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Periodic functions

A piecewise continuous function f(x) such that

f(x+ T) = f(x)Vx € R for certain constant T > 0 is called
periodic function.

The value T > 0 is called period.

Let T is a period of f(t), then quantities T = nT, Vn € Z are
periods of f(x).

The reciprocal quantity is called frequency
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Periodic functions

Theorem

Let T be the smallest of the periods of a piecewise continuous
function f(t), then all periods of the function are nT, ¥n € Z
or the function is a constant.

Proof. Suppose the function f has two different periods.
Define the smallest one as T; and another one as and
T2 7é nTl, Vn e N.

f(t—Ty))=f(t), F(t—Thi+TR)=f(t+ (T2 — T1)) =f(t),=
T, — Tyis a period,= dN >0:T; > T, — NT; > 0,
T=T,—NTy, f(t+T)="~F(t).

We obtain a contradiction.

Periodic functions
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Properties of periodic functions

Let two functions f(t) and h(t) be periodic. Their periods are
T1 and T, correspondingly. The sum of the functions

g(t) = f(t) + h(z),

is a periodic functions of period T if dn.m e N: Tin= Tom
and T = Tyn= Tom.

Examples:
2 2
g(t) = sin(3t) + cos(bt) T; = ?77’ T, = ?77
3T, =5T, =27, T =27,
(t) si (3t)+cos(\@t) T 21 T 2 Ty 40 =
= n —_- = — —
y 1 3 , 12 \/i, _,_2

y(t) has no period.

Periodic functions
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Periodic functions of period 27

Let 7(x) be periodic with a period T.

If one changes the variable y = 27wx/(T), then one will get
2n(x+ T)/T =2nx/T + 27. Therefore the changing of the
variable y = 27x/ T define new 27- periodic function:

fly +2m) = f(y).

Below we consider the functions with period 27.

Periodic functions
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Definition of Fourier series

The series

1 oo
S(x) = =ap + a, cos(nx) + b, sin(nx).
() = 207+ 2 ancos(mx) + b, in(m)

It is easy to see at specific points the the series turn into the

following:

1 o0
S(x) = 530+Zan, x =27k, k € Z;

faO+an, x = —+27rk kel

In this case the series are absolutely convergent uniformly on
the interval x € [0, 27) if both series contained a, and b, are
absolutely convergent.

Definition of Fourier series
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Fourier approximation of cosine by series of sines.

Figure: Fourier appro><|mat|on of the cosine by series of sine on a
half of period: cos(x) and £ 20, 22— sin(nx).

Definition of Fourier series
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Integration of the Fourier series

/X S(t)dt = /X (;ao + ian cos(nt) + b, sin(nt)) dt =

n=1

N
(1
- /Xo (230 + Z ap cos(nt) + b, sin(nt)) dt +

=+ /X: (i a, cos(nt) + by, sin(nt)) dt.

Ve >0, 3N : Z ap cos(nt) 4 by sin(nt)| < e =
n=N
x 1 N
/ S(t)dt = x—xo ap + Z/ (an cos(nt) + b, sin(nt)) dt + O(e).
J x0 n—1 7 x0

inition of Fourier series




Integrating of the Fourier series

[ Sttt = (x—jan + 3 (2sin(mn) — i) -

ﬁ(COS(”X) - CoS(nxo))> .

n

2 in(nx) — 22 cos(nx)
( )

= -(x—x0)a0 + . :

(EZ sin(nx) — [j’" COS(nx0)>




Theorem about integration of the Fourier series

If Fourier series absolutely convergent uniformly over the
period, then the integral of the series is equal to the Fourier
series integrated term by term.

0

/Xx (;ao - i a, cos(nt) + b, sin(nt)> dt
— ;(X — Xo)a0 + i (a” sin(nx) — 2 cos(nx)) -

n n
n=1

B (‘; sin(nxo) — i”cos(nm))

n=1

Definition of Fourier series
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Differentiating of the Fourier series

If the coefficients of the Fourier series a,, and b, are such that

both series
oo o0
Zn‘an‘7 Z”|bn|
n=1 n=1

are convergent, then the Fourier series the derivative of the Fourier
sum is equal to differentiated term by term series.

