Gradient and optimization problems

Gradient and optimization problems

O.M. Kiselev

o0.kiselev@innopolis.ru

Innopolis university

March 3, 2023



http://smartmechanica.ddns.net/OK
http://innopolis.university

Gradient and optimization problems

An invariant form of differential

Geometrical sense of the partial derivatives

Surfaces on the N + 1-dimension spaces

Extreme points on the surface




Invariant form of the differential

Consider the changing of coordinates for x, y:

x = x(u,v), y = y(u,v),

Below we suppose that the functions x(u, v) and y(u, v) are
differentiable.

df = gidx—I—g;dy_
= g)’: <gidu—|— g‘);dv> + g; (gidu—i— g)‘;dv> =
= g:jdu+g\idv
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Differential for the N-dimensional function

The changing of the variables in general form looks like:
X = X(U), X(U) = (altn, . ), xultn, -, ).

In this case the differential has the same form:

As well as the differential is the primary (linear) part of the
function changing then the vector

- (Gf 0f>
S=(—,...,—
0xy ptxy

defines the direction of the grows of the function for the given
point X.

Invariant
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Gradient of the function

The vector v = g—i, % is called gradient of the function

f(x,y) at the point (x,y). The gradient can be written by
following equivalent definitions:

- _[of Of\

grad(f) = <8x’8y>
- of of

f = (axa)

Define the differential of the independent variables as

dX = (dx, dxa, ..., dxy). The differential of the function can
be written as scalar product:

T of
(VF,dX) =) ——dx.

Invariant
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Gradient and optimization problems

Example. Gradient of the function

y
ﬁ) 2 Y 7
&y Vil - (0.5,V3).

Invariant
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Gradient and optimization problems

Derivative at given direction

Directional derivatives one can obtain by the following track:

1.
2.
3.

Define direction s’ = (s, s,) with the unit length: |s] = 1.
Specify the certain point A = (xo, ¥0).

Define the dependence of the coordinates

X =X+ Skt, Yy = yo + 5,t.

. Substitute the dependence into the function

f(x,y) = f(xo + sct, yo + s, t).
Find full derivative on t:

of _Ofdx ofdy (0f  of
dt  Oxdt Oydt x> 8y5y

(x,y)=(x0,¥0)

Invariant
[loleoleole]



Gradient and optimization problems

Geometry of surfaces

Let f(x,y) be a definition for some surface in 3-dimensional
space:z = f(x, y).
> f = g—i define the inclination along the direction of the x
axis.
> f, = % define the inclination along the direction of the y
axis.
» The vector ® = (f., f,) defines a projection on the plane
(x, y) of the surface inclination at the current point

(x,y)-



Geometrical sense of the partial derivatives

Let us consider surface z = f(x, y).

e Consider a dissection of the surface
A

**zr A )

: by the plain y = yq, yo = const.

The intersection of the

surface and plain defines the curve

one-dimensional curve z = f(x, yp)

and the angle of the tangent line

for the curve at the point xq is gf
The same for the curve

z = f(xo, y) one gets the angle of the tangent line for the

curve z = f(xg, y) is g

Surfaces
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Gradient and optimization problems
A normal vector

Rewrite the equation for the surface in the form:
z—f(x,y)=0.

The differential on the surface should be following:

of of
dz — S-dx — ——dy = 0.
2T dy Y
This equality should be fulfill for any curve on this surface
(x(t), y(t), z(t)), then these equality is the scalar product for

the vector N = <g—f, or -1
X7 dy

any curve on the surface. As well as the differential defines the

tangent lines for the surface, then N is a normal vector for the

surface at the point (xo, yo, f (X0, ¥0))-

Surfaces
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) and the vector of differential for



Equation for the tangent plain

From the course of analytic geometry the plain is defined by
the normal vector N and a point. It yields:

g)i(XO;yO)(X —X0) + g;(xo,yo)(y — ) — (z — z) = 0.

This formula defines the tangent plain for given surface
z = f(x,y) at the point (xo, Yo, f (X0, ¥0))-

Surfaces
lele] o)



Gradientand optimizationproblems
Tangent plain for implicit case

The function F(x, y,z) = 0 defines two dimension manifold in general

s OF  OF . OF
dF = Zdx + Tdy + T dz.
x oy YT oz
For any curve on this surface (x(t), y(t, z(t)):
OF OF oF
—dx+ —dy + —dz=0.
x oy YT oz

The V = (x',y’, ) define the differential of the curve, then
N = (% %57 g{) is a normal vector for the surface.
The tangent plain at the point (xo, Yo, 2z0) has the form:

oF oF

5(X07YO720)(X —x0) + @(Xo#o’zo)(y — o) +

OF
E(X()?y()azo)(z —29) = 0.

Surfaces
[oleo]e)



Definitions of local minima and maxima

A value A is a local maxima of f(X) in the point X if

Ve > 030 VX @ ||IX —XA|| <6, A—F(X)>0.

Vice versa. A value A is a local minima of 7(X) in the point
XA if Ve > 030 vX : ||X — XA <6, A—F(X)<0.

Extreme points




Definition of extreme point

The point

of differentiable function f(.X)
where all derivatives of first order
are zero is called extreme point.
For following functions point

A = (0,0) is an extreme point:

f(xi,x) = 3X12 +x22,

f f
O 6. 2T o

aXl i 0X1




Saddle point




Necessary conditions for the extreme points

Theorem

If £(X) is differentiable, then a% =0,Vk e {1,...,N} at the
interior maxima or minima point.

