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Two dimensional set

» Let as define a point of two-dimension space an element
A which properties are defined by two numbers x; and x».

» This numbers might be a mass and a temperature of
some body, or a saturation and brightness of a pixel
and so on.

» The most important issue of the two-dimensionality is an
independence of the properties.

So on such way we obtain two-dimensional set.




Chebyshev distance

If an element is
Ay defined by two properties of the different
1 / nature, then to define the difference
i ////Ai 5 two objects /_\(x17x2) and B(.yl,yz)
'/ / 7Ay  one can consider a lot of variants.
N/

One can define the distance
I p(A, B) as Chebyshev distance:

pc(A, B) = max|x; — yil.

The ball with radius 1 in the term of Chebyshev distance.
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Manhattan distance

Another example of the distance might

U«,/X ‘B be defined as Manhattan distance:
—X
A AN y2 : ,0/\/[(/4, B): |X1—Y1’+]X2—y2\.

(k)

The ball with radius
1 in terms of the Manhattan distance.
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Euclidean distance

At the end
one can define as Euclidean distance:

pe(A,B) = /(1 — y1)? + (x2 — y2)2.

The ball with
radius 1 in terms of Euclidean distance.

¥y
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The two-dimensional unit ball
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Two dimensional manifold
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The red lines are border

of of the ball of radius R =1
for Chebyshev distance.
The blue

lines define the border of the
ball of the radius R = 1 for
the Manhattan distance.
The black

line is the border of the of
the ball of the radius R =1
for the Euclidean distance.




Properties of the distance

The defined distance has the following properties.
» o(A,B)=0< A=B;
> p(A B) >0;
> p(A,B) + p(B, C) = p(A, C).

Two dimensional manifold




The triangle properties for the mentioned distances

Let the coordinates of the point C be equal (z1, 22).

igha,)z(} |x; — z;| = ;QQ?E} |x;i — zi + yi — il

= max (i = yi) + (vi — z)| < max, [xi — yil + max lyi — zil,
Ly ] > L

max X — yi| + max lyi — zi| > max Ixi — zi,

pC(C7A) < pC(A7 B) +pC(Bv C)

Two dimensional manifold




The triangle properties for the Euclidean distance

N N
PE = Zxk_zk \IZXkaYkJr)/k)Q
k=1 k=1

N
= D (0 = vi) + (v — z))>

k=1

Define for simplicity: ax = (xx — zk) b = (yx — Zk) Consider:

N N
Zak+bk Za +2ZZakb/+Zbk
k=1 k=1

k=1 I1=1

Two dimensional manifold



The triangle properties for the Euclidean distance

2

R
J {9

(]

pe(x, z) < pe(x,y) + pely, 2).




Norm as a distance

Define a norm of the vector X = (xq,...,xy).
> ||X|| =0, X=0.
> [[AX]] = AL [IX]], AeR.
> X[V = (1X+ YL

Two dimensional manifold




Theorem about equivalence of norms

Vil - |

1,2, HCla C2 >0:

GlIX[l < [1X]l2 < G[IX]]x.

X1

0.5

Figure: The Manhattan norm is
equivalent to Euclidean one




Proof of the theorem about equivalence of the
norms

X eRY (X[, sup [[X[2=C, inf [[X[=G,
[[X]l1=1 [[X]l1=1

X X
X :Hle X Y
X111, X1 1],
GlIX[ < X2 < G|IX]]1-

[Ix[x

quz—\

V|| X||2 equivalent V|| X]|;.




The definition of the distance

For distance between two points X and Y we will use the form:
p(X,Y)=IX =Y
without specification the kind of the norm. Mostly due to their

equivalence of the norms we will assume the Euclidean norm:

IX]] =

Typically the dimension N = 2 is enough for understanding the
considered ideas.




A lot of definitions

Let's consider a region

internal point on the two dimensional set.
Point Xj
of region G we define as an
internal point if there exists
¢ > 0, such that all points

neibourhood X of the region p(Xp, X) < €
Border of the internal pointhelong to the region G

A region contained the
internal points only is called

an open region or an open set.
Points of the region which are not internal points is called
border points.

Regions and boundaries
o)



A lot of definitions

All set of the border
internal point points of the region define
the border of the region.
The
region contained the border
is called closed region (set).
neibourhood If there exists a ball such
Border of the internal pointthat all points of the region
contained in the ball then
such region is called bounded

region.
The closed bounded region (set) is called a compact region
(set).

Regions and boundaries
O



A limit of a function of two variables

If Ve >0 30(e) : |F(Y)— Al <eVY:||]Y —=X]|| <, then
the value A is a limit of the function F in the point X:

lim  f(X) = A.
[lY—=X]||—0

A function which has a limit in all pints of given set is
continuous function on this set.

A limit of a function of several variables
lololeole]



Examples of the approaches to the given point

Let's consider
the origin as a point of approaching.

