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Âîçìóùåííîå óðàâíåíèå Ïåíëåâå-2

u′′ = −2u3 + xu − εf (u, u′, x), 0 < ε� 1. (1)

I Äèíàìè÷åñêèå áèôóðêàöèè.

I Ïåðåõîäû ÷åðåç ñåïàðàòðèñû.

I Çàõâàò â ïàðàìåòðè÷åñêèé ðåçîíàíñ.
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Ìÿãêàÿ ïîòåðÿ óñòîé÷èâîñòè
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Ðèñ.: Äâà ÷èñëåííûõ ðåøåíèÿ íåâîçìóùåííîãî óðàâíåíèÿ

Ïåíëåâå-2 ñ áëèçêèìè íà÷àëüíûìè óñëîâèÿìè âäàëè îò òî÷êè

áèôóðêàöèè. Ïðè x < 0 êðèâûå ïî÷òè ñîâïàäàþò, ïðè x > 0,
ðàñõîäÿòñÿ èç-çà ìÿãêîé ïîòåðè óñòîé÷èâîñòè.
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Àñèìïòîòè÷åñêèå ñâîéñòâà ðåøåíèé

u ∼ α
4
√
−x

sin

(
2

3
(−x)3/2 +

3

4
α2 log(−x) + φ

)
, x → −∞.

(2)
Ïàðàìåòðû ðåøåíèÿ � α è φ.
Â ïðàâîé ÷àñòè ðèñóíêà 1 ðåøåíèÿ îñöèëëèðóþò â
îêðåñòíîñòè u = 0, ïðè x →∞ � îñöèëëèðóþò â
îêðåñòíîñòÿõ äâóõ ðàçíûõ âåòâåé ôóíêöèè ±

√
x/2.
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Ñêðûòàÿ áèôóðêàöèîííàÿ ãðàíèöà
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Ðèñ.: Ñêðûòàÿ ãðàíèöà ìåæäó ðåøåíèÿìè óðàâíåíèÿ Ïåíëåâå-2

ïðè x = −50.

3

2
α2 log(2)− π

4
− arg

(
Γ

(
iα2

2

))
= φ. (3)
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Ìîòèâàöèÿ

u
'(
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)
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Бифуркационная диаграма для диссипативного уравнения Пенлеве-2 при переходе от x<0 к x>0.

Расхождение траекторий возмущенного и невозмущенного уравнений x>0
Граница траекторий разных типов для невозмущенного уравнения при x=-50
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Ðèñ.: Çäåñü ïðèâåäåíû ðåçóëüòàòû âû÷èñëåíèé äëÿ 2048x4096 òðàåêòîðèé ìåòîäîì
Ðóíãå-Êóòòà 4-ãî ïîðÿäêà. Áèôóðêàöèîííàÿ ãðàíèöà â ñå÷åíèè ôàçîâîãî ïðîñòðàíñòâà (u, u′, x)
ïëîñêîñòüþ x = −50. Æèðíàÿ êðèâàÿ ñîîòâåòñòâóåò òðàåêòîðèÿì íåâîçìóùåííîãî óðàâíåíèÿ,
òîíêàÿ êðèâàÿ � âîçìóùåííîìó óðàâíåíèþ (1) ñ âîçìóùåíèåì f = u(u′)2 äëÿ ε = 0.1.
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Ðèñ.: Çäåñü ïðèâåäåíû ðåçóëüòàòû âû÷èñëåíé 2048x4096

òðàåêòîðèé. Ñå÷åíèå ôàçîâîãî ïðîñòðàíñòâà (u, u′, x) ïðè
x = −50 äëÿ íåâîçìóùåííîãî óðàâíåíèÿ è äëÿ óðàâíåíèÿ ñ

ìàëîé äèññèïàöèåé (1) f = u′ ïðè ε = 0.1. Òåìíàÿ ÷àñòü �

ìíîæåñòâî íà÷àëüíûõ òî÷åê äëÿ òðàåêòîðèé, êîòîðûå ïîñëå

ïåðåñå÷åíèÿ x = 0 îêàçûâàþòñÿ â îêðåñòíîñòè
√

x/2.
Áèôóðêàöèîííàÿ ãðàíèöà äëÿ ìíîæåñòâà òðàåêòîðèé âíóòðè

âûäåëåííîãî ïðÿìîóãîëüíèêà íà ëåâîé êàðòèíêå ïîêàçàíà íà

ôîíå áèôóðêàöîííîé ãðàíèöû íåâîçìóùåííîãî óðàâíåíèÿ (1)
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Àñèìïòîòè÷åñêàÿ ïîäñòàíîâêà

