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Ïîñòàíîâêà çàäà÷è

u′′ + g(u) = ǫf (t) − ǫΓu′
(1)

0 < ǫ ≪ 1, Γ > 0, f (t) = sin(ωt) èëè óñëîâíî ïåðèîäè÷åñêàÿ

�óíêöèÿ, g(U) ãëàäêàÿ;

G (U) =

∫ U

U∗

g(u)du, min
U

g(U) = g(U∗).

Ïóñòü U(t − t0,E ) � ïåðèîäè÷åñêîå ðåøåíèå ïðè ǫ = 0. t0 ∈ R è

E =
1

2
(U ′)2 + G (U)
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Ñ÷åò: u
′′ + sin(u) = ǫ cos(ωt) − ǫΓu

′

−3 −2 −1 0 1 2 3
u

−2.0

−1.5

−1.0

−0.5

0.0

0.5

1.0

1.5

2.0

u
'

Noncaptured trajectory. Phase plane.

�èñ.: ×èñëåííîå ðåøåíèå ïîëó÷åíî ïðè ǫ = 0.01, Γ = 0.5, ω = 0.8 è

íà÷àëüíûõ óñëîâèÿõ u|t=0 ∼ −2.3031234, u′|t=0 ∼ −0.68290. �åøåíèå
ïîñòðîåíî íà èíòåðâàëå t ∈ (0, 2000).
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Çàõâà÷åííàÿ òðàåêòîðèÿ
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Captured trajectory. Phase plane.

�èñ.: ×èñëåííîå ðåøåíèå ïîëó÷åíî ïðè ǫ = 0.01, Γ = 0.5, ω = 0.8 è

íà÷àëüíûõ óñëîâèÿõ u|t=0 ∼ −2.2977432, u′|t=0 ∼ −0.6861611.
�åøåíèå ïîñòðîåíî íà èíòåðâàëå t ∈ (0, 2000). Íà÷àëüíûå óñëîâèÿ
äëÿ ýòîãî ðåøåíèÿ ìàëî îòëè÷àþòñÿ îò íåçàõâà÷åííîãî ðåøåíèÿ.
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Çàõâàò îïðåäåëÿåòñÿ âåëè÷èíîé �àçîâîé ïåðåìåííîé
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�èñ.: Ïåðåìåííûå òèïà äåéñòâèå äëÿ çàõâàòûâàåìîé è

íåçàõâàòûâàåìîé òðàåêòîðèè ñîâïàäàþò âïëîòü äî ìîìåíòà çàõâàòà
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Îãðàíè÷åíèÿ

Ïåðèîä ìîíîòîííî çàâèñèò îò ýíåðãèè:

T (E ) :=
∫

L
dU
U′ < ∞, dT

dE
6= 0, L � òðàåêòîðèÿ

íåâîçìóùåííîé ñèñòåìû íà �àçîâîé ïëîñêîñòè.

Âîçìóùåíèå � óñëîâíî ïåðèîäè÷åñêîå:

f (t) =
∑

∞

k=−∞
fk eıωk t

.

�åçîíàíñíûå óðîâíè ýíåðãèè m Ω(Em,k) = ωk , ëåæàò íå

ñëèøêîì áëèçêî: min |E 0
m1,k1

− E 0
m2,k2

| ≫ √
ǫ,

(m1, k1) 6= (m2, k2).
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Ôîðìàëèçì. Àñèìïòîòèêà äî ðåçîíàíñà

Ïóñòü u0(S ,E ) � ïåðèîäè÷åñêàÿ �óíêöèÿ � ãëàâíûé ÷ëåí

àñèìïòîòèêè ðåøåíèÿ: u ∼ u0

(σ′)2 ∂2
Su0 + g(u0) = 0;

S = σ(θ)/ǫ + α(θ), ãäå θ = ǫt � ìåäëåííîå âðåìÿ;

E = 1

2
(σ′)2 (∂Su0)

2 + G (u0);

I0(θ) �äåéñòâèå. I ′0 + Γ I0 = 0;

θm,k : E (θm,k) = Em,k

σ(θ) � ðåøåíèå çàäà÷è Êîøè:

(

∫

L
du0

∂Su0

)

σ′ = 2π, σ(θm,k) = 0;

α′ = σ′, α(θm,k) = A.
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Ôîðìàëèçì. Àñèìïòîòèêà â îêðåñòíîñòè ðåçîíàíñà

�ëàâíûé ÷ëåí ðåøåíèÿ u ∼ u0(t + φ(τ)), τ =
√

ǫt,

φ′′ + q(φ) + Γ +
√

ǫφ′ = 0;

�åøåíèå îïðåäåëÿåòñÿ ïàðàìåòðîì

1

2
(φ′)2 + Q(φ) + ΩΓφ = E2j+1, (2)

ãäå Q ′(φ) = q(φ);

q(φ) =
Ω

2I lim
s→∞

1

s

∫ s

0

f (t) ∂Su0

(

t +
φ

Ω

)

dt,

Ω := Ω(E 0
m,k). Ñòàöèîíàðíûå òî÷êè �àçîâîãî ñäâèãà {φJ}

� êîðíè óðàâíåíèÿ q(φ) + 2ΩΓ = 0, â íåóñòîé÷èâûõ

(ñåäëîâûõ) ñòàöèîíàðíûõ òî÷êàõ �àçîâîãî ñäâèãà

q′(φ2j+1) < 0 â óñòîé÷èâûõ q′(φ2j ) > 0.
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Óñëîâèå çàõâàòà
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�èñ.: Ñõåìà çàõâàòà

Àñèìïòîòè÷åñêîå ðåøåíèå çàõâàòûâàåòñÿ â ðåçîíàíñ, åñëè

E−

2j+1

Ω(E 0
m,k)

+
θm,k

ǫ
< A <

E+

2j+1

Ω(E 0
m,k)

+
θm,k

ǫ
.
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