha3bIBAThL noposicdarousedi st cucTeMsl ypasreruii (50).
Teopema. Eciu obmmmit mHTErpaj MOPOXK JAIOIIENR CHCTEMBI M3BECTEH, TOTIA
1) pemenne cucrems! (50) MokeT OLITH HAJEHO B BHIE

z(t,e) = z0(t) + i g'yi(t), (51)
i=1

rje y;(t) BBIUUCIAIOTCS ¢ nOMOLIBIo onepanuii and epeHunpoBanust u B3sTUsT KBAPa-
TYD;

2) pemenne ypasuenus (50) — anaguTudeckas DyHKIUS napaMerpa €, TO eCTh sl
(51) cxommTCs IPU JOCTATOYHO MAJIBIX O aDCOMIOTHOl BEIMINHE 3HAYCHUAX € U, CIE/0-
BATE/IBHO, ITOT Psijl NPEJACTABIAET COOOM PA3/IOKEHHE 110 CTEIIEHSIM € IEPBOTO MHTErPa/Ia
ypasaenus (50).

JlokaxkeM mepBoe yTBep:K IeHre TeopeMbl. [1Jist 9TOTo BhIMUIIeM ypaBHeHust 171 y; (t).
DT ypaBHeHMUsI JIerKO BBINUCATH, ecii BMecTo 2(t, £) B ypasuenue (50) nogcrapurhb dhop-
mysy (51). B sieBoit wactu ypasaenus (50) psij 1o € mouwieHno npoaud GepeHnpoBaTs:

o0
2= 2(t) + ) ei(),
i=1
a B IpaBoii yactu YHKIUIO
0 .
f(ZD + Z 51yi(t)’ t, 5)
i=1
pas3yiokuTh B psj Teitopa 1o €:

Fzt,e) = fz0,8,0) + s<azf(z:o,t,0>y1 0. f (20,1, 0)) 4

92 f(20,,0)

82 (8Zf(207t70)y2 + 2|

2 2
W2 + 02 (20,1, 0)) b (52)
IIpupaBauBas K HyJIIO BCe KOI(DDUIMEHTHI P OJUHAKOBBIX CTEINEHIX €, MOy IUM I10-
CJIeIOBATEILHOCTD YPABHEHU J1Jist omipesiesierust y;(t), Tak ke, Kak 9T0 ObLIO B IpUMepe
nyisg ypasaenus lyddunra.
YpaBHeHUe, oIy IuBIIeecs Ipu €', onpeaessgeT Gyakuuio y;(t). Baxno, aro ypasme-
HUs JIJ18 BCEX 1IOIIPABOK ¥; — JIMHEWHbIEe HEOHOPO/HbIe JuddepeHinaibHble yPABHEHUS.

HenpugarHocTs cocTouT B TOM, YTO 3TO YPaBHEHUs C IT€PEMEHHBIMU KO3(MDUIUEHTAMU.
B obmem Buje pemuTh Takue ypaBHeHUs HempocTo. Jlayke momapobHOe umcciemoBaHue
X CBOMCTB — BECbMa HeTpuBMAIbHas 3ajada (cM., Hanpumep, aeknuio 2). Ograxo,
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B HAIlIEM CIydae TH JUHEAPH30BAHHBLIE YPABHEHUS JIETKO permatoTcsd. s momydenns
dyHIaMenTANTBHOI CHCTEMBI Pern eHuii 0HOPOAHOTO JTMHEAPU30BAHHOTO ypasHenus (53)
3aMEeTHM, UTO STOMY YPABHEHHIO YIOBJIETBOPSET PeIleHne MOPOXKIAIOIIEro ypaBHeHNd,
npoauddepeHnmpPoOBaHHOEe TI0 JIFOOOMY U3 CBOUX MTAPAMETPOB.

IlIo ycmoBuio TeopeMbl M3BECTHO 00Iee pelneHne MOPOoKIaromnieil cucreMbl. 1mcio
[1apaMeTPOB, OT KOTOPHIX 3aBUCUT ITO PEIIEHUE PABHO PA3MEPHOCTU CHUCTEMbI yDaBHE-
Huit. Marpuma, cocTaB/ieHHas U3 IPOU3BOJHBLIX PeIIeHHs IOPOXKIAIOIIEr0 YPABHEHU
110 BCEM €ero mapamMerpam, u eCTb (PyHIAMEHTAJbHAS CUCTEMA PeIIeHuil OIHOPOIHOM
CHUCTeMBI JINHeAPU30BaHHbBIX ypaBHenuii (53):

Y (t) = 0c20(t; ¢).

DTa Marpuiia Heocobas. Perienre HeOTHOPOIHOTO ypaBHEHU s Y; BbIpaKaercs op-
MYJIOM: .
y(t) =Y () [ drY Y (r)Fy(r).
to
Takum obpa3oM, MmepBoe yTBEpPKIAEHUE TEOpeMbl JoKa3ano. [locTpoeHHbIN psif 1O
CTeTeHsaM TlTapamMeTpa &, BOoDIIe TOBOPsI, He 00s13aH CXOANTHCsI. Takoit (bopMaIbHBIN PsIT,
He 0053aTeIbHO CXO/AIIMICS, HA3BIBACTCA POPMasbHbim pewsenuem ypasaerus (50).
Crepyromuii mar — J10Ka3aTh CXOAUMOCTH TOJTYy9IeHHOr0 psiga. OJHAKO 9TO JOKa3a-
TEJILCTBO JIOBOJIbHO I'POMO3JIKO ¥ 3/IECh OHO HE ITPUBO/IATCS.

11.3 OrpaHudyeHHasd TPUTOJHOCTh IPAMOIrO PA3JIO2KEHUS TEOPUU BO3-
MYIIeHUuil, CEKYJIApHbIe YJIE€HBI

PaccMoTpuM npsivMoe pas/iozKeHre TeOPUN BO3MYIIEHHIA, TO/Iy 9eHHOE /sl DEIeHns] yPaB-
uennsa Lyddumnra (49). 13 dbopmys s koadduiimentos pasioxenus u (), ua(t) Buj-
HO, 9TO OHHU PacTyT 1o BpeMenu. IIpuduem, neppas nonpaska pacTeT TPOIMOPIMOHAIBHO
t, BTOpasg — IponopruoHanbHo t2. Jlajee MOXKHO IIOKA3aTh, YTO 7N-g IOINPABKA PACTET
nponopuuoHasbHo t". Takoif pocT MonpaBoK 10 BPEMEHU HPUBOJAMT K TOMY, YTO IIPH
t~et
KOTOpBIE Ha CTOIb GOMBIINX BpeMeHaxX BeayT cebs kak 0. B KoHeuHOM cuere, 9TO mpH-

MAaJIOCTL € He 00eCIevunBaeT CXOOHMMOCTb — B K&?K,Z];Ofl IIOIIpaBKe €CThb YJICHDI,

BOJUT K PACXOAMMOCTHU TTOCTPOEHHBIX PsIIOB.

HenpuronuocTs mpsaMOro pasjoyKeHWs TeOpUur BO3MYIIEHUI B C/iydae ypaBHEHUS
Hyddunra gerko mousars. [lepuos penrenns 5T0ro0 ypaBHEeHUs 3aBUCAT OT MaPaMeTPOB
ypaBHEHUS U, B YACTHOCTHU, OT BEJIMYUHBI €. B TO »Ke BpeMs, Mpu MOCTPOEHUHN TIPSIMOTO
pa3joKeHusT Mbl MPUOJIMKAEM perienre (PyHKIUIMA, TEPUO, KOTOPBIX HE 3aBUCHUT OT
€. EcrecTBeHHO, 9TO 3TO MPOTUBOPEYNE MPUBOJUT K TOMY, UTO HAIlle MPUOJIMKEHUE C
POCTOM BpeMeHM BCe DOJIBIE M OOJIBINE OTANIAETCA OT UCTUHHOTO PEIeHnsI.

Taxkoe ke gBjIEHUE POCTA MIOIMPABOK MOXKHO YCMOTPETH U IIPU BBHIYUCIEHUN TOITPABOK
y;. [lpu goxaszaresibCcTBe EPBOIro yTBEPK/AeHus TeopeMbl [lyankape — 4T00bl BBIYUC/IATD
N-10 TONPAaBKy HAJ0 N pa3 IPOMHTEIPUPOBATH 10 ¢, U B pe3yjbTaTe B N-Oil MOIpaBKe
MOTYT TOSBUTHCS “ieHbl Buaa Ae~". Ecim € masbiit mapaMerp, TOTJa TaKWe YJIeHbBI
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UTPAIOT BaXKHYIO POJIb pu H0bIIX BpeMeHax 1. OHU HA3BIBAIOTCS CEKYAAPHBLMU UIN
eex08vIMU wieHaMu. Jles0 B ToM, 9TO B 3a/a49ax HEOECHON MEXaHUKU, B KOTOPBIX BUIU-
MO BIIepBble IPUMEHSAINCh Pa3/I0KeHNsd TeOPUU BO3MYIIEHU, TaKue 4IeHbl HAUUHAIOT
BJIUSITH HA CXOAMMOCTH PSI0B TEOPUH BO3MYIIEHUI IIPY MONBITKAX paccMoTpenust (pop-
MaJIbHBIX pelieHuil Ha 00/bIINX BPEMEHAX.

11.4 PaBuomepHoe npubijmxkenne JImaaimreara

IlocTpoum apyroit psam MO CTEIeHsIM €, KaXKIbIi I/IeH KOTOPOro — MepuoandecKkas PyHK-

uwms 1o Bpemenu. J[jist 91010, 0HAKO, IPUAETCS AOIYCTUTH, 9T00bI KOIMMUITMEHTH! PIa

110 € camu 3aBucesn ot €. [loaromy 3T0T psaa He OyaeT ABAATHCS PA3JIOKEHHEM II0 € Iep-

BOTO MHTETrpaJa HeJIMHEHHOTO YpaBHEHMs, 0 KOTOPOM NOBOPUIOCH B TeopeMe [Iyankape.
Bynem uckath pasziioxkenne perieHus 1Mo € B BUJE:

u(t,e) = ug(t,e) + euy(t, e) + e2us(t,e) +.... (54)

Kaxprit koaddurinent paziioxenns — nepuogudeckas (QyHKIUS M0 BPEMEHU ¢ C Hen3-
BECTHBIM MOKa mepuogoM 1. [Iisg 9Toro mpore mepeiiTi K HOBOit mepeMenHoit 7 = tw(e).
Torga ypasuenne st u(T,£) B HOBOI epeMeHHoi Gy1eT nMerb BUI:

d?
de—l-w%u—su?’:O. (55)

YHacrora w(e) pacKIaapIBaeTCa B P 110 €.
w(e) = wo +ewy + 2w + ... (56)
Pemmenne ypasuenus (55) Oy/aeM UCKaThb B BUJE:
u(t,€) = up(7) + euy (1) + 2ua (1) + ... (57)

Torna ypasuenns s ko3bdumenTos pasnoxkenus (57) OyayT nMeTh BUI:

d*u
wi—— 72 0+ wiug = 0,
d*uy d*u
wg 72 +w0u1+2w0w1 o 0 —u% =0,
dZUQ d2 d2u0
wgﬁ —+ ngQ 3U0’LL1 + 2&10&12 d + W = 0,

Pemenne ypaBHeHus IS Ug:
uo(7) = Ag cos(T + ¢o).
Vpapuenne st IEPBO MOTPABKYA NMEET BUI:

Qd

W L wiuy = A3 cos® (T + ¢o) — 2wowaAg cos(T + ¢p).
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[TpaByio 9acTh y00HO IPEJICTABATH B BUJIE CYMMBI CJIATA€MBIX C PA3HBIMU 9aCTOTa-

vu. J[1s1 9TOr0 BOCIO/IB3yeMCs TPUTOHOMETPUIEeCKUMHU (POPMYyJIaAMU:
1 1 1 1
cos®(a) = 5 cos(a)(1 + cos(2a)) = 3 cos(a) + 1 cos(3a) + 1 cos(a).
Torna
3.3 3 43 1
Ay cos® (T + ¢p) — 2wowa Ag cos(T + ¢p) = ZAO cos(T + ¢o) + 1 cos(3(T + ¢p)).

Pemenne sToro ypaBuenus Jijisi nepBOil MOMPABKKA OIPAHUYEHO, €C/IU B yPABHEHUU KO-
9 dUIIEHT TpU Pe30HAHCHOM cjiaraeMoM — cos(T + ¢g) paseH mysro. s sroro wp
JO0JIZKHO 6])ITb penieHneM ypaBHEHUA:

3
2&)0&)1 - ng = 0.
4
To ecrb:

3A3

wl 0

8w
Ob1ee pelrenne ypaBHEHHUs IS IEPBOil MIOIPABKU MMeeT B

u1(7) = Aq cos(T + ¢o) + Bysin(r + ¢g) — 8—3}2 cos(3(T + ¢0)).
0

Taxum obpazom, mepBasi MOMPABKA OKA3BIBAETCS MEPUOIUUECKON C TIEPUOOM 27 I10 Ta-
pamerpy 7. Hasbine TpeboBaHre IEPUOAUIHOCTH 110 T IPUBOJAUT K ITOCIEI0BATETHHOMY
OIIPE/IEJICHUIO TIOMPABOK Uy (T) U wy. OHE 3aBUCAT OT BCEX MOMPABOK C MEHBIINME HH-
JEeKCaMMU.

[TocTpoennast aCMMIITOTHKA WHTEPECHA TEM, YTO XOTs MEPUOJ PEIleHus M0 HOBOM
MepeMeHHON M3BECTeH U paBeH 27, yacToTta w(e) Hem3BecTHA U KOI(DMUIMEHTHI €€ pas-
JIOXKEHUST OMPEeIeNAI0TCS N3 PEKYPEHTHON MOCIe/I0BATEIbHOCTH 3a/1a4.