Àñèìïòîòèêà ïî ïàðàìåòðó ε èìååò âèä:

u(x , ε) ∼
∞∑
k=0

εkuk(ξ/ε, α, φ),

α ∼
∞∑
k=0

εkαk(ξ), φ ∼
∞∑
k=0

εkφk(ξ). (4)

Òîãäà óðàâíåíèå ïðèìåò âèä:

u′ ≡ duk
dx

= ε
∂u

∂ξ
+
∂u

∂α
ε
∂α

∂ξ
+
∂u

∂φ
ε
∂φ

∂ξ
= εu̇ +

∂u

∂α
εα̇ +

∂u

∂φ
εφ̇.

Óñëîâèå äëÿ ïîñòðîåíèÿ ðåøåíèÿ â ôîðìå (4) �
ðàâíîìåðíàÿ îãðàíè÷åííîñòü ïî ε ïðè ξ < 0.

Ââåäåíèå Ìîòèâàöèÿ Ôîðìàëèçì Ïðèìåðû âîçìóùåíèé Èíòåãðàëû Òðàíñöåíäåíò Ëèíåàðèçàöèÿ



Àñèìïòîòèêà ñêðûòîé áèôóðêàöèîííîé ãðàíèöû è ðåøåíèå ëèíåàðèçîâàííîãî óðàâíåíèÿ Ïåíëåâå-2

Ãëàâíûé ÷ëåí àñèìïòîòèêè âîçìóùåííîãî

óðàâíåíèÿ

u0(ξ/ε, α, φ) ∼ α 4
√
ε

4
√
−ξ

sin (s) +
ε7/4

(−ξ)7/4

(
−3

8
α3 sin(s)+

102α5 − 20α

192
cos(s)− 1

16
α3 sin(3s)

)
+ O

((
ε

−ξ

)13/4
)
,

ãäå:

s =
2

3
(−ξ/ε)3/2 +

3

4

∫ ξ/ε

α2(ζ, ε)
dζ

ζ
+ φ(ξ, ε).
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Ïåðâàÿ ïîïðàâêà

ε2ü1 = −6u2
0u1 + xu1 − f (u0, εu̇0, ξ/ε)− 2εα̇0∂αu̇0 − εφ̇0∂φu̇0.

Äâà ðåøåíèÿ ëèíåàðèçîâàííîãî óðàâíåíèÿ Ïåíëåâå-2:

uα ∼
4
√
ε

4
√
−ξ

sin

(
2

3
(−ξ/ε)3/2 +

3

4

∫ ξ/ε

α2(ζ)
dζ

ζ
+ φ

)
, ξ < 0,

uφ ∼
4
√
ε

4
√
−ξ

cos

(
2

3
(−ξ/ε)3/2 +

3

4

∫ ξ/ε

α2(ζ)
dζ

ζ
+ φ

)
, ξ < 0.
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Ðåøåíèå óðàâíåíèÿ äëÿ ïåðâîé ïîïðàâêè ìîæåò áûòü
ïðåäñòàâëåíî â âèäå:

u1 = uα

∫ ξ/ε

0

(f (u0, εu̇0, y)− 2α̇0∂αu̇0 − 2φ̇0∂φu̇)uφ(y)dy −

uφ

∫ ξ/ε

0

(f (u0, εu̇0, y)− 2α̇0∂αu̇0 − 2φ̇0∂φu̇)uα(y)dy . (5)

Îãðàíè÷åííîñòü ïåðâîé ïîïðàâêè äîñòèãàåòñÿ áëàãîäàðÿ
âûäåëåíèþ ðàñòóùèõ ðåøåíèé ìåòîäîì óñðåäíåíèÿ:

ξα̇0 = ε

∫ ξ/ε

0

f (u0, εu̇0, y)uφ(y)dy ,

ξφ̇0 = −ε
∫ ξ/ε

0

f (u0, εu̇0, y)uα(y)dy .