Proof.
Sy - /x Z (—na,sin(nt) + nb, cos(nt)) dt
VX0 p=1
= Z(an cos(nt) + b, sin(nx)) =
n=1
d d & .
aS(X) = dxnzg(na,,sm(nx)+nan05(”X))‘

Definition of Fourier series
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Fourier approximation

Let assume f(x) be a represented as a Fourier series:

1 o0
f(x) = 52 + Z a, cos(nx) + b, sin(nx).
n=1

Then the coefficients of the Fourier series are:

1 2
ap = / f(x)dx
0

™

>Hl—‘

/ f(x)cos(nx)dx, n € N;
0

>Hv—‘

/ f(x)sin(nx)dx, n € N.
0




Formulae for the Fourier coefficients

Fourler approximation
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Formulae for the Fourier coefficients




Formulae for the Fourier coefficients

/0 . cos(mx) sin(nx)dx

Il
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Fourier approximation of the step-function

Mmoo a )
V \Vi

N N
VY MY

Figure: Fourier approximation for the curve (1 + sign(m — x)) by
% + % Ziozl W The Gibbs phenomenon is the oscillatory
behavior of the piecewise differentiable periodic function around

jump discontinuity.

Fourier approximation
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Behavior of the Fourier coefficients

If a periodic function has derivatives of k-th order, then

dn = O(nik)u b, = O(nik%

1 2w
a, = / f(x) cos(nx)dx =
0

/0 " F1(x) sin(mx) dx
/027r "(x) cos(nx)dx =

21

f(x) . weor 1

~ 2mn sm(nx)]ng ~ 2mn
" 1

- 27(_(:2) cos(nx) <=3 +

27 n?




Example. Fourier approximation for smooth

function

x(m—x)(2m — x),

1 27
2 ), x(m — x)(2m — x)dx = 0;
1 [ 12
—x)(27 — dx = —;
77/0 x(m — x)(2m — x) cos(nx)dx ek
19 sm(gx)
n




Example. Fourier approximation for smooth
function

Figure: f(x) = x(m — x)(27 — x) and s(x) = $23_, sn(m)

n=1 n3

Fourier approximation
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Example. Fourier approximation for smooth
function

Figure: f(x) = x(m — x)(2m — x) — S(x) = Y10 sin(rq,

n=1 n3




Euler’'s formula




Fourier series in complex form

Using the Euler formula one can write:

einx + efinx . einx o efinx
cos(nx) = — 5 sin(nx) = —
Then the Fourier series one can rewrite:
1 o0
S(x) = %+ ; a, cos(nx) + b, sin(nx)
0 einx + e—inx einx o e—inx
= f E— bni- —_=
D a > " 2i
n=1
S an 4 b” inx + an b" —inx
— 2 20 2 2i
1 ] -1

Complex form of the Fourier series
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Fourier series in complex form

S(X) = =4 +

Define ¢y = ag, ¢, = (an — ibn)/2, c_n = (an +iby)/2, n € N,
then one obtains:

Complex form of the Fourier series



Fourier coefficients in complex form

1 1 27
—(a, —ib,) = — f(x)(cos(nx) — isin(nx))dx
2 2T 0
1 2w )
= — f(x)e "™dx,
2w Jo
1 2 )
Ch=— f(x)e "™dx,
21 Jo

oo
if Z |cn| converges absolutely, then:

n=—oo

f(x) = i cne™.

n=-—oo




Orthogonality of the complex exponents

Assume n,m € N:

1 27

2T
T /X g=imx 4y — el(n—m)de _
2m 0 0

_ LT cos((n — m)x) + isin((n — m)x)dx =

_J 1,n=m
1 0,n#Em.

21 Jo




Fourier series for T-periodic functions

If f(x)=f(x+ T)and T is the smallest period of the
function f(x), then the Fourier series for this function can be
constructed by following formulae:

< / ) cos (xn> dx,
_2 / )sin <xn> dx,

1 2w
S(x) = 53 + Zan cos (Txn> + b, sin (Txn> :




Fourier series for T-periodic functions in complex
form

1 (7
Ch = T/o f(x)e ' ™™dx,

S(x) = i Crel T,

n=—00

Complex form of the Fourier series
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Multiplication and convolution

% 00
S(X): § Cnemx7 Q(X): E : qnemx’
n=-—00 n=-—00

0
§ cne™ E qgre™ E pme"™,
n=—o0 k=—00 m=—00
00
E CnQk, Pm = E Chdm—n-
k+n=m n=—00

Complex form of the Fourier series
ooooooo
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