X —0,=||X||—=0:

1 X =
(x1, %), [IX|]] =0 = xx =0, x; > 0;

2. X =(x, %), ||X|]] 20=x —0, xx —0;

3. X =(x1, %), [[X|| 20=x1=ko —0, x2 = 0;
4. X = (x1, %), |X|]| 0= x4 =rcos(a),x =
rsin(a),r — 0;

5. X = (x1,%), ||[X|| = 0= x3 = rcos(a/r),x =
rsin(a/r),r -0

A limit of a function of several variables
o] leolele]



Examples of the limits

. . X1 X2 .
[im lim 5 5 = lim 0 :
x1—0 xo—0 X1 —|— X2 x1—0

. X1X2 X1 le k
lim

:1+k2’

= lim

2 2 2 242
Xlg)o X]. + X2 X2:kX1 XIHO X]. + k X].

2 .
. X1X . rfcos(a)sin(a)) 1 .
l = 1[2) 2 =3 sin(2a).

0 x2 4 x3 | X1 = rcos(a),

xo = rsin(a)

A limit of a function of several variables
[ele] lele]




lterated limits and limit interchanging

Let's consider the iterated limits adna limit as ||x|| — O:

. . . X1
limx; — 0 lim = lim — =1,
xo—0 X1 + X2 x1—0 X1
lim limx; — 0 = lim 0=0.
x2—0 X]_ —|— X2 xo—0
r cos(¢) cos(¢)

. X1 T
1@0 x1+x 1@0 rcos(¢) + rsin(¢)  cos(¢) +sin(¢)

One can see both iterated limits exist but they are different
and a limit as ||x|| — 0 does not exists.

This examples show that the changing of the iterated limits
can change the answer.

The question is: When can be changed the iterated limits?

A limit of a function of several variables
[elele] leo]



The theorem about interchanging the iterated
limits

If 3 IimX_>0 = A and 4 |imX1_>0 f(Xl,Xg) = f(O,XQ)VXQ 7& 0,
then

lim lim f(x,x) = lim lim f(x{, X A.
x1—0 xp—0 ( ’ ) xo—0 x1—0 ( ’ )

Proof.
X[ < d(e) = [f(x, x) — Al <€ = |f(x,0) — Al < e,=

lim = A, = lim lim f(x,x) = A.

x1—0 x1—0 xo—0

A limit of a function of several variables
OO0



A continue function of two variables

Define the function f(x;, x2) as continuous in the point Y if
there exist the double limit f(X) as || X — Y|| — 0 and

lim f(Y) = f(Xl,Xz) = A.

[IX=Y]||—0

Continuous functions
(o)



Theorem about boundedness of continuous
function

A continuous function is bounded on the a bounded closed set
and the function has both infimum and supremum on this set.
Proof.

Suppose there exists unbounded continuous function f(.X) on
the bounded closed set S. Then there exists a sequence
{X0}22 1, VM3N : n> N |f(X,)| > M. But for close and
bounded set Vn: X, € S = f(X) discontinuous on S which
is contradiction.

Let supycs f(X) = M suppose f(X) # M ¥X € S. Then
o= ﬁ(x) is continuous and unbounded on the S which
contradicts to the previous statement.

Continuous functions
O



Partial derivatives

Define a partial derivative of function f(X):

of _ im Fxe, ooxk+ A, xn) — F(X, oy Xk ooy XN)
Oxx  A—0 A '
of _ df

07)(;( = dka x,=CONSt Vn#£k -
The linear part of the function change is called differential:

F(X +AX) — f(X) = ZN:

n=1

of
O0Xn | x

Ax, + o(||AX]]).

Partial derivati
oOoO0O00



Polar coordinates

3 x = rcos(¢), y = rsin(¢p),
Ay Y
\@; > r=+/x%2+4y? ¢ = arctan (%)
) ar X r cos(¢)

x ety 1 cos(9),
dp -y 1 _rsin(¢) _sin(gb)_
§7?1+(§)2i_x2+y27 ro’

or y _rsin(¢) .
@ - \/m - r —Sln(¢)7

do 1 1 ~rcos(¢)  cos(o)
- X2+y2 o r

Oy X1y (1)




Polar coordinates

8f_8f& of 9¢ _ Of

OF _0for | 0r 8¢ of sin(9)
Ox  Orox + dpOx  Or cos(¢) — 96 r
of _ofor 0fdp  Of . gcos(gb)

5 = aray T aeay ~ o "D 5

r




Polar coordinates

dx
df

cos(¢)dr — rsin(¢)do, dy = sin(¢)dr + rcos(¢p)do;

of . of
(Grcosto) - 54 ) (cos(opar — rin(o)ae) +

(gi sin(¢) + g;cosr(gzﬁ)) (sin(¢)dr + rcos(¢)dp) =

of | Of




Summary

Two dimensional manifold
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Partial derivati
loleoleole]



	Two dimensional manifold
	Regions and boundaries
	A limit of a function of several variables
	A continuity for the functions of several variables
	Partial derivatives