Ââåäåíèå Ìîòèâàöèÿ Ôîðìàëèçì Ïðèìåðû âîçìóùåíèé Èíòåãðàëû Òðàíñöåíäåíò Ëèíåàðèçàöèÿ



Àñèìïòîòèêà ñêðûòîé áèôóðêàöèîííîé ãðàíèöû è ðåøåíèå ëèíåàðèçîâàííîãî óðàâíåíèÿ Ïåíëåâå-2

Óòâåðæäåíèå

Âîçìóùåíèå â âèäå:

f (u, u′, x) =
N∑

4k1+k3≤k2

ak1k2k3t
k1uk2(u′)k3 ,

ãäå (k1 + 1), (k2 + 1), (k3 + 1) ∈ N, k1 + k2 + k3 ≤ N , N ∈ N,
ïîçâîëÿåò ïîñòðîèòü ïîïðàâêè àñèìïòîòèêè (4)
ðàâíîìåðíî ïî ε ïðè ξ < 0.
Åñëè óñëîâèÿ 1 âûïîëíåíû, òîãäà ïîäûíòåãðàëüíûå âûðàæåíèÿ â (5) ïîðÿäêà O(1), ïðè u0 ∼ 4√ε,
è εu̇0 = O(1/ 4√ε)), è ξ/ε = O(ε−1). Â ïîäûíòåãðàëüíîì âûðàæåíèè ïîðÿäîê ôóíêöèé uφ è uα

4√ε.
Òîãäà äëÿ îãðàíè÷åííîñòè âûðàæåíèÿ tk1 uk2 (u′)k3 ïîëó÷èì εk1+k3/4−k2/4−1/4. Â ðåçóëüòàòå äëÿ
u1:

4k1 + k3 = k2 + 1.

Òàêèå æå ðàññóæäåíèÿ ïðèìåíèìû ê ïîïðàâêàì ïðîèçâîëüíîãî ïîðÿäêà.
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Èíòåðâàë ïðèãîäíîñòè àñèìïòîòèêè

Ïóñòü ïîñòðîåí îòðåçîê ðÿäà òåîðèè âîçìóùåíèé:

UN(ξ, ε) =
N∑

k=0

εkuk(ξ/ε, ξ).

Äëÿ îñòàòêà àñèìïòîòèêè εNU = u(x , ε)− UN(ξ, ε)
ïîëó÷àåòñÿ óðàâíåíèå:

d2U

dx2
= xU − 6u2

0U + εF (U ,UN ,U
′,U ′N , x).

Óòâåðæäåíèå

Åñëè âîçìóùåíèå f óäîâëåòâîðÿåò óñëîâèÿì 1, òîãäà äëÿ
∀N ∈ N, ξ0 ∈ R, ξ0 < 0:

u(x , ε) = UN−1 + O(εN), x ∈ (ξ0/ε, 0), ε→ 0.
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Äåôîðìàöèÿ áèôóðêàöèîííîé ãðàíèöû
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Ðèñ.: Áèôóðêàöèîííàÿ ãðàíèöà äëÿ ïàðàìåòðîâ ðåøåíèé

Ïåíëåâå-2 â ïîëÿðíûõ êîîðäèíàòàõ r , φ:
((3/2)r2 log(2)− π/4− arg(Γ(ir2/2).

Çíàê âûðàæåíèÿ

κ = sin
(
((3/2)α2 log(2)− π/4− arg(Γ(iα2/2)− φ)

)
. (6)

îïðåäåëÿåò ãðàíèöó (Èòñ, Êàïàåâ, 1987, Áåëîãðóäîâ, 1997)
ïðè x →∞:

u ∼ − sgn(κ)

√
x

2
. (7)

Çíà÷åíèÿ α(0) è φ(0) îïðåäåëÿþò òèï ïåðåõîäà äëÿ
âîçìóùåííîé òðàåêòîðèè èç (6).
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Ìàëàÿ äèññèïàöèÿ

u′′ = −2u3 + xu − εu′. (8)

Çäåñü:

α̇0 ∼ −
1

2
α0

è
φ′0 ∼ 0.

Àñèìïòîòè÷åñêîå ïîâåäåíèå ãëàâíîãî ÷ëåíà ðåøåíèÿ
Painlev�e-2 ñ ìàëîé äèññèïàöèåé:

u0 ∼ a
e−εx/2

4
√
−x

sin

(
2

3
(−x)3/2 +

3a2

4

∫ x e−εz

z
dz + p

)
, x → −∞.