Pemenve ypaBHeHUs B UCXOTHON MepeMeHHON ¢ nMeeT BU:

3
u(t,e) = Ap cos((wo + 5%143 +..)t+ o) +

c <A1 cos( + do) + Busin(r + do) — 81? cos(3(r + ¢0))) Fo (58)
0

[Mocroguunie Ay, ¢g, A1, B — Tpon3BOIbLHBIE TApAMETPHI PEIIEHUA. DTO PeIleHre — Te-
puoamdeckoe o BpeMenu t. MOXKHO MOKa3aTh — TaK MOCTPOEHHBINH P MO CTEIEHAM &
CXOJIUTCs TIPU JOCTATOYHO MAJIOM €. DTOT PsJ] TOJYyIAETCs, CJIU CYMMUPOBAThH B PLALY
OpAMON TeOpUU BO3MYIIEHUN pacTylue 110 ¢t cjiaraeMmsble.

YupaxkHeHue. BeIucInTh CIeIyONy0 TOIPABKY — U2.

11.5 JIurepatypa

IIpu moaroToBKE K JIEKIUU UCIIOJIH30BAIUCE
H.H. Moucees AcuMnrorndeckue MeTOALI HEJTUHEHHOI MeXaHUKN.
Apnosipg B.U. lonosiaurenbHbie riaBbl Teopun uddepeHina bHbIX YPABHEHW.
3acnasckuit ['M., Carnees P.3. Beesenne B nenuneiinyio husmuky.
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12 KAM-Teopema

B smofi aexyuu paccmampueatomes HEUNMe2PUuPYeMoe 603MYWEHUA UHMELPUPYEMLT
20MUADMOHOBVT YpasHeHuti. B xavecmee npumepa u3yuwaiomes Hepe3oHaHCHBIE KoAe-
banus. 803mywennozo ypasuenua Jydpdunea. Hr uccaedosarue npusodum, 60-nepsvix,
— % HeobTOUMOCTIU YMOYHEHUA mepMuna "nepesonancnoit”, 6o-emopoix, — Kk 0bwed
Popmyauposke 3adauu 0 Hepe3oHaHCHUL Koaebaruazr. Taxaa 3adawa u omeem Ha Hee
chopmyauposans, 6 anamenumoti meopeme Koamozoposa-Apnoavda-Mosepa. IIpusede-

HO JdoKa3ameavcmeo meopemvs Aproavda.

12.1 Hepe3onaucHble KOebaHUSA

Paccmorpum gBa Tua Hepe3oHacHbIX KosiebaHuil — BoIHY2KeHHbIE KOjebanus u odiee
perienre B BUe YCIOBHO Tiepmogmdeckoit dyuknun. [Ipumepom B 000uX Caydasx Ciy-
xut octmaaTop dyddunra moa meiicTBuem Hepe30HAHCHON BHEITHEH CHJIBL.

12.1.1 BsIHy>XAeHHbIe KOJebaHUA

Iless 9TOr0 MyHKTA — BBISABUTH YCAOBUS MIPU KOTOPBIX MOXKHO ITOCTPOUTH (hOPMAJIHHOE
pellieHre B BUJEe psja TEOPUU BO3MYIIEHUI, aHAJIUTUYIECKOTO 1o €. llepmoa mckomo-
ro bOPMaJILHOTO PEIleHnst PABEH MEPUOJLy BbIHYXKAafomieil cubl. OKa3bIBAETCsI, TAKOEe
pellieHre onpese/sercs OlHO3HaYHO. B Teopunm KosiebaHuii OHO COOTBETCTBYET GbiHY-
oicdennoim Koaebanuam. Paccmorpum ypasaenue lyddunra ¢ BoIHY XK IAIONIEH CHIOM.

U’ + wiu — u® = esin(Qt).
Pemrenne sToro ypasuenus 0ymeM MCKATh B BUIE:
u(t, e) = euy (t) + *ua(t) + uz(t) + .. .. (59)

IlogcraBum anzarr B ypaBuenue. llpupaBusem kKo3pUIUEHTH TPU OUHAKOBBIX CTe-
[eHsIX TmapaMerpa €, B pesy/brare MOaydnM PEKypPEHTHYIO MOCJIEI0BATETbHOCTD J1JIsi
otpejiesienusi KO3(MPUIMEHTOB pa3/I0KeHUsI:
uf + wiug = sin O,
" 2
U2 + CUO'LLQ = O,

ug + wgug, = u‘;’(t),

Pemag mocnegoBaTebHO 9TH YpaBHEHN, IOy IAM

3sin(2t) sin(3Q¢)
us(t) = -
4(wd — 02 4w —992) (Wi — 02)3’




12 KAM-reopema 75

N3 dopmyn mms ui um ug creayer, ecan wy # +{) ToTma B MEpBOH TOMpPaBKe HET
pesonanca. B Tperneil momnopaBke pe30HAHCA HET, eCJIM BBIMOJHEHO YeThbIpe yCIOBUS:
wo # +Q u wy # £3Q. MoxkHO cO06pa3nuTh, 9TO B MOTpaBke 2n + 1 HET pe30HAHCA, eCIn
wo £ £(25+1)Q, j=0,1,2,...,(n—1).

Eciu BBITIOSIHEHO CUETHOE YNUCI0 YCIOBUH BHIA:

wo # (2] + 1), j € Z,

TOT/Ia 119 JOCTATOYHO MAJIOTO £ CYIIECTBET eANHCTBEHHOE PEIIeHne C MEPUOIOM PABHBIM
[EPUO/LY BO3MYIIAOMIEH CHJIBI. DTO PeleHne MOXKHO TPeJICTaBUTh B BUIE CXOSIIErOCsT
pala Mo IeJbIM CTEIeHIM €.

12.1.2 VYc0BHO mepUOANYECKOEe PEIleHne

Paccmorpum Bo3mytennoe ypasuenne /lyddumra:
u’ + wiu — u? = e exp(iQt) + .c..

ITox obo3HAUEHMEM C.C. IPIYIYTCS CI0BA "KOMILIEKCHOE COmpsizKeHue'.

B ornmmume ot mpeabiayiero myHkTa OyaeM CTPOWTH AByXmapamMerpudeckoe op-
MaJIbHOE pellieHne 3Toro ypaBuenusi. CTpouTh 3T0 perreHue 6yaeM MeTooM JIuH mTH-
JTa, Pa300paHHOM B mpeAbIayIneil Jekiun. Kak n3BeCcTHO, 9acTOTa OCIULIMINN pere-
HUs B ODOIIEM Cydae 3aBUCUT OT aMILIUTYAbl Kojebauuit. B meromne Jlunmamreara mis
TOro, 94T0OBI MOCTPOUTH (POPMATBLHOE PEIIEHUEe C TaKUM CBOWCTBOM JEJIAETCS 3aMEeHa
HE3aBUCUMON IepeMeHHON

T = wt.

IIpmaem
w:w0+52w2—|—€4w4+....

B pesysbrare Takoil 3aMeHbI TTOIy9aeTCsl ypaBHEHNe:
3 _ .
w— +wju — u’ = cexp(ivt) + .c..
T
Q
w

3/IeCh V =
Bynem crpouts perienne B Bujie GOPMATBHOTO PSa IO EJTbIM CTEIeHIM E:

u(r,e) = (r)+3u(r)+5u(t)+....

IlogcraBum dopmysty /i pellenrs B ypaBHEHUE. DTO YpaBHEHUE JTO2KHO BBIIOIHATH-
cst ipu Beex € € (0,ep). Baecy g = const > 0. g sroro koadbdunmenTs mpu Beex
JINHETHO HE3aBUCUMBIX d)yHKL[I/IHX mapaMeTpa € AOJIZKHBI DaBHATHCA HYJIIO. Ta,KI/Ie JIN-
HEIHO He3aBUCUMBIME (DYHKINN B POPMATHLHOM PEIIeHNN — IeJIble CTEMEeHU mapaMerpa
e. st Kazk0ro 1 notyunm auddepennuanipaoe ypasenne. B qactrocTn:

1 1 :
wi u" 4w u= fexp(ivr) + c.c.
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Pemmenwne sToro ypaBnenus:

1 . ,
u (1) = Aexp(iT) + % exp(ivT) + c.c.
wi(1—v?)
3meck mpeanonaaraercs, 9ro v # 1.
Vpasuenne mpu £3:
3 301 d? 1
w% i " + WS 'LL:’U,S(T) — 2w0w2ﬁ u +c.c..
T

1
[IpaBas 9acTh MOC/IE TIOJCTAHOBKU (DOPMYJIBI sl U MOJYyYALTCA B BUJIE:
1 d? 1 , 3 ,
w(T) — 2Wowa ——5 U +c.c. = A3 exp(3iT) + <2f2) exp(3ivT) +
dr wg(1 —v?)

3 f? ‘
R )+ 54

wy(1—v?)
2 2
M exp(iT + 2ivT) + 3A il 5 exp(iT) +
2(1—
f

@0~ )
—f2 exp(—iT + 2ivT N
(@R oy P+ 20m) 4 A

f . , f12
3JAP 2wowa A 2
| ’ wg(l _ 1/2) eXp(wT) + 2wow2 exp(m-) + 2wows w2

2

0(1 —v?)
K paCTyHLI/IM II0 7T CJ/Iara€MbIM B peIHeHI/H/I HpHBOﬂﬂT C/lareaMble U3 Hpa,BOf/'I qacCTnu

¢ ’KcnoreHToil Buga: exp(iT). disg paBHOMepHOCTH (HOPMATHHOTO pa3/ioKeHus JIuH-
mTeara CyMMa TaKuX Cjlar'a€MbIX J10JIZKHQ 6]:>IT]) paBHa HyJ'IIO. Hpe,[[HOJ'[O}KI/IM, 49TO BBbI-

3|A? Aexp(iT) + exp(2itT + ivT) +

3A

3A* exp(—2iT +ivT) +

exp(ivT) + c.c..

[OJTHEHB! YCJIOBUS:
v#1, —24v#1, 3v#l
3
Torpa TpeboBanue OrpaHUYEHHOCTH PEIIeHNsT yPABHEHUST [IJIst U TPUBOAUT K YPABHEHUIO

JJTS OTIPEJIESIEHNST Wo:

A 2
3|APA + w23 /1 + 2wowz A = 0.
0

Taxum o6pa3om, TONpaBKa K 9acTOTE:

_ 1 2 31/1? )
wy = S <3|A[ + R0+ )

3
Pemenwne ypaBuenus misg u:

3 3 exp(3iT) 3  exp(2iT+ivT) 3 exp(iT + 2ivT)
u(T)=Bso —— (ot B21 55 12 775 T g
1-9 1—(1+2v) 1-(24v)
3 exp(—iT + 2ivT) 3 exp(2iT +ivT) 3 exp(3ivT)
R R G R T e L R (R SR B R E R
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Tax e CTPOATCS W CJIELYIONINe MOMPABKH (OPMAIBHOTO pasJyoXKeHus JInuamresnra.
ITpaBas gactb ypasHenwusi jjis (2n + 1)-if onpaBKu COAEPIKUT OCHUINPYIOIINE IKCIIO-
HeHTHI ¢ qactotamu k + lv, tne |k| + |l| = 2n+ 1, k,| € Z. Byaem npeamonarars, 910
BO3MYIIEHIE HEPE30HAHCHOE, TO €CTh

k+lv£+1, 140, lLkeZ
B 9TOM CJIy4da€ B IIOIIPDABKAaX IIOABJIAIOTCA C/lIara€Mble€ BHIA:

m  exp(ikT + ilvT)
A= (e )2)

m=2n—1,n € N.

HpI/I 60.HBIHI/IX m Cpeau NpUBEACHHBIX C/lara€MbIX €CThb CjlaraeMble C MaJIbIMWU 3HaMe-
HaTeJIsIMH, a CJIeJ0BaTeabHO, CaMHU caaraeMble Bejauku. JlelicTBurenpHo wuciao k + lv
MOXKHO 33 cueT BbIOOpa k u | cmearh OJM3KHM K eJUHUIE:

lkw + 12 —1] — 0, |k|+ || = oo.
IIpucyrcreue B k03 duimenTax pasgoKeHus M0 € OOIBIINX CIAraeMbIX BOOOIIE TOBOPS
MOXKET MPUBECTH K HEMPUTOTHOCTH (POPMATHLHOTO PENIeHus] B TAKOM BHU/IE.

12.2 OcHoBHag 33aJ4a4Ya MEXaHUKU.

3ajiady 0 BOBMYIIEHUH MaMUJIBTOHOBOW CHCTEMBI €CTECTBEHHO PACCMATPUBATH B HAMbO-
Jiee TIPOCTOM BUJIe — KOT/Ia MTOPOXKIAIONIAs CUCTeMA TPUBeeHa K TepeMeHHBIM JTeliCTBIe-
yroji. B aToM ciiydae raMu/ibTOHMAH BO3MYIIEHHON CUCTEMbI NMEET BUJI;

H(I,G,t;e) = HO(I) +8H1(I,(9,t).

Cucrema ypasuennit l'amuabrona:

0H,
a0’

0H,

I'=— oot
g a]—a

0 = w(l) + e (60)

riae w(I) = 0rHp.
Bamaay 06 uccaeposanun cucrembl (60) Iyankape nazsan ochosnoti 3adaueti mexa-
HUKU.

