Absolute and conditional convergence

Absolute and conditional convergence

O.M. Kiselev

o.kiselev@innopolis.ru

Innopolis university

February 3, 2023



http://smartmechanica.ddns.net/OK
http://innopolis.university

Absolute and conditional convergence

Alternating series

An absolute convergence

Truncation error




Absolute and conditional convergence

Riemann series theorem

Consider the series

S = i(—l)”un,
n=0

where u, > u,.1 > 0, u, — 0 as n — oo and both series

(e, (e.)
Sy = E Uzp, S— = E Uzpy1
n=0 n=0

diverge.
Then one can rearrangement of the series such way, that the
sum might be any number.

Alternating series
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Absolute and conditional convergence

An example

The integral test claims both s, and s_ are divergent series.
Let A be equals 1.5 and construct the sum of alternating
series:

1 1 1
15 = 1+4=+=~153(3)— =(~1.0(3
+3+¢ (3) = 5( (3)) +
1 1 1 1 1 1
L 4 (0 1522) = S(~ 1.27
tortet gttt )= 3! )+
1 1 1 1 1 1
b4 4 (~1514)— = (~134)+ ...
T r Tt Tt )= 6! )+

Alternating series
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Absolute and conditional convergence

Riemann series theorem. Proof

Take a positive number A
Sp = Ug+ Uy + -+ Uy, > A,
Here kqy such that ug + up + -+ - + oy, 2 < A.
So=Ug+ Up+ -+ Uy, — U — Uz — - — Upyy1 <A,

Here /; such that
Up + Up 4+ F Uy p — Uy — U3 — -+ — U1 > A

Alternating series
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Riemann series theorem. Proof

Further one get:

k1 h ko
S3 = E Upp — E Uzpy1 + E Uap > A,
n=0 n=0 n=ki+1
ki h ko h
Sy = E Upp — g Uppi1 + E Upp — g Upi1 < A,
n=0 n=0 n=ki+1 n=h+1

Due to the property u, — 0 as n — oo one can obtain

lim s, = A.
n—00

Alternating series
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Absolute convergence series

Let the series be absolute converging:

00
S= E an,
n=0

and let’s consider the series with the same, but permuted
terms:

oo
S= g an,
n=0

Theorem

e

S:

A ute convergence
[oleo]o)



Absolute and conditional convergence

Theorem about absolute convergence. A proof

Denote
oo oo
o= lal &=) &l
n=0 n=0

Vm3n > m, {3}, C {ak}i_o then: 6, < 0p. = {Fm}o,
is the increasing bounded sequence, hence the sequence has a
limit 6 < 0.

The same reasoning gives the inequality o < &.

) )
> lanl =3I
n=0 n=0

An absolute convergence
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Theorem about absolute convergence. A proof
Let’s consider a sequence of partial series S, due to the
absolute convergence one gets:

Ve >03N:Vn>N|S,— Sp1| <e.

Due to the Cauchy's test for convergence of a sequence one
gets:

45 = lim §,,.

n—00
The same reasoning yields 38 = lim oo §,,.
Vn3N : {&}i_o C {am}tmeo
Let's consider the difference, where m > N:
1S — S0 =[S =50+ Sm— Sl <IS — Sunl + S — Sal =
asn—oo =5=25.

An absolute convergence
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Properties of the absolute convergent series

o0 o0
VeeR: ZCBn:CZQn?
n=0 n=0

Zan+zbnzzcna Cn*(an+bn)
n=0 n=0 n=0




The Dirichlet test

Let {a,}7°, be a positive decreasing sequence and a, — 0 as
n — oo and the sequence By = ZLV:o b, is bounded, then the
series

converges.

te convergence
00




Summation by parts

Let's define By = Z,Iy:o b, and let B be the supremum of By
and b, = B, — B,_1, then:

S = aBy+ a1(By — By) + ax(Bx — By) + - - - + an(Bn — Bn-1)
= Bo(ao — 31) -+ 81(31 — 82) + -+ BN,l(aN,l — a/\/) +

N—-1
+ aNBN - aNBN + Z Bn(an - an+1)7
n=0
N—1
Zan n n 1 *aNBN_aObO ZB an+1_an)
n=0

Abel’'s summation formula.




Proof of the Dirichlet test

k+m k+m—1
Sk+m >k >n
E anbn S ak-i—mBk - akBk - E Bk(an+1 - an) )
n=k+1 n=k

where B, = 5! b,.

5]
>

00
X3

|

V9]
™3
(VAN

n=k

An absolute convergence
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Proof of the Dirichlet test

Define B = maXu>k |'§£|

k+m—1
‘ak—s—mB/l(H_m - akB[/:‘ + Z B[?(an—H - an) S
k+m—1 -
<2Ba,+ B Z (a, — any1) = 2Bay + B(ax — akrm) < 3Bay.
n=k

As a result:

k+m

> anby| < 3Bay.

n=k+1

ax — 0, k — o0, then according to the Cauchy test the series
converges.