Çäåñü a è p � ïàðàìåòðû ðåøåíèÿ.
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Ñðàâíåíèå àñèìïòîòèêè è ÷èñëåííîãî ðåøåíèÿ
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Ðèñ.: ×èñëåííîå ðåøåíèå óðàâíåíèÿ (8) íà ãðàôèêå

ïðàêòè÷åñêè ñîâïàäàåò ñ àñèìïòîòè÷åñêèì. Æèðíàÿ êðèâàÿ

âáëèçè îñè x � ðàçíîñòü ìåæäó ÷èñëåííûì è àñèìïòîòè÷åñêèì

ðåøåíèåì.
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×èñëåííàÿ è àñèìïòîòè÷åñêàÿ ãðàíèöû
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Ðèñ.: Ñå÷åíèå u, u′ ïðèx = −50 äëÿ âîçìóùåííîãî óðàâíåíèÿ ñ
ìàëîé äèññèïàöèåé (8) ïðè ε = 0.1. Æèðíàÿ ëèíèÿ � ãðàíèöà,
ïîñòðîåííàÿ ïî âû÷èñëåíèþ 2048x4096 òðàåêòîðèé ñ íà÷àëüíîé
òî÷êîé x = −50. Òîíêàÿ ëèíèÿ � ãðàíèöà ïî òåîðèè âîçìóùåíèé.
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Íåëèíåéíîå âîçìóùåíèå

Åù¼ îäèí ïðèìåð âîçìóùåíèÿ:

u′′ = −2u3 + xu − ε(u′)2u. (9)

Äëÿ ýòîãî âîçìóùåíèÿ ïàðàìåòð α â ãëàâíîì � ïîñòîÿííàÿ:

α̇0 ∼ 0

óðàâíåíèå ìîäóëÿöèè äëÿ φ:

φ̇ ∼ −1

8
α3

0.

Òîãäà âîçìóùåíèå ïðèâîäèò ê ñäâèãó:

u0 ∼
α0

4
√
−x

sin

(
2

3
(−x)3/2 +

3α2
0

4
log(−x)− 1

8
α3εx + p

)
. (10)

Çäåñü α è p � ïàðàìåòðû ðåøåíèÿ.
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×èñëåííîå è àñèìïòîòè÷åñêîå ðåøåíèÿ
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Ðèñ.: ×èñëåííîå ðåøåíèå óðàâíåíèÿ (9) íà ãðàôèêå

ïðàêòè÷åñêè ñîâïàäàåò ñ àñèìïòîòè÷åñêèì. Ðàçíîñòü

÷èñëåííîãî è àñèìïòîòè÷åñêîãî ðåøåíèé � æèðíàÿ ëèíèÿ

âáëèçè îñè x .
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Ãðàíèöû
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Ðèñ.: Ñå÷åíèå u, u′ áèôóðêàöèîííîé ãðàíèöû x = −50 äëÿ íåëèíåéíîãî
âîçìóùåíèÿ (9) ïðè ε = 0.1. Ãðàíèöà, ïîëó÷åííàÿ ÷èñëåííî èç ðàñ÷åòà 2048x4096
òðàåêòîðèé ñ íà÷àëîì ïðè x = −50, è ãðàíèöà, ïîëó÷åííàÿ èç òåîðèè
âîçìóùåíèé, ïðàêòè÷åñêè ñîâïàäàþò. Ðàçëè÷èå ìîæíî íàáëþäàòü âäàëè îò
öåíòðà.
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Çàêëþ÷åíèå

Âûâåäåííûå â ðàçäåëå 3 óðàâíåíèÿ äëÿ ïàðàìåòðîâ
àñèìïòîòèêè òðàíñöåíäåíòà Ïåíëåâå-2 ïðè x → −∞
ïîçâîëÿþò ïîëó÷èòü ôîðìóëó äëÿ áèôóðêàöèîííîé
ãðàíèöû ðåøåíèé äëÿ âîçìóùåííîãî óðàâíåíèÿ ïðè ìÿãêîé
ïîòåðå óñòîé÷èâîñòè â îêðåñòíîñòè x = 0. Ýòî äàåò
âîçìîæíîñòü ðàçäåëèòü ðåøåíèÿ âîçìóùåííîãî óðàâíåíèÿ
íà ðåøåíèÿ áëèçêèå ê

√
x/2 è áëèçêèå ê −

√
x/2 ïðè

0 < x � ε−1. Ðåçóëüòàòû ïðîèëëþñòðèðîâàíû ÷èñëåííî.