12.3 ApgmabaTnyeckue WHBAPWAHTHI

Paccmorpum oCHOBHYIO 33/1a4y MEXaHUKU B OJHOMEPHOM C/Iydae C IaMUJIbTOHUAHOM,
HE3ABUCSAIINM OT BpeMmeHu. llepeMeHHyo MeficTBUs W TEPEMEHHYIO THIa yroa Oyaem
HACKATh B BAJE PAJIOB IO CTENEHIM E:

I(t,e) = Io(t) + eli(t) + 2 L(t) + ...,

¢(t,e) = go(t) + i (t) +*pa(t) + ...
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[Mogcrasum 31y pansl B cucremy ypasaenwuii (60). Pazmoxum nogyuusimecs: GyHkmn
B P4JIBI 110 CTEIIEHAM € U IIPUPABHSIEM B MOy 9eHHOM (popmysie KoaddummeHTs! npu oqu-
HaKOBBIX CTENEHIX £. B pe3ysbTare 1715 TVIABHBIX YJI€HOB U MTEPBBIX TMOMPABOK IOy INM:

OH
Iy=0, I, = —deuo,qﬁo),
OH
¢o =w(lo), ¢1=w'(Io)l1+ TII(I(% %o)-

Takum 06pazoM, TIaBHBIN YIEH MEePEeMEHHON a1elicTBrsA TPOCTO He n3Mensgercs. [lep-
Bag mompaska [, BOOOIIe TOBOPSI, 3aBUCUT OT BPEMEHU, O/THAKO, ee N3MEHEHHE 33 TEPUO/T
pPaBHO HYJIIO. DTO MOXKHO TOKAa3aTh, TPOUHTEIPUPOBAB 110 TIEPUOY ypaBHEHUE st [71.
Takum 006pa3oM, MOPSIOK M3MEHEHHs [TePEMEHHON JefCTBUS BO3MYIIEHHONW CHCTEMBbI
3a TEPUO/i MEHBINE MOPAAKa BO3MYIIEHUs. BeJIndauHbl, MOPALOK M3MEHEHUsI KOTOPBIX
MeHbIIIe, YeM TOPSI0K BO3MYIIEHUS, HA3BIBAIOTCA GOUGOAMUYECKUMUY UWHBADUAHMAMU.

12.4 ®opMyJIUPOBKHN TEOPEM

PaCCMOTpI/IM cucremy ypaBHeHI/Iﬁ Tamuisrona c BEIIIECTBEHHO aHAJIUTUYICCKUM I'aMUWJIb-
TOHHAHOM:

H=H(I ,e).

Bynem cumTarh, 4TO raMu/IbTOHUAH Nepuonndeckas PYHKIM 10 nepeMenasiM ¢ € T7.

Kpowme Toro

9%*H,
oI?

To ects riaBHbII YjeH B pamy Teiijopa 1mo € He 3aBUCUT OT TMEPEMEHHBIX () U HEBBIPO-

H(Iv¢’0):HO(I)7 7&0

JKJIEH.
s popMyMpOBKY €I1e OJHOTO MPEIOJI0KEHNsT IPU KOTOPOM OyIeT paccMaTpu-
BATbhCd TAMUJIBTOHOBA CUCTEMA MIPUMEM 00O3HAYECHUE:

OHo(I) . )
wi=——>, j=1,...,n.
J ] ) ) ’
a1,
ByﬂeM Hpe,ZLHO.HaFaTb, qT0 BO3MyII_LeHI/Ie HepQSOHaHCHO, TO €CTh BBIIIOJIHAETCA yC.HOBI/Ie:
Wi, - ..,Wn PAMUIOHAJIBHO HE3BAUCMDBI U YIOBJIETBOPAIOT YyCJIOBUIO:
n —1 n T
§ Juwy SCO<§ ]l/) )
v=1 v=1

TIe ji, ..., Jn € Z. VI3 Teopun unces (CM., HATpuMep, Teopemy JInyBuis) ciaemyer, aro
opm 7 Z N 4JId TTOYTHU BCEX W HEPaBEHCTBO BBITTOJITHEHO.
Teneps M0OKHO CHOPMYAMPOBATH 3HAMEHUTYIO TeopeMy Koymoropona:
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Teopema 1 (Kosmoropos) IIpu docmamouno marom |€| cywecmeyem eewecmsen-
Ho anaaumuyeckoe npeobpazosanue ¢ = u(&,n,e), I = v(§,n,¢e), 2de (u — &) u v —
nepuoduveckue Pynkyuu £, maxue, 4mo npu € = 0:

o=¢ o =0,

Imo npeobpasosarue nepesooum 2amuibmonosy cucmemy ¢ 2amusvmonuarom H (1, ¢, )

6 cucmemy
f'=w, 7' =0

T'opazzo 6osiee n3BeCTHO CIEJCTBIE U3 STOH TEOPEMBI, KOTOPOE TAK>KE YACTHO HA3BIBAIOT
teopemoit Komvoroposa-Apmossaa-Moszepa.

Canencrsue. IIpu masnbix € u n = 0 cyniecrByIorT yCjI0BHO-IEPUOAMYECKIE PelleHUs
cucreMbl ypaBrenunii [amunbrona ¢ ramunsronnanom H (I, ¢, e):

¢ = u(wt+ g, 0,e), I=v(wtt+ 2,0,6).

Saecy w = 0rHp.
LokazaTeapcTBO TeopeMbl KoMOropoBa MoXKeT OBITH OCHOBAHO Ha IPYToil ToepeMe
JJIst CUCTeMbl YpaBHEeHU

¢/ :w+€f(¢78)‘

Baecwy f(p,e) — BEIIECTBEHHO aHATNTHIECKAsT dyuknusg or nepemenbix ¢ € T", Takasd,
aro ipu Maneix ¢ f(h,e) = O(|¢|?, To ects pasnoxkenne Teiiopa HaunHaeTcs ¢ KBaJl-
PATHYHBIX TI0 ¢ CaraeMbiX. [IpeamonoxuM, 9To wy, - . . , Wy, PAIMOHATHHO HE3BAMCMBI 1

n T
Z Juwy ) )
v=1

THE Ji,-- -, jn € Z. OKa3bIBAETCS, IPU T > N JJIsI TOYTH BCEX W HEPABEHCTBO BHITIOJTHEHO.

YAOBJIETBOPAIOT yCJIOBUIO:

Jv

- §00<zn:

v=1

Teopema 2 (ApnHonbga) Cywecmsyem 6euecmeeHHo-aGHANUMUYECKOE NPE0OPA30GAHUE:

¢ = U(f,e?) = £+a(£7€)

U NOCMOAHH I 6EKIMOP
A=), A©) =0,

maxue, 4Imo Mo NpPeobpazosanue Cucmemy
o w+5f(¢,5) + A

nepeeodum 6 CUCmemy
!/
g = W.

3ameuanmne. FO. Mozep nezasucumo ot Konmvoroposa n ApHosbIa TOKA3AT TEOPe-
MBI 9TH TeopeMbl s guddepeHnnpyeMbix GOyHKITHI.
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12.5 J[doka3zareabCTBO TeopeMbl ApHOJIbIA

B sroit nekmum, cieays kuaure FO. Mosepa, TpuBeneHo T0Ka3aTebCTBO TeOpeMbl Ap-
HOJIBJIA. 3/1€Ch Mbl OIPAHUYMMCS JIOKA3aTEJIbCTBOM JIJIsl aHAJUTHIECKUX MPeodpa3oBar-
unii. C jgoKazarebCcTBOM i audepeHiupyeMbix Tpeodpa3oBaHuil MOXKHO O3HAKO-
MUTBLCs B nutupyemoii kanre FO.Mo3zepa.

[Mepeitmem kK gokazarTescTBY Teopembl ApHOIBIa. VcKOMoOe 0TOOpaskeHue JIOIKHO
YIOBJIETOPSTH CUCTEME HeJIMHEWHBIX ypaBHeHuil. J/leficTBUTeIbHO, TOICTBAM BhIpaKeHUe
JUIST ¢ B CUCTEMY ypaBHEHUIT 13 neopeMbl ApHOJIbIA!

Eue = w+ef(u,e) + A
B cuny ypasuenns aia £ = w nomydaercsa ypapHeHHE B 9aCTHBIX IIPOU3BOJHBIX I U
(w,ug) = w +ef(6+a,8) + A

Permienne 3Toit HeMHEHOM CUCTEMBI YpaBHEHUN OyIeM CTPOUTH MEeTo0M uTeparuii. B
Ka4ueCcTBe TIePBOro npubsnkenus BeibepeMm (DyHKITHATO

u(§,e) =& +e i (&)

ITapamerp A 3apatee HeusBecred. Ero snadyeHue BbIYUC/ISETCS TAK2Ke C IOMOIILIO Me-
toga urepanuii. [lepose npubsukenue nyis A Boibupaercs B popMe:

A= 6)\1.
1
Torma ypaBuenue Jjisi U UMEET BUIL:

(Wa%%) = f(£ + 517’175) + A1

1
Jlumeapusyem ero Ha £. To ectb oTbpocuM KBaApaTUIHBIE IO U 4aeHBI. Torma ypas-
1

HeHnue JJid U CTaHeT JIMHEIHBIM

(w, tie) = F(£,2) + A

[Tapamerp A Beibepem Tak, 4T00BI cpeauee o & € T paBHSIOCH HYJIIO, TO €CTh:

== [ s

1
OT6poiennbie 4ieHbl UMEIOT KBaAPATUIHbBIA NOPsIOK 110 U, TO ecth O(&).
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12.5.1 Penrenne JuHeapu30BaAHHOTO yYPaBHEHUS

JImHeapm30BaHHOE ypaBHEHWE MPUAETCA PeIlaTh Ha KaXKJIOM Iare WTEPAIUN IOITOMY
METOJ] ero pPeIeHusl U OTBET JIydllle BbLIEJUTh B OTIEbHbIN myHKT. Chopmymupyem
pe3yJsbTar B Bujiexk PazjoxkuMm ¢dyHKINO u3 npaBoit qactu B pag Pypbe:

f(&ag) = Z Jk eXp(i(ka£>)'

keZn

Bynem uckarp perenne ypaBHEHUS B YACTHBIX MTPOM3BOIHBIX B KJIACCE TIEPUOIUIECKUX
o x ¢yukuuii. g 37010 paszaokuM HEM3BECTHYIO DYHKIHNIO B psia Pypbe:

w(ge) =3 iy expli(h, €)).
keZn
[TogcraBum 3Ty hopmyay B ypaBHEHHE:
i3 (w k) g explilk, ) = 3 frexpli(k, €)) — A

keZn keZn

s kosdurmenToB Pypre pyHKIWE U MOJLYyIUTCH yYPaBHEHUE:

i(w, k) u= fr

nJjim

1
OyuKIUA U:

he)= Y Ik expli(h. ).
kezn (w, k)

OTO pellleHre TOJIyYeHO B pe3ysbrare (DOpMa/bHBIX BBHIKIAI0K. Temeph HeoOX0OmuMo
yCTaHOBUTH cxoaurcd jiu psag Pypoe. eso B ToM, 9T0 B BhIpaxKenuu ijis K0dbduiiu-
enToB Pypbe ecTb MaJible 3HaMeHaTe I B Boipazkerun 1/(w, k).

[To mpeanonoxennio dbyukiws f(§, ) — aHATUTHYIECKAS B OKPECTHOCTH BEIECTBEH-
Hoit ocu— npu |J¢| < J. TTosromy koabdunmentsr Pypbe yObIBAIOT IKCIOHEHIMAIBLHO
6uicTpo mpu pocre |k|. delicTBUTEIBHO:

1
= —— g)exp(—i(k,&))d¢|.
12l = G|, £(6: € expl=ih )
TMoppiaTerpanbuas GyHKIUSA aHAJIATAYECKAA, N3 TeopeMbl Ko cieayer, 9To nHTerpu-
poBaTh MOXKHO npu S€ = —id. B pesyapraTre TAKOrO MHTErPUPOBAHUS TIOTYIUM:
1

| fx] =

(2m)" [Fnsgzi&f(ﬁ,ﬁ) eXp(—i(kz,f))df’ < Cexp(—dlk|).

Saece = const > 0.
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OHeHKa BeJINYNHBI MaJbIX 3HaMeHaTeJei:
n

E Juwy

v=1

CirieoBaTe/IbHO, N3-3a YKCIOHEHIINAILHOTO yObiBaHust KO3 dunmenToB hyHKimu f psij

-1 n

SCb(Z

v=1

Jv

-
) , T =const >n — 1.

1
Dypoe s hynkuun v (€,€) cxomures abcomoTHO. Bosiee TOro, BOCIOIL30BABUINCE
OIIEHKO JIJIsT MaJjIbIX 3HaMeHaTe el u s ko3 dunnenToB Pypre GyHKINN [ MOXKHO
MOJIYIUTh OIEHKY PEIeHmsT

| U (&,¢)| < const Z |k|” exp(—0|k|).
keZn

Bocmonb30BaBmICH OIIEHKO# CYMMBI Uepe3 WHTerpa:

-1

5 k™ exp(—dk)

o 1 o0
+ 5/ k™ Yexp(—kd) = ... = const 07 7.
0

/ kT exp(—0k)dk =
0 0

Torga:
| U (&,e)| < const 7.

12.6 MeToa OBICTPO CXOAAMINXCSI UTEPAITHAIL

Teneps onpe e inM METO I Moc/ae0BaTe bHbIX npubsmkennii. [lycrs npubanxkenne uy,—1(&,€), Ap—1
noctpoeno. Torma npubanm:kenne n + 1 ompenensercsa B BUIE:

Un(fag):un—1<£75)+5n {L”v An:)\n—l"i_?’fng\-

n
VpaBuenune st U COAEPKUAT KBAIPATUIHBIE 10 £,_1 WieHbl. [losTomy &, = E%_l.

(waﬁﬁ) = fn_ K .

31ech .
fmaaz(ﬂmlﬁfn&@—fwnha).