An absolute convergence
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N B N sin(n)sin(1/2) & cos(n —1/2) — cos(n +1/2)
;5'” =2 a2 1/2 B z; 2sin(1/2)

n=0

1
2sin(1/2) ((cos(—1/2) — cos(1/2)) + (cos(1/2) — cos(3/2))+
-+ (cos(n —1/2) —cos((n+1/2)) +...) =

= 25”121/2)(@5(—1/2) —cos(N +1/2)).

Zsin(n)

= ;| cos(1/2) — cos(N + 1/2))].




Estimation of a truncation error

Let's consider a convergent series:

S = f: an.
n=0

Define the residual of the partial sum Sy:
Ry =S — Sy.

The truncation error is the sum of the residual terms.

Truncati




Absolute and conditional convergence

Theorem about truncation error of an alternating
series

An absolute value of the residue of a partial sum of an
alternating series

o0
S = Z(—l)“um Up > Upyq > 0, nli_}n;@ u, =0
n=0

can be estimated as an absolute value of first discarded term:

|Ri| < [tnia]-

Truncation error




A proof of the theorem about the truncation error
of an alternating series

R = Z (—=1)"un = (—1)N+1(UN+1 — (Uny2 — ungs) —
n=N+1
(UN+4 — UN+5) — ... )
Consider
(_1)N+1 Z(_l)nun = (UN+1 - UN+2) + (UN+3 — UN+4) + ...
N+1

The series is the sum of positive terms, hence the partial sums
increase.

Truncati




Absolute and conditional convergence

A proof of the theorem about the truncation error
of an alternating series

Let’ rewrite the series in a following form:

o0

(—1)N+1 Z(—l)”un = Un+1 — (UN+2 - UN+3) — (U/\/+4 — UN+5) 4.
N+1

Due to decreasing the sequence {u,}: (u, — n,.1) > 0 and the
partial sums do not exceed up1. Hence one can see the
increasing bounded sequence of the partial sums then:

|Rn| < |un1]-

Truncation error




Truncation error for absolute convergent series

Let f(x) be positive decreasing function as x > N for some
N >0 and 34C > 0:

/ f(x)dx < C,
N

then the truncation error

Ru=Yf(n)— Y f(n).

n=0 n=0

/ f(x)dx < Ry < / f(x)dx, M>N.

M M-1

Truncation e




Absolute and conditional convergence

Truncation error for absolute convergent series

y y=fx)

[y

)
M M+2 M+4 M+6 M+8 x

Figure: [,7 f(x)dx < Ry <[4 1 f(x)dx, M > N.

Truncation error




Example 1.

Using the Taylor formula for arctan(x)

N

(_1)nX2n+1 T

t ~ —_—, tan(l) = —,
arctan(x) Z , arctan(1) 2

s 2n+1
00 10
T (_1)n T (_1)nX2n+1
2 o~ ~— 1+ Ry,
4 ;Oznﬂw ; o1 o

% ~ 0.744011, estimation of |Ryo| < 1/11 ~ 0.0900,

10
T (_1)nX2n+1
— -y T 0.0414
4 nz—:o 2n+1

Truncation




Example 1. An absolute convergent series for 7 /4

T = (1) 1 1 1 1
4 ;2n+1 ( 3>+(5 7)+ N
N 1 1 1 |
2n+1 2n+3 2(n+2)+1 2(n+2)+3/) "
- ;4n+1 4n+3 z% 4n+1)( 4n+3)

The last series is absolutely convergent.

Truncation error




Example 1. An absolute convergent series for 7 /4

10
s 2

Z~ — 0.774040
4 nE—:O (4n+1)(4n +3) ’

The estimation of |Ryo| yields:

o 2dx
Rio| < =0.0132,
[Raol /9 (4x + 1)(4x + 3)

% — 0.774040 ~ 0.0116.

Truncation error




Absolute and conditional convergence

Example 2. /2

Taylor formula for v/1 + x:

X (—1)"1(2n)1x"
L R SRR s v oy

(=1)""(2n)!
V2= (2n — 1)an(nl)?"

NE

Il
o

n

Truncation




Absolute and conditional convergence

Example 2. /2

|
lim (2n)! _ ‘n! ~\27n
n—o00 (2[7 — 1)4"(/7')2

jim — 1 m(znyﬁ

n—oo 20 — 140 e

[im

=0
n—oo 2n — 1 +/7mn

This alternating series converges.

Truncation error




Absolute and conditional convergence

Example 2. /2

n+1 2!7)

=14
V2~ Z n_14n (e = 140993

The estimation of truncation error:
(2-11)!
(2-11 — 1)411(111)

Rio ~ —0.0043,

|Rio| < — 0.0080,

Truncation error




Absolute and conditional convergence

Example 3. Slowly convergent series

1 = 1
F(x) = 5= .
0) = STogte)oglogt * ~ 2 gl oglog(m)
100 1
S100 ,,—227 nlog(n)log(log(n))2 0.1881,
1 1
L _0.6548 < Rigg < ~ 0.6557;
log(Iog(100)) = 100 = g (log(99))
1000 1
S ~ 0.3250,
100 2227 nlog(n) log(log(n))2
1
< 0.5142 < Ryggo < ———+———— ~ 0.51747,;

log(log(1000)) log(log(999))

Truncation error




Summary

Alternating series

An absolute convergence

Truncation error
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