O.M. Kiselev An asymptotic structure of the bifurcation
boundary of the perturbed Painleve-2 equation
arXiv:2012.07895
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Îòêðûòàÿ çàäà÷à

Ââåäåíèå Ìîòèâàöèÿ Ôîðìàëèçì Ïðèìåðû âîçìóùåíèé Èíòåãðàëû Òðàíñöåíäåíò Ëèíåàðèçàöèÿ



Àñèìïòîòèêà ñêðûòîé áèôóðêàöèîííîé ãðàíèöû è ðåøåíèå ëèíåàðèçîâàííîãî óðàâíåíèÿ Ïåíëåâå-2

L-A-ïàðà äëÿ óðàâíåíèÿ Ïåíëåâå-2

dΨ

dλ
= AΨ, A = −i(4λ2 + x + 2u2)σ3 + 4uλσ1 − 2u′σ2.(11)

Çäåñü ïðèíÿòû îáîçíà÷åíèÿ äëÿ ìàòðèö Ïàóëè:

σ1 =

(
0 1
1 0

)
, σ2 =

(
0 −i
i 0

)
, σ3 =

(
1 0
0 −1

)
.

(12)

dΨ

dx
= UΨ, U = −iλσ3 + uσ1. (13)
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Àñèìïòîòèêà ïðè λ→∞

Ðåøåíèå ñèñòåìû óðàâíåíèé (11) èìååò åäèíñòâåííóþ
ñóùåñòâåííî îñîáóþ òî÷êó λ =∞. Àñèìïòîòèêà ðåøåíèÿ
ýòîé ñèñòåìû ïðè λ→∞:

Ψ∞ ∼
(
I +

1

2λ

(
i(u2x − (u′)2 + u4) u

u −i(u2 − (u′)2 + u4)

))
×

× exp (−iΩ(λ)σ3) , (14)

ãäå Ω(λ) = (4λ3/3 + λx).
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Ãëàâíûé ÷ëåí ýòîé àñèìïòîòèêè îñöèëëèðóåò íà ëèíèÿõ
=(4λ3/3 + λx) = 0. Â îêðåñòíîñòè áåñêîíå÷íî óäàëåííîé
òî÷êè òàêèå ëèíèè èìåþò àñèìïòîòû � ïðÿìûå
arg(λ) = π(k − 1)/3, k = 1, . . . , 6. Äëÿ êàæäîé èç ýòèõ
øåñòè ëèíèé â îêðåñòíîñòè áåñêîíå÷íî óäàëåííîé òî÷êè
ìîæíî îïðåäåëèòü ôóíêöèþ Ψk ïî çàäàííîé àñèìïòîòèêå
â íàïðàâëåíèè arg(λ) = π(k − 1)/3:

Ψk ∼ Ψ∞, k = 1, 2, 3, 4, 5, 6.

Òàê êàê êàæäàÿ èç ìàòðèö Ψk ÿâëÿåòñÿ ôóíäàìåíòàëüíîé
ñèñòåìîé ðåøåíèé äëÿ (11), ïîýòîìó èõ ìîæíî âûðàçèòü
äðóã ÷åðåç äðóãà:

Ψk+1 = ΨkSk . (15)

Çäåñü Sk � ìàòðèöà, ñîñòîÿùàÿ èç ïàðàìåòðîâ, çàâèñÿùèõ
îò ðåøåíèÿ óðàâíåíèÿ Ïåíëåâå-2, íî íåçàâèñÿùèõ îò
ïàðàìåòðà λ.
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Ïóòè èíòåãðèðîâàíèÿ

Arg(λ) = π/3

Arg(λ) = 4π/3

Arg(λ) = 2π/3

Arg(λ) = 5π/3

<(λ)

Ðèñ.: Ëó÷è Ñòîêñà, óõîäÿùèå ê áåñêîíå÷íî óäàëåííîé òî÷êå â

íàïðàâëåíèÿõ π(k − 1)/6, k = 1, 2, 3, 4, 5, 6 è êðèâûå

èíòåãðèðîâàíèÿ ñòðåìÿùèåñÿ ê ∞ â íàïðàâëåíèÿõ ∞k ,∞k+1.
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Âûâîä ôîðìóë

Äëÿ âûâîäà èíòåãðàëüíûõ ôîðìóë äëÿ ìàòðèöû Ñòîêñà
óäîáíî âîñïîëüçîâàòüñÿ çàìåíîé:

Ψk = exp (−iΩ(λ)σ3) Φk .