En

n n
IIapamerp )\ ompeseseTcs U3 yCIOBUS MEPUOAMIHOCTH IPABOM YaCTH ypPaBHEHUE IS U:

A= [ e

n
Bajtava Jjist U PeInaeTcs Tak XKe, KakK Jjisi epBoro npubdsmkenusi. OneHum 00/1aCTh,
B KOTODOii OyeT JeficTBOBATh MpHUOIMKeHne uy. Ilo cpauenuto ¢ (n — 1)-m mpubiiu-
KeHnueMm CABur HpOI/I3OI>'I,D;eT Ha €, UJIX B II0 OTHOIIIEHUIO K Ha4aJIbHOMY IIapaMeTpy [
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n—1
Ha O (52 > BO—HepBbIX, — OYE€BUIHO, 9TO TOCIea0BaTEC/IHbHBIC HpI/I6.}'II/I}KQHI/IS{7 omrpese-

JIEHHBIE TAKUM 00Pa30M CXOAATCA. BO-BTOPBIX, — CMEIIeHNe OTHOCATEILHO HAYAJIHHOTO
npub/IMKeHusT TPou30iigeT Ha

oo
2(82 ~1577") = const e.
n=1

To ecTb € MOXKHO BBIOPATH JOCTATOYHO MAJIBIM, YTOOBI IIPU OCIEI0BATEIBHX TPUOIHU-
JKEeHWsIX He BBIATH 3a Tpanuily objgactu anajutuanoctu Gyaknun f (&, €).
Teopema mokazana

12.7 JIurepatypa

IIpm moaroToBKE K JEKIINN MCIOIB30BATINCH
H.H. Momucees, AcuMnToTndecKe METOIbI HETHHEHHON MEXAHUKH.
FO. Mozep, KAM-Teopust 1 pobjieMbl yCTOHIUBOCTH.
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13 Pe3onaHcHble Bo3MYyIlleHUud. TeopeMa 0 HEMHTeErpupye-
MOCTH

Iocmpoero nepuoduueckoe pewenue ocyusramopa Ayddurea ¢ pe3oraHcromM 603 MY-
wenuem. Imo nepuoduieckoe PeULeHUe HEGHAAUMUYHO N0 NAPAMEMPY GOZMYULLHUSA E—
0O pasaazaemcs 6 pad no dpobnwvim cmenenam €. Ilpusedeno nonamue o Juddysuu
Apnoavda 6 cucmemar ¢ mpema cmeneHamy c60600vi. okasana meopema o HeuHme-
2PUPYEMOCTU PEZOHAHCHO BOZMYULLHHBLT 2AMUADMOHOBHLT CUCTIEM.

13.1 Pe30oHaHC B HEJIMHEHHOM ypaBHEHUU

TlocTpoum mepumouyaeckoe perenne BO3MYIIEHHOr0o ypaBuenus [lyddwunra, xkorma ga-
CTOTa BO3MYIIAIONIENA CUIbI paBHA YaCTOTE JINHEHHON YaCcTU HOPOXKJAIOIIEr0 ypaBHEeHN .

u’ +u — ud = esin(t). (61)

Camblit TpOCTOit CIOCO0 — HOMBITATHCS MOCTPOUTH PEIIEHUE C MOMOIIBIO MPSIMOTO
pa3710KeHnsT TEOPUHW BO3MYIIEHWIT, KOTOPHIIT MPUBEJ K YCHeXy, KOT/Aa M3yJaJancCh BbI-
HYXKJIeHHbIe Kosiebanusi. [Ias 3Toro, Kak BCeraa, TMOMbITAEMCS TOCTPOUTH (hOPMATBHOE
pertieHne B BUJe PsAga MO CTENEHSM €.

u(t, e) = euy (t) + *ug(t) + uz(t) + .. ..

Ypasuenus 11 K03(DQUITEHTOB STOTO PsA/Ia JIETKO IOIYYIa0TCA MOCIe IOJCTAHOBKH
psizia B ypasHenue (61).

u] +uy =sin(t), wuq(t) = —tcos(t);
uhy +us =0, uy = 0;
49

— sin(¢) + YIeHBI MEHBIIEro MOPSIKA MO t

ufy + uz = —t3cos(t), uz = —t 16

Ou4eBUHO, YTO TPAMOE PABIOKEHUE IPUBOIUT K (POPMAILHOMY PEIIEHUIO C HEITEPUO U~
vyecknmu koadbunuentamu mpu £/, j € N. C Apyroit CTOPOHBI, W3BECTHO, UTO MEPUOT
perierns ypapuenus /lyddunra 3aBucuT oT aMIIuTy a6l pertenns. Kpome Toro, u3 mps-
MOTO Pa3JIOXKEHUs BUJIHO— IJIABHBIN YjIeH perrieHust pacreT mo spemenu. CjegoBaTe/ibHO
JIJIS TOTO, YTOOBI MTOCTPOUTD TEPUOIUIECKOE PEIleHne, CAeAyeT HAYNHATE TTOCTPOSHUS C
OTMPABOK Oo/biuX, 4eMm €. B 3ToMm cirydae usmenurcs u dacrora kojebanuit. OHa yxke
OyJeT OTIMYHAa OT YaCTOThI BO3MYIIAIOIIEH CUJIbI, U CACTEMa He OyJeT HAXOIUTHCI B
pe3oHaHce.
BamMeHuM mepeMeHHyIo T = t/w, ypaBHEHUE B MEePEeMeHHOil T 6y/1eT uMeTh BUI:

2

/
wu/—l-u—u3

= esin(Tw).
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B nmpamom pazsioykeHNn pacTeT W MEPBBIN YeH pas3JyoKeHus U Bce mocaeayrorrue. [To-
9TOMY MOPs/I0K IJIABHOTO 9/IEHA B PA3JIOKEHUU JO0KEH ObITh Oosbime, yem £. Bymem
HCKATh pEIIeHNe B BUIE:

u(t,e) = eV Buy + e¥Pug + cug + e¥3uy + 5Pus + 2ug + . . . .

Yacrory w(e) TakKe OygeM CTPOUTH B BHUJIE PA3JIOKEHUS IO CTEIEHSIM el/3,

w(e) =1+ 51/3w1 + 52/3&12 + ews + 54/3w4 + 85/3w5 +....
g K03 PuineHToB pa3ioKeHus MOJyIrNM PEKYPPEHTHYIO CUCTEMY yYDPaBHEHUI:

ulll +u; =0,

u’Q' + uo = —2wiuq,
uly + uz = sin(t) + ul,
uly +uy = 3u%u2,

"
ug + us :3U%U3,....
YpaBHeHue Jist U] UMeeT PelleHne:
uy = Ay sin(7) + By cos(7).

31eCch aMILTUTY 13 KoJiebaHuii eme He onpeeera. OHa ONpee/nTCs P PEIeHnn ypas-
HEHW J/Ts CJIeIYIOMUX TOMPABOK M3 YCJIOBUS OTCYTCTBUS B 3TUX MOMPABKAX PACTYIIIIX
CJ1ara€MbIX.
Byaem cauraTh, 9TO
w1 = O, ug = 0.

Harrra 3amaga — mogobparh aMIIUTYAy MEPBOil MOMPABKUA W TEPBYIO TOMPABKY Ua-
CTOTHI TaK, YTOOBI B MIPABOIl 9aCTW yYPaBHEHUS ypaBHEHUS I U3 He ObLIO CIaraeMblX,
IPUBOAAMINX K PE30HAHCY. BrimuimemM mpaByio 9acTh 3TOTO YpaBHEHUS

f3 = sin(t) + (Aysin(t) + By cos(t))>.

s ympoleHus Buia MpaBoii 9acTu BOCIO/IB3YEMCs TPUTOHOMEeTprdecKuMu (hpopmyia-
MHU:

(Aysin(t) + By cos(t))® = A3sin(t) + 342 By sin®(t) cos(t)+
3 3
+3A1 B sin(t) cos(t) + B} cos®(t) = Z(A‘;’ + A1 B?)sin(t) + Z(Bi)’ + By A?) cos(t)+
1 1
+Z(3A1B% — A%)sin(3t) + Z(—SA%Bl + BY) cos(3t).
JIerko MOHATH, UTO B TPETHEll MONPABKEe HET PE30HAHCHBIX CIAraeMbIX, €C/In

3
By =0, Ai”i =1,
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njim

Torga ypaBHeHWe /sl U3 TPUMET BHI:
" 1 .
uz +uz = —3 sin(3t).
Pemenne 3T0ro ypaBHeHus:
1 . .
us = —51 sin(3t) + (As sin(t) + Bs cos(t)).

Pemmenme ypaBuenus st 44 TPUMEM pPaBHBIM HYJ0, a Koddduiuentsl A3 u Bs 6y-
JIeM ToI0upaTh Tak, 9T00bI B MIPABOM YaCTU YPABHEHUS I U5 HE ObLIO PE30HAHCHBIX
CJTaraeMbIX.

f5 = 3A2 sin(t)(As sin(t) + By cos(t) — i sin(3¢)).

Ecnu Bocnonb3oBaThcd TpUroHOMeTpudecKuMu (hOpMyJIaMu [1jisi IPUBEIEHUs CTeleHei
TPUTOHOMETPUIECKUX (DYHKIINN K DYHKIUIM KPATHBIX YTJIOB, TTOJIYIUM:

1
8

3= sin(st) — Lein(e)),

fs = 3A%A3(% sin(t) — %sm(zﬁ)) + 342 By sin®(t) cos(t) ; ;

TpeboBanme OTCYTCTBUS PE3OHAHCHBIX CJATAEMBIX MPUBOIUT K OMPEIETEHUI0 TTOCTOSH-

merx As u Bs.
1

A3 = —52, Bg = 0.
Tenepp MOXKHO MOCTPOUTH MEPUOIMIECKOE PEIIEHUE yPABHEHUS I Us. B 9TOM pere-
HUW €CTh JIB€ TOCTOSHHBIE, KOTOPbIE OyIyT ONMpee/ieHbl PU MOCTPOSHUN CJIEIYOIIIX
TIOMPAaBOK.

®dopmanbHoe pemenne ypasuenus (61) nmeer Bup

. 1 1
u(t,e) = e'/3sin(t) — el Sin(31) + = sin(t)) + Bug(t) + ...

OTO pellleHre pa3IaraeTcsd B psij M0 JPOOHBIMU CTEMEHSIM MMapaMeTpa BO3MYINEHUS, U

TJIaBHBIN 4JIeH 3TOTO0 Pa3JI02KEHUA MeeT 60.HI>HII/H7I TTOPAIOK, 9eM CaMO BOSMyH_[eHI/Ie.

13.2 Pe3oHaHCHBIE MHOYKECTBA

OnHOMEpHBIE TUHAMUYECKNE CUCTEMBI C TIEPUOIUIECKUM BO3MYIIEHNEM, THUIIA PACMOT-
PEHHOIT BBIIIe, OOBIYHO HA3BIBAIOT AMHAMUIECKUMU CUCTEMAMU C MOIYTOPA CTEIEHSIMU
cBobonbl. Kak ObI10 MOKAa3aHO, PE30HAHCHBIE TEPUOIUYECKIe BOZMYIIEHNUST B TAKUX CH-
cTeMax MPUBOIAT K M3MEHHIO [VIABHOIO “JIeHA Ha BeIMYMHbI opsiaka /3. Paccmorpum
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JABYMEPHYIO TAMUTBTOHOBY CUCTEMY:

I = —<50H (1),
e
0 = (1) + 5T 6.0)
6 = wall) + 51 (1.6.0)

Henounciienable peleHns ypaBHEHNT
kwi(I) +lwe(I) =0, k,l€Z,

COOTBETCTBYIOT pe30HaHCaM. B 3TOM cjIydae ypaBHEHUs [T TEPEMEHHBIX JIeHCTBUS CO-
JIEPKAT HETIEPUOINIECKNE YIEHBI B MPABOH 9aCTH, MO3TOMY TIEPEMEHHBIE TEHCTBAST MO-
I'yT CYIIECTBEHHO U3MEHATHCS.

Ecan pacemorpers miockocts (w1, ws), TOrAA PelleHrsi PE30HAHCHOIO YDaBHEHUST —
MpSAMBIE C TIETOYNCTEHHBIMU KO(DMUITHEHTAME, TPOXOISIIIE Yepe3 HAYAI0 KOOPIIMHAT.
Cucrema — raMUJIBTOHOBA, TO €CTh:

Ho(I)+eH (I, ¢,e) = const.

Torya Ha MI0CKOCTH (W1, ws) 3HAYEHWSs YACTOT, KOTOPbIe yI0BIeTBOPsioT dbyHKmn ['a-
MUJIbTOHA, JIeZKAT Ha KpuBoil. Majble OKpeCcTHOCTH TepecedeHmii STON KPUBOIl C pe30-
HAHCHBIMU TIPSIMBIME — 00JIACTH PE30HAHCOB. Pe30HAHCHBIE YACTOTHI, & CIeJ0BATETHHO
1 TIepeMeHHbIe JeHCTBYSA, TPU KOTOPBIX HACTYIAET PE30HAHC — JIEJKAT B MAJIBIX, HECBSI3-
HBIX OKPECTHOCTAX TOYEK IIepeCedeHUdA KpI/IBOﬁ JOIMYCTUMBIX 9aCTOT M PE30HAHCHBIX
npaMbIx. [Ipy BBIXO/IE 3HAUEHWIT TIEPEMEHHBIX JIEHCTBUS M3 PE30HAHCHBIX — IPABLIE Ua-
cru auddepeHuaIbHbIX YPABHEHUN /119 HUX CTAHOBATCS MEPUOJANIECKUMU, U CUCTEMA
BBIXOJIUT U3 PE30HAHCA.