Proof. Suppose the A = (0,0) is maxima, and one of the
partial derivative is not zero, then in the maxima point:

FX) = £(0,0) + (0, 0)x + o([x] + Iy,

then for 2£(0,0)x > 0 the f(x, y) > f(0,0), which contradict
to the initial claim. For the another partial derivative one can
consider by the same way. As result one gets the claim of the

theorem.

Extreme points




Theorem about mixed second derivative

Theorem
Let f(X) be differentiable function and all derivatives of the
first and second order are continuous, then
0*f B 0*f
Oxk0x;  Ox0xy

Proof. For simplicity consider the function of two variables
X = (x1,x2) and write the function using the Taylor formula
for first and second variable by sequence:

10°f

f
(O X2)X1—|— 28 2(

0
f(x1,x) = f(0,x) + % 0, )% + o(x}) =

Extreme points




Theorem about mixed derivative. Proof.

Define to be shorter f, = £(0,0), 2 dx 0,0) = % 82f|(00
921y 9fy 0f

W’ Ox0x; axkax,-|(070)'

of; 1 0°f;
f(X]_,X2) = f6+87(;X2+ 5870 2+ O( )

o 0% o
<8xj * Bt O(X2)> “T2 (8 = O(X2)> el =
ot of

fot+t ——x1+ —x+
0 8x11 8X22

0
5 X{ +2——F—x1X 2+a§22>+o(x12+x1x2—|—x22);
1 Xi
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Theorem about mixed derivative. Proof.

The same formula one obtains for the case of using the Taylor
formula by opposite case and the therm of order x;x;:

of; of;
f(x1, %) ~ fo+ 07)2& + aix(;XQ +
1 /0% , 0%f, 0*fy
il Y h 270 Y -
2 (8X12 Xt 0x10% XX+ Ox? X2> '

Due to the linear independence of the terms of order x;x, are
equivalent. Then
0%ty B 0%ty
(9X1(?X2 - 0X28X1

Extreme points




Sufficient conditions for minima and maxima

Theorem

Let f(X) be twice differentiable function of two variables and
the point A = (0,0) is extreme point

2
> if( 02 ) — PLPE 0 and 2L <0, then A is a
1

0x10x2 6x12 0x22
maxima;

. 62 f
> ( 0X10X2

)2
2
> if ( o°f ) — PLF - 0, then A is a saddle point;

g—g— <Oand0 = > 0 then A is a minima;

O0x10x2 0X2 6
O%f 2 _ OPf O*F My
> &L =0, then we need an additional
Ox10x2 Oxl 6x2

studies.

Extreme points




A sketch of proof for the second order criteria for
maxima

in the extreme point Vf =0, then the change of the function
in small neighborhood of the point is:

921 926 \° A
F(X) — F(0) = 20 (ax)? g
(X) —£(0) aXlz(dX) + (a)q%) dxdy + = 2(dy)

+o((dx)? + dxdy + (dy)Q) =
(9% 2 \dy 0% [(dy)?\ )
i (%*(axm) 5 ok () ) s

+o((dx)? + dxdy + (dy)?).

In maxima point the difference should be negative. It implies:

0%f, 02f, dy | 9*f ((dy)
axf*(axlax) x 02 << >2><°‘

Extreme points




Gradient and optimization problems

A sketch of proof for the second order criteria for
maxima

Define s = dy/dx, then

32f0+< *fy )2% Ph

(9X12 (?xl 0X2 07)(22 7

< 0.

The second-order expression is negative for any » € R when

( &y )2 0*fy %y

— 0.
8x1€)xz 8x12 8X22 =

Extreme points




Optimal problems with constrains

Let add a constrain to the optimization problem. The simplest
question of this type is follows.

Find the shorter distance from the origin to a plain
ax+ by +cz+d =0.

The first step is define the function for the optimization. The
distance from the origin is follows:

f(x,y,z) = x>+ y* + 2%

From geometrical point of view one should construct a sphere
which touch the given plain.

Straight forward solution is follows. Define one of the variable,
say z = z(x, y) using the equation for the plain and substitute
the definition into the function f = f(x,y, z(x, y)). Then find
the extreme point for the function of two variables.

Extreme points




Lagrange multipliers

Let us consider the level of f the function should touch to the
plain. Then the gradients of f and the constraint curve are
collinear:

VFf = —\V¢.

Additional condition is the constrain
o(x,y,z)=ax+by+cz+d=0.

o(x,y,z)=0.
Define the Lagrange function (Lagrangian):

L(x,y,z) = f(x,y,z) + A\o(x, y, 2).

Extreme points




Gradient and optimization problems

Lagrange multipliers

The necessary conditions for the extreme points:
ﬁL(x,y, z,\) =0.

Or the same

805
0x+ 8X_O’

Ogbi
@+ oy =%
of ({)gbi
E—’— 82_0’

6 =0

Extreme points




Lagrange multipliers. Example

f(x,y,2) =4x+2y —z+ 1= min, (x,y,2) € x> +y* —4=0.
L=4x+2y —z+1+Ax*+y> —4);
oL oL oL oL

=442\, — =242y, —=-1, — =x*+y*—4
Ox e Gy T e G =T L e T Y

A = (—4/V5,-2/V/5,-1), Ay = (4/V/5,2/V/5,—1).

The answer:A; = (—4/v/5, —2//5, —1).

Extreme points




Lagrange multipliers. General case

f = f(X) and constraints ¢x(X), k =1,..., m, then:

L=Ff(x)+ ) Medu(X).

The necessary condition for the extreme point:

—

VLX,N) =0, A=(\1,..., Am).

Extreme points
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