Ñ ïîìîùüþ ñèñòåìû óðàâíåíèé (11) ìîæíî âûâåñòè
ïîõîæóþ ñèñòåìó óðàâíåíèé äëÿ ìàòðèöû Φk :

d

dλ
Φk = (exp (iΩσ3)A exp (−iΩσ3) + iΩ′σ3) Φk . (16)

Äëÿ ìàòðèöû Φk ñïðàâåäëèâî óñëîâèå:

Φk → I , λ = Re i(k−1)π/6, R →∞. (17)

Íåòðóäíî ïðîâåðèòü, ÷òî ðåøåíèå çàäà÷è ðàññåÿíèÿ (16),
(17) óäîâëåòâîðÿåò ñèñòåìå èíòåãðàëüíûõ óðàâíåíèé:

Φk(λ) = I +

∫ λ

∞k

(exp (iΩσ3)A exp (−iΩσ3) + iΩ′σ3) Φkdµ.(18)

Çäåñü èíòåãðàë ðàññìàòðèâàåòñÿ êàê íåñîáñòâåííûé, ãäå
ïîä âåðõíèì ïðåäåëîì ïîíèìàåòñÿ
∞k = R exp(iπ(k − 1)/3), ïðè R →∞.
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Èíòåãðàëüíûå ôîðìóëû

Â ñîîòâåòñòâèè ñ ôîðìóëîé ñâÿçè ôóíäàìåíòàëüíûõ
ðåøåíèé (15):

I +

∫ ∞k

∞k+1

(exp (iΩσ3)A exp (−iΩσ3) + iΩ′σ3) Φk+1dµ = Sk .

Òåïåðü Sk ìîæíî âûðàçèòü, èñïîëüçóÿ Ψk :

Sk = I +

∫ ∞k

∞k+1

exp (iΩσ3) (A + iΩ′σ3) Ψk+1dµ. (19)

Èíòåãðàëüíóþ ôîðìóëó äëÿ ìàòðèöû Sk óäîáíî
ðàññìîòðåòü ïî êîìïîíåíòàì. Ïðè ýòîì âàæíî ó÷èòûâàòü
àñèìïòîòè÷åñêèå ñâîéñòâà ìàòðèöû Ψ èç ôîðìóëû (17).
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Êîìïîíåíòû ìàòðèöû Ñòîêñà

(Sk)11 = 1+ lim
R→∞

∫ R exp(iπk/3)

R exp(iπ(k+1)/3)
− iu2x − iw2 + iu4

2µ2
+O(R−3)dµ = 1.

(Sk)22 = 1+ lim
R→∞

∫ R exp(iπk/3)

R exp(iπ(k+1)/3)

u2x − iw2 + iu4

2µ2
+O(R−3)dµ = 1.

(Sk)12 = lim
R→∞

∫ R exp(iπk/3)

R exp(iπ(k+1)/3)
(4iuµ+

(
2u3x − 2uw2 − 2w + 2u5

)
+

O(1/R)) exp(2i(4µ3/3 + xµ))dµ

(Sk)21 = lim
R→∞

∫ R exp(iπk/3)

R exp(iπ(k+1)/3)
(−4iuµ+

(
2u3x − 2u w2 − 2w + 2u5

)
+

O(1/R)) exp(−2i(4µ3/3 + xµ))dµ
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Ìàòðèöû ïåðåõîäà

Sk =

(
1 0
sk 1

)
, k = 1, 3, 5;

Sk =

(
1 sk
0 1

)
, k = 2, 4, 6.

Â òåðìèíàõ ñòàòüè Ôëàøêè è Íüþýëëà (1980)
s1 = a, s2 = b, s3 = c , s4 = d , s5 = e, s6 = f ,
s1 = s4, s2 = s5, s3 = s6.
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Èíòåãðàëüíûå ôîðìóëû

Îñíîâíîé ðåçóëüòàò ðàçäåëà 5 � ÿâíûå ôîðìóëû äëÿ
äàííûõ ìîíîäðîìèè.
Ïðè k = 1, 3, 5:

sk = 2

∫ ∞k

∞k+1

(
(2uµ− iu′)(Ψk)11 + iu2(Ψk)21

)
e−i(4µ3/3+xµ)dµ;

ïðè k = 2, 4, 6:

sk = 2

∫ ∞k

∞k+1

(
(2uµ + iu′)(Ψk)22 − iu2(Ψk)12

)
e i(4µ3/3+xµ)dµ.
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Ïóòè èíòåãðèðîâàíèÿ äëÿ ïðåäñòàâëåíèÿ

Arg(λ) = π/3

Arg(λ) = 4π/3

C42

C46

Arg(λ) = 2π/3

Arg(λ) = 5π/3

<(λ)