Paccmorpum cucremy ¢ Tpems crenensivu cBOOOabI. B 3TOM Ciiyvuae pe30HAHCHI B
IPOCTPAHCTBE YaCTOT (W1,ws2,ws)— IJIOCKOCTH, TIPOXO/AIINAE Yepe3 HAYa 0 KOODIUHAT.
OHaKko, B OTIMYNN OT IBYMEPHOTO CIyYast, STU MJIOCKOCTH MEPECEKAIOTCS TIO TIPSIMBIM.
HOCTOHHHOQ 3HAYCHUE TaMUJHBTOHWAHA COOTBETCTBYET MOBEPXHOCTU B TIPOCTPAHCTBE:
wi = w1, I, I3),ws = wo(l, Iz, I3),ws = ws(l1,I2,13). DTa MOBEPXHOCTEL Tepece-
KAeTCsl ¢ PE30HAHCHBIMU TLIOCKOCTsIMU. [lepecevuenunsi oOpasyioT CBSI3HOE MHOYKECTEO.
[TosToMy 3HAYEHMST TEPEMEHHBIX JeHCTBUSA MOTYT MEJJIEHHO IpeiipoBaTh O OKPECTHO-
CTSIM PE30HAHCHBIX JIMHUI. DTO ABIEHUE Ha3biBAeTCs JudPysuelt Apnoavda. B ussecr-
HBIX PUMEpax Jjid HeJUHEHHBIX CHCTeM Jpeiid MepeMeHHBIX JTefCTBUS MPOUCXOIUT C
9KCIIOHEHIUAJBHO MAJION CKOPOCTHIO.
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13.3 OrcyTrcTBHE aHAINTUYECKNX 3aKOHOB COXPAHEHUHA

HeBo3mymennas cucteMa mMeeT 1 HE3aBUCUMBIX 3aKOHOB COXPAHEHWS W MHTEPUPYET-
cs 110 JImyBuyiro. 3Has SIBHbIE BBIPAXKEHUS JIjIs BCEX MHTErPaJjiOB, MOXKHO MEPEIUCATh
TaMAJIbTOHUAH B BHAJE:

Ho(p,q) = Ho(I).

3mecs I — mepemennble TuNa AeiicTBusi. s mepexoma K TaKOMY BUJIY MOYKHO BOC-

[O/Ib30BATHCS KAHOHUYIECKUM IIpeobpa3oBanueM ¢ mpoussoisimieit dbyuknueit S(0,H, q),

IOCTPOEHHOH IPpH J0Ka3aTe/IHCTBE TeopeMbl JInyBusis 06 narepupyemoctu. Byaem can-

TaTh, YTO TAKOE MPeoOpPaz30BaHME [JIsi HEBOZMYIIIEHHON CHUCTEMBbI yKe IIPOBEIEHO.
PaccMoTprmM BO3MYIIEHHYIO CHCTEMY C TaMUJIBTOHHAHOM:

H(I, ¢,¢) = Ho(I) + eHi(I, ¢).

Ilycts dyuxmuun Hy n H anaiuTudecku 3aBUCST OT BCEX CBOWX aprymMeHTOB m Hp —
neprognyueckass GYHKIUI OT ¢ C IEPHOIOM 2.

EcrecrBenno 3amars Bompoc: "Eemv Au Yy 603myueHHoti cucmemvt noanvitl Habop
UHMEZPANO0E OBUNCEHUA MAK JICE KAK U BO3MYWEHUE AHAAUMUYECKY 3A6UCAUUL OM,
nabopa napamempos I, ¢ u £?". g BosmyleHuit obIero Bujga OTBET HA TOT BO-
mpoc noayden [lyamnkape. OkazpiBaeTcs, Takux nHTErpajoB Her! Ha mepBoiit B3TII 3TO
JJOBOJIBHO-TAKH HeO)KHﬂ;aHHbeI pe3yJjbTart.

[lepeiinem k Tounoit popmyauposke. Cucrema ypaBueHuit 'aMuibToHa ¢ BO3MYyIIIEH-
HBIM I'aMWJIbTOHUAQHOM HMEET BUJI:

OH,
oo’
Y0610 0b603HaunTh W = OrH, ® = 0,H1 (1, ¢). Paznoxum Bexrop ®; B pag Pypee:

o= 3 B expli(a, 0)).

[TV AL

g 0o o,

/—_
[=-e oI ol

Mmnooicecmeom Ilyanrxape P Ha3zbpiBaeTcss MHOXKCTBO TOYeK [, TAKUX, YTO BBIIOJIHEHBI
[IBa, YCJIOBUSI.

1) dna I € P cymecrByer mHabop n3 n— 1-10 TUHEHHO HE3ABUCUMBIX [EJI0YUCTEHHBIX
n-MepHBIX BeKTOpoB of € Z", k=1,...,n — 1, Takux, 9410

(o, w(I)) = 0.

2) BekTopsr oo = (@?k, o2 ) JUHEHO He3aBUCHMBI.

Hpumep 1. Tycrs Hy — (127 +12)/2, Hy = (I2 + I12)(cos(6) + sin(g)). Tlep-
BOMY YCJIOBHIO U3 OIpeJenHns MHOXkKecTBa [lyamkape Y/IOBJIETBOPSIOT BCE PATHHAb-
ubie rouku (I1,Is) € Q. Opnako, cpejm BEKTOPOB P HEHYJIEBBIE TOJBKO BEKTODBI
(1,0),(—1,0),(0,1) m (0, —1). IlosToMy mepBOe ycioBHE JOCTATOYHO IIPOBEPHUTDH TOIHKO
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JIUIST IEPEYNCIEHHBIX YeThIPeX BEKTOPOB . DTa mpoBepka qaetr: jis o = (1,0). [lepsoe
yCJIOBHE:

I; =0.

Bropoe yciosue:

—loo oy 1o o

('(11 + 1), U7 +13) | #0,

21 2
Caenosareibio, nupsaMas [; = 0 6e3 TOYKM Hadaaa KOOPAUHAT IPUHAILAEKUT MHOMKE-
crBy Ilyankape. [lociegoBarenbnoe paccMoTapeHie TpexX OCTABIINXCS BEKTOPOB (v 03~
BOJISIET YTBEPK/IaTh, 4T0 MHO)KeCTBO Ilyamkape B aToMm npumepe — ase npsambie 17 = 0
u Iy = 0 3a uckmouenuem touxu (0,0).

Mpumep 2. Iycrs Hy = (I? + 12)/2, Hy = (I? + 13) f(¢). Tne dynxius

= > frexp(i(k, 9)).

keZ?

B cayuae obmero nosoxenus fi, # 0, Vk € Z2. TlepoMy yC/IOBUIO MO-TIPEXKHEMY V/10-
BierBopsiior Bee I1/I € Q. Bropoe yc/ioBue TakKe BBITOTHSIETCS sl BCEX PANOHAb-
ueix Tovek, kpome Toukn (0,0). Crenosarensro, Muoxkectso [lyHKape coCTOUT U3 BCEX

rouek I /15 € Q.

Teopema 3 (ILyaukape) Ilycmo He603MYWEHHAA CUCTNEME HESBIPONCIEHHA, O ECTID
|8%H0| % 0 6 obaacmu D. ITycmov Iy € D peeysaphas mouka u 6 0KpecmHocmu 6
a10601 ee oxpecmruocmu U PNU naomuo. Tozda ypasnenusa Iamurvbmona 603myu,erHot
CUCTEMDL HE UMEIOM HEe3a8UCUMBLE 0m H nosnwx unmezpanros 6 eude GopmanbHozo

cmenennoz20 pada ‘
e) = & Fi(l,¢)
J

¢ Koapuyuenmamu, anasumuvecky 3asucawumu om I € D u ¢ € T".

[Ipenmonoxum, 4T0 UHTErpaa B Buje (DOPMAIBLHOTO pPsja M0 € C AHATUTUYECKUMU
ko3 durmentamu cymectByer u HeBbipoxkieH npu € = (. [IpousBomnast 1m0 Bpemenu
9TOr0 MHTEPAJIA JIOKHA ObITH TOXK/IECTBEHHO paBHA HYJIIO IPH Ve:

8F0 8F0 8F1 8F1
_|_
Frad 96

TMoxcranoeka npoussoubix I’ n ¢ u3 ypasuenuit TamuibTona m1aeT:

Fl=— —¢ +..

F - %};)w(f) +g(8F°c1> 8F1w([)) L =0 (62)
0

oI 0¢
Torma npu £ noyunTCsi ypaBHeHue:

6¢F0w =0.
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OTO ypaBHEHUE MEPBOTO MOPSIKA B YaCTHBIX TPOU3BOIHBIX:

> 94, Fow; = 0.
§=0

Oyukiug Fy nepuomudeckas mo ¢, tak Kak 1o yciaosuio ¢ € T". Jlng pelrenusi 3T0ro
ypaBHeHUs yI00HO TiepeiiT K ypaBHeHsM s koddduimentoB Pypre bynknum Fy
OueBUIHO, 9TO 3TH ypaBHEHUS OYIyT aaredpanvdecKuMu, JUHEHHBIMA ¥ OJHOPOIHBIMHU.
HeitctBurensuo, pag @ypwe ana Fy:

Fy= Y Fyexp(i(k,¢)).

keZn

Vpasuenne misa Fy:

Y wi Y ikiFy expli(k, ¢)) =

7=0 keZm

n
ZZFoeXp Z =

keZn

nJjin

YuuoxuMm ypasaenue aa exp(i(l, ¢))u ycpeaanm obe 9acTu 3TOr0 ypaBHEHU 110 TePH-
omam. CiieBa, KOHEYHO OCTAHETCS HYJIb, a CIPaBa MPOMAJLYT SKCIOHEHTHI W MOIYIUTCA
cucrema g ko3dduimentor Oypre:

2m)"Fi(l,w) = 0.

B ckanaprOM Npom3BeleHNN w aHAJUTUYIECKH 3aBUCHT OT [ TO3TOMY CKAJSTHOE TIPOM3-
BeJIeHUE He MOXKEeT ObITh TOXKIecTBeHHBIM HyJeM. CienoBaTeibHO,

FL=o.

To ects Fy He 3aBUCHUT OT .

Teneps mokazkem, uro Ha MHO)KecTBe [lyankape dyukius Fy dyHKImoOHAIEHO 3aBU-
cur ot Hy. st 3T0T0 paccMorpum caaraemoe mopsijika € B ypasaennn (62). Boeraucimm
ero ko3ddumnument Pypre. dag sToro ymuOKNM BCe Bbipaxkenue Ha exp(—i(k, ¢)) u
npounTerpupyem 1mo topy T":

I 2(2?0‘? Zi )exp< (k, $)d"6 = 0

Bropyio cymMmy mpomHTErpUpyeM MO TacTIM:

/n Z (3% ) exp(i(k, ¢)d"¢ = i(k,w)Ff.
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VYpaBHenmne mpuMeT BUI:

( 0Fy
ol

,<1>’€> +i(k,w)FF =0.

31ech Flk n ®F— kosppurmenter Dypre byuxmamit Fy n ®. Ha muoxectse [yankape mo
OIIPEIE/IEHUIO €CTh 1 iesutouncientbix sektopos k(Y| dots, k™ takux, aro (k(J),w) = 0.

OFy )\
(az’q’ >_0.

ITosTomy Ha 9TOM MHOXKECTBe

CrenoBaTembHO BEKTOD % oproronaies (n— 1)-My BEKTOPY ®*) 1M xe BekTOpaM
OPTOrOHAJIEH W BEKTOP %, TOT/IA

0Fy 0H)j

=9 20 <.
oI’ oI !

ank ‘

Takum obpazom, Fy dyrkimonassuo 3asucut or Hy na muoxkecrse [lyankape:
Fy = Fy(Hyp).

Teneps MOKHO paccMOTpeTh (POPMAJIbHBIN P
1 o0
FO = - < > Fue™ — Fo(H(I, gb,s))).
n=1

Tak kak dbymxmus Fy(H (I, ¢,¢)) — naTerpan raMminToRoBO# cieremsr, To n F(1) —
Takke POpMaAJbHBIN HHTErpasa. B 9ToM muTerpasie riaBublil wien — dyukius Fi. [Ipu-
MeHsist JIJIst 9TOi (DYHKIMU Te Ke paccykaenust, aro u jis Fo nomyanm, aro Fy = Fy (1)
7 PYHKIIMOHAJBHO 3aBucuT 0T Hy. IlocmemoBarenbHo npuMeHsas TaKOM MOIXO st

1 00 n—1
n= j=

[Toxyunm, uro Ha MuOKecTBe Ilyankape Bce KoaddutmeHTs! (hopMaATBHOTO psifia DYHK-
OHMOHAJIbHO 3aBUCHUMBI OT H(). TaK KaK 9TO MHO2KECTBO IIPpEATIoJIaracTCd BCIOAY IJIOTHBIM,
cIe10BaTeIbHO, (POPMAJIbHBIN 3aKOH COXPAHEHUS B BHUJE PAJA IO IEIbIM CTEIEHSIM € C
anasmTuyeckumu (a Ha camoMm Jesie u beckonedHo auddepennupyembivu) kKoadbdum-
enTaMu He cyiiecTByeT. Teopema jJoKa3ana.

13.4 JIurepatypa

IIpu moaroToBKe K JIEKINHU UCIOTb30BAIUCH
H.H. Moucees AcuMnrorndeckue METOAbI HEJTUHEHHON MEeXaHUKU.
Apnospa B.1. JdomosHnTe bHBIE IIaBbl TeOPUH AuMdEpEeHIINAIbHbIX VPABHEHHIA.
Bacnasckuit ['M., Carnees P.3. Beejenue B HeJuHEHHYIO (DUBHUKY.
Koznos B.B. Cummerpuu, Tomoiorus u pe30HAHCH B TaMUIBTOHOBON MEXaHUKE.
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14 ABTope3oHaHC

Buisedeno ypasrenue 240681020 PE3OHAHCA U UCCALIOBAHDL €20 PEWEHUA — BCE OHU 02D~
HUYEHDL. MO NPENATNCMEYEM POCTNY PEWEHUA NPU NEPUOIUNECKUT PE3OHAHCHBIL 603~
myuernuaz. Uccaedosarvr nenepuoduveckue pe3oHancHse 60amyuenus. O0sacrena npu-
poda Asaerus asmopesonanca, omrpoimozo Bexcaepom v MaxMuanarnom. Hccaedosaro
PEWEHUA HEABTMOHOMH020 YPAGHEHUS 2AA6H020 DE3OHAHCA.