Arg(λ) = π/3

Arg(λ) = 4π/3

C53

C51

Arg(λ) = 2π/3

Arg(λ) = 5π/3

<(λ)

Ðèñ.: Ïóòè èíòåãðèðîâàíèÿ â çàäà÷å Ðèìàíà äëÿ ìàòðè÷íîé

ôóíêöèè Ψ è äëÿ âû÷èñëåíèÿ òðàíñöåíäåíòà Ïåíëåâå ïî

èíòåãðàëüíûì ôîðìóëàì.
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Èíòåãðàëüíîå ïðåäñòàâëåíèå ðåøåíèÿ

u(x) = − s1

2π

∫ ∞4

0

(Ψ4)21e
iΩdµ− s1

2π

∫ 0

∞2

(Ψ2)21e
iΩdµ−

s2

2π

∫ ∞4

0

(Ψ4)21e
iΩdµ− s2

2π

∫ 0

∞6

(Ψ6)21e
iΩdµ−

s2s3

2π

∫ ∞4

0

(Ψ4)21e
iΩdµ− s2s3

2π

∫ 0

∞6

(Ψ6)21e
iΩdµ. (20)
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Àñèìïòîòèêà âáëèçè ëó÷åé Ñòîêñà

Â îêðåñòíîñòè ëó÷à α = arg(λ) = π/3 + β:

Ψ ∼

(
1 − iue−iβ

(1+i
√

3)r
iue−iβ

(1+i
√

3)r
1

)(
exp (Ω) 0

0 exp (−Ω)

)
,

Ω =
4

3
r 3(sin(3β) + i cos(3β)) +

rx

2
((sin(β) +

√
3 cos(β))− i(cos(β)−

√
3 sin(β)) +

O

(
1

r

)
.
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Âîçìóùåíèå ëèíåéíîé ñèñòåìû

Ïóñòü u = u + δu, ñèñòåìà óðàâíåíèé äëÿ âàðèàöèè δΨ:

dδΨ

dλ
= AδΨ+δAΨ, δA = −i(4λ2+x+4uδu)σ3+4δuλσ1−2δu′σ2.

(21)
Îáùåå ðåøåíèå:

δΨ = ΨC + Ψ

∫
Ψ−1δAΨdµ, (22)

ãäå C � ìàòðèöà, ñîñòàâëåííàÿ èç ïðîèçâîëüíûõ
ïîñòîÿííûõ � ïàðàìåòðîâ ðåøåíèÿ ñèñòåìû (21).

Ââåäåíèå Ìîòèâàöèÿ Ôîðìàëèçì Ïðèìåðû âîçìóùåíèé Èíòåãðàëû Òðàíñöåíäåíò Ëèíåàðèçàöèÿ



Àñèìïòîòèêà ñêðûòîé áèôóðêàöèîííîé ãðàíèöû è ðåøåíèå ëèíåàðèçîâàííîãî óðàâíåíèÿ Ïåíëåâå-2

Êâàäðàòè÷íûå âûðàæåíèÿ

(Ψ−1δAΨ)11 = (Ψ2,1 Ψ2,2 −Ψ1,1 Ψ1,2) 4λδu

+ (Ψ2,1 Ψ2,2 + Ψ1,1 Ψ1,2) 2i
d

dx
δu

− (Ψ1,1 Ψ2,2 + Ψ1,2 Ψ2,1) 4iuδu,

(Ψ−1δAΨ)21 =
(
Ψ2

1,1 −Ψ2
2,1

)
4λδu −

(
Ψ2

2,1 + Ψ2
1,1

)
2i

(
d

dx
δu

)
+ 8iΨ1,1 Ψ2,1uδu,

Óäîáíî îáîçíà÷èòü:

ψ+
1 = Ψ2

11 + Ψ2
21, ψ−1 = Ψ2

11 −Ψ2
21, ψ1 = Ψ11Ψ21;

δs1 =

∫ ∞1

∞6

4µδu ψ−1 − 2i

(
d

dx
δu

)
ψ+

1 + 8iuδu ψ1dµ.
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Óðàâíåíèÿ äëÿ êâàäðàòîâ

dψ+
1

dλ
= −2i(4λ2 + x + 2u2)ψ−1 + 16λuψ1.

dψ−1
dλ

= −2i(4λ2 + x + 2u2)ψ+
1 + 8iu′ψ1.