14.1 VYpaBHeHHE TJIABHOTO PE30HAHCA

B srom myHKTE BBIBEIEHO ABTOHOMHOE YpaBHEHUE IJIaBHOro pesoHanca. OHo onpepesier
MeJIJIeHHbIe KOae0aHns aMILINTY bl PEeIleHns Pe30HAHCHO BO3MYIIEHHOIO HEJINHEHHOIO
ypaBHEHWUS.

14.1.1 JIuneiiubiii pe30HAHC

PaccmoTpum ypaBHEHME
u” + sin(u) = e f sin(t). (63)

By,ueM HUCKATh pelleHue B BUe
1 3 3 5 9
u=cu4e utc u+....

IloacraBum am3alr B ypaBHeHHE u npupaBHsaeM KOI(DDUIMEHTHI PU OJUHAKOBBIX CTE-
neHax €. B pesyabrare mosyanw:

1 1
u”+ u= fsin(t).
YacTHOE peleHne TOr0 yPABHEHHUsI IMeeT BUJL:
1t .
u= Zf exp(it) + c.c..

VpaBHenue 1715 BTOPOil TOMPABKM:

i = (i{>3 <3 exp(it) + exp(3it)> +c.c..

IIpu t — oo perenne numeer BUI:

3_ a3 O >1 : 3
u=t (436f + 4:f Sexp(zt)+c.c.+0(t ).

Ob61acTh IPUTOAHOCTH ACHMITOTHIECKOTO aH3AIA:

33 3,4
e’ u et _ 1
— <1 omm —- <1 t<e 23w V3,

1
U €
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14.1.2 VYpaBHeHUEe MeJIEHHbIX KOJIE0aHUI aMILJIUTY IbI

O6oznaunm 2/3t = 7. Ilpu t = O(t_Q/ 3) GymeM HCKaTh aCHMITOTHYECKOE DellleHHe B
BUJIE!
1 2 3
u=ceBvotev+P 0+ ...

IlogcraBum aH3al, B ypaBHeHue, npupaBHsieM Ko3(MduUIUEHTb! 1PU 0/IMHAKOBBIX CTele-
Hsx €. B pesysbrare moaydnm:

v "4 0=0.
Obiriee perieHne 3TOTO0 ypaBHEHUS
11 .
v=A (7,¢) exp(it) + c.c..

VpaBHaenue 715 BTOPOIl TOMPABKM:

[

1.1 51 1
54 b= §| A|? Aexp(it) + = A 3exp(3it)—

(@)

—2i0, ;1 exp(it) + fexp(it) + c.c..

1
TpeboBanne orpaHUIEHHOCTH BTOPOI MOTPABKY MPUBOJIUT K YPABHEHUIO I A:

1.1 51 1

OTO ypaBHEHUE HA3BIBAETCS YPuSHEHUEM 24461020 pe3onarca. OHO ONpee/isieT SBOJIIO-
U0 aMILTUTY/IBI PEIIeHNs UCXOTHOTO BO3MYIIIEHHOTO HEJIMHEHHOr0 YpaBHEHUS.

14.1.3 Pemenuns ypaBHeHUs IJIaBHOTO pe30HAHcCA.

YpaBHeHME TJIABHOTO PE30HAHCA MMeeT 3aKOH COXPAHEHUs:
1 4 *
H(A) = $|A[' 4 FA" 4+ fA.

DTOT 3aKOH COXPAHEHUS TIO3BOJISET MOYIUTh PEIlleHe yPaBHeHNs KaK 00paTHy0 DyHK-
[UI0 WHTEerpaJia;

. / A du
T=1 —.
H(w=h 3|ul?u+ f
31eCh UHTErPUPOBAHUE IPOBOJUTCA B KOMILIEKCHOM ILJIOCKOCTU BJOJIb KPUBOIi
1 4 *
Z|u| + fu' + fu=h.

Tlocrosturasa h onpemensercs w3 HAYAIBHOTO yCI0BUA. B 9acTHOCTH, JJIsT M3Y9IAE€MOI0O
pesoHamHcHOro perrenus npu 7 = 0 HagagbHoe yeaosue A = 0 u, coorBeTcTBenHo, h = 0.



14 ABropesonasc 94

Pertiennie ypaBHeHus TJIAaBHOTO PE30HAHCA — AAUNTAYECKAs (DYHKINSA C BEIECTBEH-
HBIM TIEPUOJIOM:

. du
H(w)=h 3|ul?u+ f

Takum 06pa30M, TJIABHBIN UJIE€H ACHUMITOTHYECKOTO pellenus ypasHenusi (63) mveer
BUI:
u(t,e) = B AE3t) exp(it) + c.c. + O(e).

OTa GYHKIMS YCIOBHO-MEPUOANIECKAsT ¢ OBICTPBIM MEPUOAOM 27 U MEJJICHHBIM TIePUO-
mom €~ 2/3T(h). Ilpu h = 0 maxcumasbaoe 3uadenne |A| = Ay = 21753

Hecmompsa na peaonanc, peuierue ocmaemces Maivim npu 60AbUWUL epemenar. Am-
NAUMYOA 2446H020 YNAEHA NEPUOIUHECKYU BO3EPAULAEMCA K HANAALHOMY (HYAE80MY) 3HA-
yenuto. Peuwenue 6 anagnom mpedcmasanem coboti buenus ¢ deyma nepuodamu — Ovi-
CMPBHIM U MEOACHHDIM.

14.2 BoawmyIieHne ¢ MeIJIEHHO MEHAIOIMNMCS CABUTOM (pas3sbl.

IIpeomosiers BO3HUMKHOBEHVE OUEHMIT B PEIICHUU BO3MYIIEHHOTO YPABHEHUS TTO3BOJISIET
MeJJTeHHOe M3MeHeHWe YacTOThI BO3MYIeHHdA. B 3ToM ciaydae BO3MYyIEHWE 3aXBaThI-
BAeT PEIIEHUE B PE30OHAHC AMILIATY/IA [VIABHOI'O 4/I€HA MEJJIEHHO PACTET CO BPEMEHEM
He Iepexond B KoebaTenbHBIN pexxuM. Takoit peKuM Ha3bIBAETCA aBTOPE30HAHCHBIM.
BosmorkHOCTE 3axBaTa pelrenns B pe3oHaHC OblIa OTKPBITa BekciepoM u, HE3aBUCHMO
ot mero, MakMawmutanom B 1944 romy.

14.2.1 HeaBTOHOMHOe ypaBHEHUE IJIABHOTO PE30HAHCA

PaccMorpuM ypaBHeHHe ¢ MeJIEHHO MEHSIFOIIUMCS CABUrOM (hasbl:
u” 4+ sin(u) = ef sin(t + ¢(t, u)).

u:51/311)+512)+55/3%+....

IloacraBum amzan, B ypaBHenue, npupaBHaeM KOdMOUIMEHTH IPU OJNHAKOBBIX CTEIe-
HaX €. B pesyabraTte momyanm:

1 1
v+ v=0.
Obiriee perieHne 3TOr0 ypaBHEHUS
11 .
v=A (7,¢) exp(it) + c.c..
VpaBHaenue 7719 BTOPOil OMPABKY:

1 1 1 11
§7 4 b= Sl AP Aexplit) + 2 A° exp(3it) -

—2i0; }1 exp(it) + fexp(i(t + o(t, 1)) + c.c..
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1
TpeboBanne OrpaHUIEHHOCTH BTOPOI MOTPABKY MPUBOJIUT K YPABHEHUIO I A:

1121,1 .
§\A\14—%3TA+JfMﬂW¢@MU):O-

1
Bynem uckare A B Bue:

A (7,€) =B (7) explid(t, ).

1
Torya ypaprenue st B (T) npumer BUJ:

1,1 51 1 1
5| BI" B =20 B—=0:¢ B +f =0.
Pemenne ypaBHeHUS 171 BTOPOIl TTOMPABKH:

12):123 exp(i(t + o(t,p)) + i; 115’ 3exp(3i(t + o(t, p)) + c.c..

VpaBHaenue 19 TPEThEH MOTPABKHU:

3 3 1 1, 2 1, 2 .
D+ = 6[( |B>?B+ B? B*) exp(i(t + o(t, 1))+

1, 2 ) 1 1 41 .
B Bexp<32<t+¢<t,u>>} —E)!(swm B exp(i(t + 6(t, 1))+
1 1 1
B expli(t + ¢(t. ) + 10| B 2 B ® exp(Bi(t + (¢, u))) -

2 1 1
< —2i0, B-0*>B —0,¢ B ) exp(i(t + o(t, p)) + c.c..

TpeboBanre OrpaHUIEHHOCTH TT0 OBICTPOMY BpPEMEHU [aeT ypaBHEHUE JJIs aMILIUTY/IbI

BTOPOM IIOIIPABKU:

. 2 2 1 1 22 122* 1 1 41
—2167B—8T¢B+6(6\B] B+3B*B >+4,\B! B=0.

14.2.2 Pacryimee acCMMOTOTUYECKOE PEMIeHUE

31eCch TIOKA3aHO, UTO JIJIsT YPABHEHUSI TVIABHOTO PE30HAHCA CYIIECTBYET PACTYIIEEe perie-
HUEe. DTO peIIeHne MO3BOJIsIeT O0bICHUTD sIBJIEHNE ABTOPE30HAHCA B PACCMATPUBAEMON
MaTEeMaTUIeCKON MOJEN — BO3MYIIIEHHOM YPABHEHUN MATEMATHIECKOTO MAATHUKA C

MEJIJIEHHO MEHSIOMUMCS CABUTOM (ha3bl B BOZMYIIEHUH.
Byaem cunrars, uro casur dbasel @(t, (1) Takos, 4To:

O-p(t,u) = —vr/2, 0<v<l.
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3/ech v — HOBBII MaJIbIll mapaMeTrp. B TakoMm ciiydae, B ypaBHEHWE TJIABHOTO PE30HAHCA
yJI00HO BBECTH HOBOE MeJJIEHHOE BpeMsi 0 = vT:

1 1, 1
4ivdg B +(| B |* —0) B= h. (64)

3necy h = 4f.
Ypasuenue (64) umeer (opmasbHOE PElIEHME B BUJE Psifia 10 HEJbIM CTEIEeHSM
MAJIOro ImapaMerpa v:

B (0,) = bo(6) + vby (8) + v2bo(6) + . . .

KosddurmenTsr sToro psiga — anredpanveckue gpyskiun §. [aBHbI 9IeH aCHMITOTH-
KHI — pellleHne KyOnIecKoro ypaBHEHHUs:

b3 — Oby = h.

21/39 (27h + \/729h% — 10863)1/3
b@(@) = + 173 .
(27h + /72912 — 10863)1/3 321/

Dyukuwmst by(f) BerecTBeHHa TP BCEX 3HAYEHUSX 6.

bo(0) =0~ + 0™ 7/?), 6 — —o0;

bo(0) = VO+0(t™), 60— .

HepBaﬂ IOoIIPpaBKa B aCUMIITOTUKE OIPEAE/IdeTCd U3 YPABHCHUA:
4ibfy 4 3b3b1 — 0by = 0.

ITpouseoguas by(6):

by= 0
07 (33 —0)2
Torga:
—4iby(0)
b1(0) = =7+
1(6) 302(6) — 0
AcuMmnroruka 1epBoil monpasKu:
—4i
bl (9) F7 0 — —0Q]
bi(0)~ . 0 ;
1(0) ~ 20572 — 005

Bricmme monpaBku B acHMITOTHKE NTPH ) — —00 YOBIBAIOT, aCHMIITOTHIECKOE PABI0KE-
HIUE 0CTAeTCsl pABHOMEpHBIM 110 V. To ke cpaBeiiuBo U [I/1sT ACUMIITOTUKY TIpu 6 — 00.
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14.2.3 VYcToYmBOCTH aBTOPE30HAHCA

ITocnie Toro, KaK MOCTPOEHO PACTYIIEe PEIleHre BasKHO 3HATH YCTONYNUBO Jjin OHO. VIMeH-
HO, €CJTA B KAKO#-TO MOMEHT (g perreHne OJIM3K0 K TIOCTPOCHHOMY PACTYIIEMY PEIIEHNUIO,
Oyaer Jjin oHO OJIM3KO K HEMY IpHu BcexX 3HadeHusx t > to? s orBera HA 3TOT BOIpOC
B KauecTBe (yHKInn JIanyHoBa paccMOTpUM:

1 1,
L(B)=|BI.

[IpousBonnas mo 6:

1
e Lo 1 —ihS(B
B)':Zh(g _B):z‘;()'

I'maBHBIM 9IeH acCHMIOITOTUKY MHUMOI YaCcTH! OTNpesessdeT mepBasd mompaBka. [losTomy:

1
dL(B) _ —ihb;

)

[Moyvennsie acumnroruaeckue hopMyJibl ji/ist 1epBoit nonpasku by (6) no3Bossior yrBep-
JKJATh, YTO PACTyIIee PelleHre aCUMITOTUYECKN yCTON4InBO npu § — Foo. lelicTBu-

TEeJIbHO: 1
dL(B) —4h .
w0 " Vo
1
dL(B)  —h
o "o 9o

Kpowme Toro, moacranoska B sseHOM Buje dbopmyst ans by (0) paer:

1
dL(B) _ hbo
o 2(3b2 —0)2

[Monb3ysicy dopmynoii siBHOI dopmytoii 1ist by(f) MOXKHO yBHIETH, UTO MTPOW3BOIHAS
dyuknun JlsimyHoea orpumarenbia npu Bcex . CremoBaresbHO, MOCTPOEeHHOE (DOP-
MaJIbHOE peIleHne YPABHEeHUS TJIABHOTO PE30HAHCA, YCTONIIRO.

Dopmasvrvle 8UKAGOKYU NOKA3BIBAIOM, MO PEUWeHUE, COOMEEMCMBYIOUEE a68MOpe-
B0HAHCY ACUMNMOMUYECKYU YCMOTYUB0. IMO NO360AALM HAJCAMBCA, MO MAKOT dHce
POCM, UMEIOM U HACMOAULUE PeWeHUA, bAU3KUE K nocmpoernomy. Bonpoc 06 obaacmu
NPU20OHOCMU AEMOPE3OHAHCHOZ0 PEULEHUA HEODTOOUMO PEULAD, PACCMAMPUBAA NOGE-
derue nonpagok 6 UCTOOHOM YPABHEHUU MAMEMAMUYECK020 MasmHuuka. 3decy smom,
BONPOC HE PACCMAMPUBGEMCA. 3AMEMUM, AUWD, YMO OKA3BIBAEMCA MO NPUbAUIICE-
HUE NPU200Ho dJo

/3 b= o(1).
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15 Meroa maJjoro mapaMeTpa Jisd pelieHusd ¢ KOHEYHOI
AMILIATY 01

Ilepuoduueckue pewenus, NOCMPOEHHBIE PAHEE C NOMOULLIO MEOPUY B03MYWEHUT AeK-
yuy, 064a0a10M 00HUM CYUWLCMBERHBIM 02PAHUNEHUEM — IMO PEWeHUA OOCTAMOYUHO
M@0t amnaiumydo.. OHU 0CHOBAHDL HA PEUWEHUU AUHETHO020 YPASHEHUA. 30ect noCmpo-
eno nepuodudecKoe peulerue ba3upyouULeeca na pewenuy heaunetinozo ypasnernus. Ipu
IMOM BMECTO NUHETHBLT YPABHEHUT, ¢ NOCTNOAHHBMU KOIPHUUUEHMAMU NPUTOOUMCA
PEWAMB HEAUHETHOE YPABHEHUE OAA 2AABHO20 UAEHE POPMANLHOL0 PEULEHUS U NUHEq-
PU30BAHHBLE C NEPUOOUHECKUMY KOIPPUUUERMamMU — Oaa nonpasok. 3dect npusedervy
AUWD  POPMYADL, NOAYUGIOUUECA, €CAYU UCKAGMD DeweHue 6 pamrar nodroda Ilyanka-
pe. o boavwomy cuemy 3adavwa ocmanacs nepeuwennot. bydy pad 6ubsuozpapuueckum
YKA3AHUAM.

15.1 Ilepuoaumueckoe perieHne ypaBueHud Jlyddunra

3/iech TOCTPOUM IEPUOUYECKOE DeIlleHrne BO3MYyIeHHOro ypaBHenus Jlyddunra 6e3
npeanosiozkeHud 0 MaJIOCTU €ro aMILJINTY/Ibl. ByﬂeM pacCMaTpUuBaAThL YPaBHEHUE:

u” + wiu —ud = ef(t). (65)
Pemenve 6ymem nckars B Bue:
u(t,e) = ug(t) + eui(t) + >us(t) + Sus(t) + .. .. (66)

Kak 00bIYHO, IpH [MOCTPOEHWUM PEIIeHWs B BHUJE PAJA [0 € JiJisi BHIYUCIEHUSA KOI(D-
dunmenToB 3TOr0 pazsokenus mojctasuM psna (66) B ypaBuenue (65) u mpupaBHSeM
KO3 MDUIMEHTHI TPU OAMHAKOBBIX CTEMEHSIX MaJjIoro TTapaMeTpa £.

ug + wiug — ug =0, (67)
uf + wgul — 3ugu1 = f(t),

uly + wiug — 3udug = +3ugu?,

Pertiennie ypaBHeHUs 1715 TJIABHOTO UJIEHA BBIPAXKAETCs Uepe3 (DYHKIMIO CHHYC aM-
TTUTY TBI.

ug(t) = Asn(wt, k).

3zeck Ha0 BCIOMHUTS, 9T0 (pyHKIUst y(7T) = Sn(T) yA0BIETBOPSET yPABHEHHIO:

d*y 2 2.3
P—i—(l—l—k)y—ﬂcy =0. (68)
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g Toro, 9To0bl HANTH CBA3b MEXKIY aMIUIUTYI0H A, mapaMeTpoM w W MOIYJIEeM -
JIUIITUYECKON (DYHKIMM, TOJCTABUM Ug B ypaBuerue (67):

Ay + Wi Ay — A2 = 0.
Boipasum BrOpyto mpom3BogHyio u3 ypasuenus (68), u mpupasuseM K03(D)UIHEHTHI
npu y u y°. B peybTaTe momydmu:

W2 H1) =i, Wk = A%

nJjm

A2+ w? =, Wk =A%
STI/I YpaBHEHNWS CBA3BIBAIOT aMIJIUTYAY PEIICHUA YPaBHEHUA J1Ji¢ I'VIABHOI'O YJ/ICHA (bOp-
MaJIbHOT'O PeIlIeHus ug U 9acToTy Kojiebauuii pyHKIuu ug.
15.2 VciaoBue mepmoOUYHOCTU PEIeHUd ypPaBHEHUA AJisI MEPBOM II0-

OpaBKMH.

Paccmorpum ypaBHeHwue /1jis 11€pBOil ONPAaBKU (DOPMAJILHOTO PellieHust — (DYHKITUT U] .
DTOo JIMHEiHOe ypaBHEeHNe ¢ nmepuoandeckuM kodgduimentom. Perernne 3Toro ypasHe-
HUA MOXKHO TIpEACTaBUTH B ABHOM BHUJIE Y€pPE3 DEIIeHne HeJIMHEITHOTO YpaBHEHUA JId
raaBaoro wiena. OQmHO perleHue JIETKO moy4daeTcd AuddepeHIInpoBaHeM peleHnst
HEeJIMHEHHOTO YPaBHEHHS 110 t:

v1(t) = en(wt, k)dn(wt, k).

Eme onmo perienue JuHEapu30BaHHOTO YPABHEHUsSI MOXKET OBITH ITOJIYY€HO C ITOMO-
LIBIO COOTHOIIEHUS JIJ1s BDOHCKHUAHA!

v1vh — vjve = 1.

Otcroga myis ug momydaeTcs: popMmyia;

va(x) = up () /Ow 2dz

vi ()

3meck mpuHATO obo3HAtMeHNe T = wt. Ecam momcTtaBuTh BhIpasKeHWE [T U] Iepe3 3JI-
smunTudeckue Gpynknun Axobu:

va(z) = cn(z)dn(z) /w dz

0 cn?(z)dn?(z)’

WMuarerpas MokHO mpeodpa3oBaTh TakK, 9TO MOABIHTErPaIbHas DyHKINg HE Oymer obpa-
IATHCA B HYJIb:

/ ; c)lac o ’<sn(z))’ _cn?(2)dn(z) +sn?(z)dn(z)  dn(z) |
cn?(x)dn(x

cn?(z) cn?(z)
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/ dn?’l(:c) (o

n(z) —3k%n(z)en(z) ,
@ / o) i)
(z)

N
o
=]
SRS
S— | ~—
——
A/—\
5B
[oW
=]
WH

1 2
sn(:z:) ) .
cn(x) dn d 4(2)
CreoBaTeIbHO, BTOPOE pelleHre JTHHEAPU30BAHHOTO YPABHEHUST MOYKHO TPEJICTABUTh
B BUJE:
sn(x) 2 = sn?(2)
va(x) = + 3k*cn(x)dn(x z
2() dn?(z) (z)dn(@) 0 dn(2)

DTO pelenne — HeueTHas (PYHKIINsI, KOTOpas PACTET CO BPEMEHEM, TIOTOMY UTO MOJIbIH-
TerpaJibHOE BhIPAXKEHWE MOJI0KUTEIbHO. Bo3Bpalasacs K nmepeMennoi t—

sn(wt) wt sn?(z)
an?(wt) + 3k%cn(wt)dn(wt) ) dn(2) z

va(wt) =

C mOMOIITBI0 ITUX PETTeHnit JIeTKO MOCTPOUTE 00IIee Perenne HeOTHOPOTHOTO YPaB-
HeHUd

w(®) =) [ wm) - [ @
+civ1(t) + cova(t).
BrisicamyM, mpn Kakux yCaoBuUsX (DYHKIHA 1] OyeT MepUOIUIHA, TO €CTh:
ur(t+T) = u(t).

Jist BIYUCI€HUST M3MEHEHNs TIEePBOi mompaBky 3a mepuo 1’ ciaeayer ydaects (op-
MYJIY:
vo(t +T) = Buy(t) + va(t), B= / ERCIT)

Yro6uo o6o3uaunTh f(ug(t), un(t)) = ¢(t). Torga
t+T t+T
ut+T) =wift) [ dro(ryea(r) = (Bu(t) +va(t) / drf(ryu(r) +
—i—Cl’Ul(t) + CQ(B'Ul( ) + ’1)2 / de 'UQ —l—
Tui(t) /0 ") (Bor(r) + va(r)) — Bus (1) /0 drf(r)o (1) —

(1) /0 " dr (7)o (7) — Bui(t) /0 L (Yo (7) — v () /0 L F(rn ().

Cokparum 110100HbIe claraemble. B pesysibrare moiydum
t t
w(t +T) = v (t) /0 dr f(7)va(7) — va(t) /0 dr f(r)or (r) +
T T
+vy (t)(/o drf(T)ve(T) + 1 + CQB) — v9(t) </0 dr f(T)vi(1) — 02>.
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Hac unrepecyior nepnoudeckue pelieHns, T0 eCTh
u(t+T)—u(t)=0.

DTO yC/IOBUE MPUBOINUT K YPABHEHUSIM:
T
| s o
0

T
/0 dr f(T)va(T) + c2B = 0.

Takum o6pa3omM, pelieHne ypaBHEHUs [ MEPBOil TTOMPABKYU MEPUOINIECKOe, eC/In

T
J :/O dr f(r)vi(r) = 0.

Ecan dbysxuus f(t) nepuoguueckasi, ee mepuoj COBIAAeT C II€PUOJIOM DEIleHHst
HMOPOXKJAIOMIET0 YPABHEHNdA, U MHTErpas J He paBeH HYJIIO, TOrJa IIepBasd IIOIpaBKa
MIPAMOTO PA3JI0KEHUS TEOPUN BO3MYIIEHUI pacTeT MPOMOPIUOHAJIBLHO KBaIpaTy BpeMe-
Hu. B 3TOM C1ydae pag mpsMOro pas/ioKeHnd TEOPUU BO3MYIIEHHI IEPECTAET CXOAUThC
y2Ke [IpU 3HAYEHUAX BPEMEHU TTOPSIKA 712 910 tunuunas CUTYyalMs JJI HeJIMHEITHbBIX
YPaBHEHUI.

15.3 Paznoxenune mo APOOHBIM CTEIIEHAM MAaJIOTO ITapaMeTpa

Ecnm me ymaerca mocTpouTh pdj TEOPUW BO3MYIIEHWH IS MEPUOTMTIECKOTO PelTeHns
ypaBuenus (65) 10 1eIBIM CTENeHsM napamMeTpa BO3MYIIEHUs, MOMBITAEMCS TTOCTPOUTh
TAKO psif| 10 JAPOOHBIM CTEMEHSIM E.

u(t,e) = up + 51/3u1 + 52/3u2 + eus + 84/3U4 + 65/3U5 +.... (69)

Kak 00bI1HO, TOACTABUM UCXOIHBIM aH3all B ypaBHEHUE, TPUPABHIEM KO3(MDOUITHEHTHI
IpY OJIMHAKOBBIX CTEIEHSX ITapaMeTpa €. B pe3ysbrare mogydnM peKyppeHTHYIO TOCIe-
JOBaTeJbHOCTb YPaBHEHUIl /I MOMIPABOK.

up + w?ug — ud =0,

u’l/ + wluy — 3u1u(2) =0,

ué’ + w2u2 — 3u2u3 = 3u%u0,

ufy + wuz — 3uzud = f(t) + ui + 2uguiuz,

ulf + w?uy — 3uqud = 3ugus + 3udug + 2upuius,

ug + wluy — 3u5ug = 2ugugus + 3u%u3 + 3u1u% + 2uguiuy,

Ilepuonndeckoe perienve ypaBHEHUS I IEPBOil MOMPABKH:

u; = ajen(wt)dn(wt).
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Yro0OB! BLIACHUTH nepuoJgnveCcKad JIU BTOPad IIOIIPaBKa BBIYHC/IUM HHTErpaJl:

T 1 T
/ dtsn (tw)(en(wt)dn(wi))? = / (cn(wt)dn(wt))2d(sn%(wt)).
0 w Jo

Wcnions3yst popmysibl fjs daauntudeckux Gyaknuit dxobu, mompydum:

1 0
/ (1—y)(1 - Ky)dy +/1 (1—y)(1 - K*y)dy+

w 0

/ " dtsn(tw) (cn(wh)dn(wt))? — 1(
0

1 0
/ (1—y)(1 - K*y)dy +/ (1—y)(1- kzy)dy> =0.
0 1

CienoBare/bHO, BTOPast MOMPaBKa — mepuogndeckast pyHkius. KoHedHO, BMECTO BbI-
YUCTEHNS UHTErpaJja ¢ MOMOIIBI0 (POPMYJ I SJLIUNTAIECKUX (DYHKIINN MOXKHO OBLIO
3aMETHUTH, 9TO TO WHTErPAJI M0 MEPUOLY OT HEUETHON (DYHKINU, — CJIEIOBATETHLHO, OH
PaBeH HYJIO.