dψ1

dλ
= 4λu ψ+

1 − 2iu′ ψ−1 .

dψ+
1

dx
= −2iλψ−1 + 4uψ1,

dψ−1
dx

= −2iλψ+
1 ,

dψ1

dx
= uψ+

1 ,
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Ëèíåàðèçîâàííîå óðàâíåíèå Ïåíëåâå-2

Áóäåì ñ÷èòàòü, ÷òî âàðèàöèÿ δu � ðåøåíèå
ëèíåàðèçîâàííîãî óðàâíåíèÿ:

δu′′ = (6u2 + x)δu + f , (23)

Äèôôåðåíöèðîâàíèå (23) ïî x â ñèëó óðàâíåíèé äëÿ ψ+
1 ,

ψ−1 , ψ1 è ëèíåàðèçîâàííîãî óðàâíåíèÿ (23) äàåò (çäåñü è
íèæå äëÿ îïðåäåëåííîñòè ðàññìàòðèâàåòñÿ s1):

dδs1

dx
=

∫ ∞1

∞6

(
(−2i(4µ2 + x + 2u2)ψ+

1 + 8iu′ψ1)δu − 2if ψ+
1

)
dµ

=

∫ ∞1

∞6

dψ−1
dµ

dµ− 2if

∫ ∞1

∞6

ψ+
1 dµ.
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Àñèìïòîòèêè

Ψ2
11 ∼ exp

(
−2i

(
4

3
r 3e3iα + xre iα

))
,

Ψ2
21 ∼

e−2iα

r 2
exp

(
−2i

(
4

3
r 3e3iα + xre iα

))
, λ→∞6,

Ïðè λ→∞1, èñïîëüçóÿ r = |λ|, β = Arg(λ)− π/3,
ïîëó÷èì:

Ψ2
11 ∼ exp

(
2i

(
4

3
r 3e3iβ − xre iπ/3e iβ

))
(1 + O(r−1)) + O(1/r)

+s2
1 exp

(
−2i

(
4

3
r 3e3iβ − xre iπ/3e iβ

))(
e−2iπ/3−2iβ

r 2
+ O(r−3)

)
,

Ψ2
21 ∼ s2

1 exp

(
−2i

(
4

3
r 3e3iβ − xre iπ/3e iβ

))
(1 + O(r−1)) + O(1/r)

+ exp

(
2i

(
4

3
r 3e3iβ + xre iπ/3e iβ

))(
e2iπ/3+2iβ

r 2
+ O(r−3)

)
.

Ââåäåíèå Ìîòèâàöèÿ Ôîðìàëèçì Ïðèìåðû âîçìóùåíèé Èíòåãðàëû Òðàíñöåíäåíò Ëèíåàðèçàöèÿ



Àñèìïòîòèêà ñêðûòîé áèôóðêàöèîííîé ãðàíèöû è ðåøåíèå ëèíåàðèçîâàííîãî óðàâíåíèÿ Ïåíëåâå-2

Èíòåãðèðîâàíèå

∫ ∞1

∞6

dψ−1
dµ

dµ =

∫
L11

dψ2
11

dµ
dµ +

∫
L21

dψ2
21

dµ
dµ.

0
Arg(λ) = 0

−∆ < Arg(λ) < 0

Arg(λ) = π/3Arg(λ) = π/3 + 2 log(|λ|)

L11

0
Arg(λ) = 0

−∆ < Arg(λ) < 0

Arg(λ) = π/3− 2 log(|λ|)Arg(λ) = π/3

L21
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Âàðèàöèÿ êîýôôèöèåíòà Ñòîêñà è ðåøåíèå

ëèíåàðèçîâàííîãî Ïåíëåâå-2

Òîãäà ñïðàâåäëèâà ôîðìóëà:

dδs1

dx
= 2if

∫ ∞1

∞6

ψ+
1 dµ. (24)

Óðàâíåíèå äëÿ ψ+
1 :

d2ψ+
1

dx2
= (x + 6u2)ψ+

1 − i
1

2

dψ−1
dλ

.

v(x) =

∫ ∞6

∞1

ψ+
1 (λ, x)dλ.

v ′′ = (6u2 + x)v

Ââåäåíèå Ìîòèâàöèÿ Ôîðìàëèçì Ïðèìåðû âîçìóùåíèé Èíòåãðàëû Òðàíñöåíäåíò Ëèíåàðèçàöèÿ


	
	   
	  
	 
	    
	   
	     -2