Boipasum BTOpPYyIO MONpaBKy Ue€pe3 JLIUNTHYECKUE (DYHKIMU B TBHOM BUJIE:

ug = v (wt) /Ot 3a%en?(wz)dn?(wz)sn(wz)vs (wz)dz—

t
vg(wt)/ 3a%en?(wz)dn?(wz)sn(wz)vy (wz)dz.
0
Borancimm mo-oTIeIbHOCTH HHTErPATIBL.

/t en?(wz)dn?(wz)sn(wz)vy (wz)dz = 1 /:c cn(2)dn?(2)sn(z)dz =
0 0

w

! /Ox cn2(z)dn2(z)d<sn2(z)> =

2w

i /Oxu — sn2(2))(1 — k%n?(z))d(sn?(z)) .
i /Ox(l — (1 + k*)sn?(2) + k25n4(z))d<sn2(z)> =

R 1 2\ d Lo 6
5 (sn (wt) 2(1 + k%)sn*(wt) + 3/~c sn®(wt)

Takum xe 06pazoM MOKHO TPeodpPa30BATH:

N————

/Ot cn? (wZ)an(wz)sn(wz)v2(wz)dz _

j)/ox Cn3(z)dn3(z)sn(z)</oz mQ(y‘;cme(y))dz -

o7 ox </0 (mz@;lfw)d(sn2<2> S Rmt() + ;k28n6(2)> _
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% (snz(z) - %(1 + k%)sn*(2) + ;k2sn6(Z)) /OZ ch(y()igrP(y)_

1 r® 1 1 1
ﬂ/o (an(z) - 5(1 + E?)snt(2) + 3k2sn6(z)> mdz

[MogcraBuM BBIUKCIEHHBIE HHTErpaia B (bopMyy A ue. B pesyabrare momydnm:

s (z) = %vl (@) /O ’ <sn2(z) - %(1 + k2)snd(z) + ;k28n6(2)> cn2(z)1dn2(z)dz‘
Octactes pacesoTpers mirerpa:
/0 ' (sn2(z) - %(1 +R2)sn () + ;k25n6(2)> (mQ(Z)ldnz(z)dz -
/Om ((1 —en?(2)) — (14 R)(1 - en(2))? + 1K1 - Cn2(z))3) mdz -
(3-5) [ iy P2 i £

CiriejoBaTe/IbHO, PEIIeHne YPaBHEHUs JIjist BTOPOl MOIPABKU UMEET BUJI:

w1 = 3500 (3-5) [ e

(k2 —1) [*cen?(2)dz  k? [* cn4(z)dz]

2 o dn?(2) 3 Jo dn?(2)

B s70it popmysie erko BeIIEIUTH PEITIeHNE HEOSHOPOIHOTO YPABHEHUSI:

_ 1 (k2 —1) [=cn®(z)dz | k> [*cn'(z)dz
VQ—%cn@)dn(m)( 2 o A’z 3k an(Z))

Torma nepmommdeckoe perenne ypaBHEHUS g Ug:

Us(wt) = atA (Vg(wt)—l— %2 vz(wt)) + vy (tw).

2 —1 (k> =1) [Twcn®(2)dz  k* [Tw cn*(2)dz
( /o dn?(z2) 3 Jo dn®(2) )

2T oBw\ 2

Bneck a2 AUs(t) — mepmomHeckoe permenie HeoJHOPOIHOTO yPaBHEHNs /st BTOPOii To-
npasku. Tax ke, Kak U B IepBOii IOIPaBKe, IAPAMETP (9 OMPEIeIACTCA IIPU NOCTPOCHIN
CJIeJIyIOMIMX TONPABOK.

TpeboBaHue NepUOAUIHOCTI TPeThell MONPAaBKH IPUBOAUT K YPABHEHUIO:

T T T T
/ dtf(t)vr(t) + arag / dtugvi (t) + o / dtvi(t) + a3t A / dtugUsv?(t) = 0.
0 0 0 0
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Pazbepem mo-oTmenbHOCTH KaXkjaoe ciaaraemoe B 31oit popmyse. [lepBoe craraemoe He
paBHO HYJIIO 10 ycjaoBuio. Bropoe ciaraemoe paBHO HYJIIO, 3TO OBLIO TOKA3aHO IPHU
aHaJn3e BTOpoi mompaBku. VIHTerpaj B TpeTbeM CIaraeMoM He PaBeH HYJII0, TOTOMY UTO
9TO MHTErpaJI OT MOJIO>KUTEIbHOMI (byHKI_[I/H/I OT,ILQ.HLHO BBITIUIITEM UHTET'PaJI B Y€TBEPTOM
CJIaTaEMOM.

T T
/ dtugUsv?(t) = A / dtsn(wt) Ui (t)dt = AQ.
0 0

Smeck gepes () obo3HateHa HEKOTOpAas MOCTOSHHAS. B pedysbrare m3 ycaoBust mepuo-
JUYHOCTU TPeThell MONPAaBKY IOy YUM:

(D + A*Q)a? = —F (70)

— ypaBHEHUE JIJIs ONPE/IeIEHUs (v]. 3/1eCh MPUHATHI 0003HAUEHUSI:

r 4
.D == /0 dt'vl (t),

F= /OT dtf(t)on(8).

Bonpoc o paspemmmocTn ypaBHEHUS It (1] 3J€CH OCTAETCs OTKPBITHIM. Jleno B
TOM, UTO 3TO ypaBHEHWE He CTOJb MPOCTO, KAK KAYKETCA Ha TEepBBIi B3T/IsA. KoHeuHo
TS PA3PENTMOCTH JI0CTaTouHo, aTobb (D + A2Q) # 0, omnako, D u  onpeensrorcs
TOJIBKO Uepe3 PeIleHns TUHeaPH30BAHHOTO YPABHEHNUS M, B KOHEUHOM CU€Te, 3aBUCAT OT
A — aMIUIATY/IBI TJIABHOTO 9jieHa. [109TOMY JIjisi BBISICHEHUS BOIIPOCA O Pa3PernMOCTh
ypasrerns (70) HeOGXOMUM JOTOTHATETBHBIH anamms Beipaskerus (D + A%Q). Taxoit
aHaJ U3 JIErKO PoBeCcTH st octarouno Maabix A. [Ipu A = 0 mapamerp D > 0 u ypas-
HEeHWe g 1 paspermmmo . () raaako 3asucut ot A. CremoBaTeabHo, I TOCTATOTHO
MaJIbIX 3HavYeHnii A.

YpaBHeHus I CIeIYIOMNX TOMPABOK MOTYIAI0TCS aHATOTHIHO — B KaXK 0N M3 HIX
CJIeJTyeT OCTABJSTH MPOu3BOJ Buma axvi(t). [locTosgHEBIE () OTPEAETATCS U3 yCIOBUSI
nepuoguyaHoCcTH Kk + 2 mompaBku. Ilpwyem, B oT/imdme OT MOCTOSHHOW (v1, YPABHEHUS
JUTST OCTAJTBHBIX () JITHEHHBDI.

Caé.é.+éBbIHCHI/ITb BOTIPOC O PA3PENMMOCTH yPABHEHWS A (U] .

15.4 Jlurepatypa
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16 3Bamgaunm k 3agery 105

16 3amaum K 3a4ery

3decv cobparvl 3adanu, pewus 00HY U3 KOMOPHIL, MONHCHO NOAYUUMD 3a4eM
3amaua 1. VccaemoBaTh pelleHne ypaBHEHHs

1 1
u 4 u= ZECOS ((1—)t).

3
n=1 n

YKazaTh aCHMOTOTUKY aMIUIATY/Ibl PEIICHUs [0 BPEMEHH.
3amauga 2.
[Toka3aTh 30HBI HEYCTONINBOCTH 110 OTHOIIEHUIO K [APAMETPHIECKOMY BO3MYIIEHUIO
penienns ypaBHEHUA
" + (W qt)u=0, qit)=0,tc(0,T], qt)=—e, te(T,21],
q(t+2T) = q(t),

Ha rpaduke (g,w).
Bamaua 3. Hanucars Tpu nepsbix uinena paga B pasnoxenunu K (k) B okpecTHoCTH

k=1, rme
/2
K(k) = / du .
0 1 — k2 sin?(u)

K (k) — mOTHBII S//IHNITHYECKIH WHTErPaJjl IePBOrO POJIA.
3amaga 4. Beipasuts uyepes smunTudeckue GyHKIUU IK0o0U perreHne ypaBHEHUs
(3mmunrraeckyto dynkumio Beitepmrpacca):

(P")? =4P% — 2P — g

W UCCIEeI0BATh €ro CBOWCTBA.

3amaua 5. J/lumeapn3oBaHHOe ypaBHEHNE MATEMATHIECKOTO MAATHIAKA HA IIEPUOIN-
YECKOM PEUICHNM NMEET ABa PEIIeHUd — IIEPUOANICCKOe gbl(t) ¢ nepuogom 1T’ u pacryiiee
P2 (t) Beraucianrs Koaddunmenr A B IpeacTaB/eHnN PACTYIIEro pelleHns B BHJIE:

P2t +T) = Ap1(t) + ¢2(t).

3amaua 6. Ykazars Oudypkaimonubie 3nadeHust mapamerpa X ypasuenud [lemtese-
4 ¢ "zamopoxkeHHBIMEI KOdddunmentamn:

2 3
3 b
wm:% l+4Xw2+2(X2—a)w+—
2w 2 w

3amaga 7. lccienoBats ¢a30Bblil TOTOK ypaBHeHus ociuiistopa dyddunra:
u' +u—ud=0

B TepMmuHax dynkiuii fxkodu. Hapucosars nosesenue kamau ¢pa30Boil XKuUIKOCTH BOTH-
31 Ceraparpuchl.
3agaua 8. [IponnTerpupoBarh ypaBHeHnne ¢hepuIecKoro MasTHUKA.
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17 Bomnpocsl K 3a4eTy

1. Tapmonnyeckuit ocuusisgTop. Pertenne ypauenusi ociusisgTopa ¢ Bo30yK1aromiei
cujioii. Pe3onanc u majibie 3HaMEHATEH.

2. ¥Ypasuenue Illrypma-JIuysunna ¢ nepuogmueckum kodddurnuenTom. DyrKims
Broxa. [lapamerpuieckuit pezonanc. JaHable MOHOIPOMUAN.

3. Pemrenne ypasuenus [Irypma-JInyBusiis ¢ neproguieckuM CTyImeHIaThIM KOdd-
durmenToM.

4. ®a3oBble TPAEKTOPUM U PEIIEHNE YPABHEHUS MATEMATUIECKOr0 MagTHuka. [lepu-
0] KOJIeOAQHUI MasTHUKA.

5. Konebanust MaTeMaTnIeckoro MasTHUKA Majoi amMmauTyael. Popmysia st 1me-
puona kosebanuit. CemapaTpucHOe peIlleHre YPaBHEHUS MaTeMaTHIeCKOT0 MasTHUKA,.

6. OYHKIMS CUHYC aMIIJTUTYAbI U PEIIeHNe YPABHEHUS MAaTEMATHIECKOT0 MASITHUKA.
Dumunrtudeckune GyHKIIn AK06m.

7. CroiicTBa snmunTudeckux pynxnmit dxodu.

8. Annpokcumarius QyHKIUI IKOOM B OKPECTHOCTH HYJIst ApIyMEHTa, B OKPECTHOCTH
HYJIEBOT'O 3HAYEHUS MMapaMeTpa U B OKPECTHOCTH MapaMeTpa PABHOTO EUHUIIE.

9. Ilonokenne paBHOBeECHs U yCTOMYMBOCTH 110 JIsIyHOBY.

10. Opburanbaas yCTONIHUBOCTb.

11. Peurenue jinneapu30BaHHOIO yPABHEHUS MATEMATUIECKOIO MAATHUKA.

12. HeycTo#t9nBOCTh CemapaTPUCHOTO PEIIeHrs YPABHEHNS MAsTHUKA.

13. IIpocreiitue 6udypKauu mog0KeHnt PABHOBECHS.

14. Tlpumep budypkramm cenapaTpuc.

15. Ilpunanun nanmensiero aeficteud. Pynkmnuda Jlarpanxka. ¥Ypasaennd Jlarpamxa.

16. @yunkuusa I'amunsrona n ypasuennsi amusibrona.

17. ®azoBurit moTOK U TeopeMma JlmyBuig. Teopema Ilyankape o Bo3Bpariennn.

18. Cucrema Jlorrku-Bosbreppst, ypasuerus [Idadda.

19. 3amaua Kennepa.

20. Bonuok Ditnepa.

21. Bomuok KosameBcKoil.

22. Ckobku Ilyaccona. Kommyrupytomme (ha3oBbie mOTOKH.

23. Ilepementnie meticrBue-yroi. Teopema JInyBusist 06 MHTErPUPYEMBIX CHCTEMAX.

24. Meton masoro mapamerpa u Teopema Ilyankape.

25. Tlpsimoe pazsioKeHne 1o MaJjaoMy mapamerpy pernenust ypasaenus lyddunra.
Meron Ilyankape-Jlamynosa.

26. Meroa mMasioro mapamerpa i BbIHYK/IEHHBIX HEPE30HAHCHBIX U PE30OHAHCHBIX
kojrebanuit ocruangropa Adyddunra.

27. Merox maJioro mapaMerpa Jjisi OTPAHUIEHHBIX MTEPUOJUIECKUX PEIIEHUl ypaB-

wenna Jlyddumra.



