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Definitions

We will consider numeric series:

S = ata+ta+---+a,+....
S = Za,,.
n=1

Both formulas must be considered as in pure formal sense.
You should not try to find the sum very often the sum in
general case does not exists!

nd examples




Example 1
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S = 14+ 4o+ Fomt
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Example 2

S = 1-14+1—-14+1—14 - (=1)""+...,
= 1-(1-141-1+4+1—-14---4+(=1)"+...),

S — 1-5, s=1

2
1 1 1 1 1 (—1)*t
=1l——4+ -+
S st3—gts gt ot ——+
Let's consider a finite sum:
1 1 1 (—1)mt
=1l — 4.
S 2+3 4+ + p

The rest term




Examples
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Definitions

The sum of several terms of the series:

is called partial sum.
Let find the partial sum of the geometric series:

N—1
Sv = Y. q"=1+q+q +---+q""
n=0
gSv = g+ +-+4q",
1_ N
Sv—qS5y = 1-4q", Sy= q.
1—gqg

Definitions and examples
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Definitions

The series is called convergent if there exists the limit:

S= lim SN.
N—oo

If the limit does not exists. then the series is called divergent
series.




The convergence of the sequence

The Cauchy convergence test is a reformulated condition of
convergence of the sequence {S,}.

Theorem
The series converges if Ve > 0N :

P
\Zak|<e7Vp>n>N.

k=n

Proof For convergent sequences one get the inequality
1S, — Sn| <€, p>n> N, then |>7_ax| <e,Vp>n>N.

Definitions and examples
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Geometric series
The sum of the geometric series:

N
5:|im1 7 ! .
N—oco 1 —g 1—gqg

The sum of the alternating series:
S= i(-”"; Son=0, Sny1=1
n=0
The alternating series
5= 3 -1y
n=0

diverges.

Definitions and examples
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The necessary condition for convergence

Theorem

If the series .
S = Z an
n=0

converges, then

lim a, =0.
n—o00

Proof. Assume Jlim, ... S,, Spi1 =S, + a,. Due to the
uniqueness of the limit

Ve>03N,Vn> N: |S,—5,1] <€ = |an <e.

Coefficients of the series
(o)



Divergence test

Theorem

If
lim a, # 0.

n—o0

S= i an
n=0

then the series

diverges.

Proof of this theorem very close to the proof of the previous
theorem.

Coefficients of the series
(o)



The integral test theorem

Let f(x) is positive
continuous decreasing

Q) : 5
function, then [ f(x)dx
and > 77 f(n) either
both converge or diverge.

Proof.
12545638 "N

F(n) > /"H F(x)dx > F(n+1)

The integral test
[eleoleole)




The integral test theorem. Proof

If the integral diverges, then {S,} diverges. If the integral
converges then {Sy. 1} converges and vice verge.

The integral test
o] leolele]
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Harmonic series

— 1 Nd
S = ; . related to /1 7X = log(N).

The integral diverge and due to the integral test the harmonic
series diverges.

The integral test
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Slowly convergent and divergent series

- 1
5_22(”)’

“— nlog

N dx 1 1
I(V) :/2 x log?(x) B log(2)  log(N)’

To obtain right value of third decimal digit one must sum over
of 1039 terms.

The integral test
[elele] leol
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Slowly divergent series

=~ 1
S=>
; nlog(n)

1) = [ 2 = forlog(N)) ~ og(log(2).

The series diverges, but too slowly

S106 ~ 2.625791914476011, S;pgr2 ~ 3.318939095035956.

The integral test
[loleoleole]
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Absolute and conditional convergence

The series
oo

SZZan

n=0

converges absolute if the series

-
s=2_an

n=0

converges.

Absolute convergence
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Ratio test theorem
If

. an+1
lim
n—00

=q <1,

ap
then the series converges absolute. If g > 1 then the series
diverges.

Proof. Ve > 0N, Vm > N,3Q :1> Q > g

Iam+k|<|am+k]JQ<<---<|am\Qk

Z\amm" Jenl
Z|an‘<2’ ’3N+1’

The series converges.

Absolute convergence
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Ratio test theorem. Proof

If g > 1, thenVe > 03N, YVm>N,dQ:1< Q<gq

M
Z ]am\Qk — 00
k=m

as M — oo, therefore the series diverges.
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Ratio test. An example

- n
S = Zy,
(n+1)%3"

lim — = = lim = —.
n—o00 3”+1 n2 3 h—oo n2 3

The series converges.
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Root test theorem

then the series

converges. If

the series diverges.

Absolute convergence
[elolele] lelele]
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Root test theorem. Proof

Ve > 03N, Ym>N,3Q:1>Q >gq, Vlam| < Q, l|an| <

Q.
5—Z|a,,| <Z\a,,\+ Z Q"

n=N+1

The series converges.
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Root test theorem. Proof

lim «/|a,| = q > 1,
—00

Ve >0dN,Vm> N,dQ :1 < Q < q,

Ulaml > Q, |am| > Q™.
S—Z|an|>2\an\+ Z Q"

n=N+1

M
Z R" — o0, M — 0.

n=N+1

The series diverges.

Absolute convergence
oooooo
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Root test. An example

5:23*””7

n=0
: n L.
Jm\fz3e = 3fim Vn
[
lim log(v/n) = lim Og(n):O,
n—00 n—o00 n
1
3m Vn = 3

The series converges.

Absolute convergence
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Comparison test

If 3N such that Vn > N the inequalities a, > b, > 0 are true

and the series
o
5-3
n=1

converges, then the series

s = ib”
n=1

converges.

Comparison test
(o)
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Comparison test. Proof
Proof.

N [e%S)
s=Y byt > b
n=1 n=N+1

The first sun is bounded due to the bounded number of the
terms and the second series is bounded due to the properties
of a, > b, > 0 and the convergence of the series S.

Comparison test
o



Leibniz theorem about alternating series

Let u, > u,.1 then

S= Z(_l)nun

converges.
Proof.

S=(up— )+ (va—u3)+ (usg—us)+....

Define o, = (2, — Uzp11) > 0, then the partial sums

increase.

Alternating series
lololeole]



Leibniz theorem about alternating series. Proof

S=uy— (g — ) — (uzs—ug) — (s — ) —u7s +....
Define 7, = up,_1 — U, > 0. The partial sums
Sn:UO—’Tl—TQ—...

Then S, is bounded. Therefore the sequence S, has a limit.
The alternating series converges.

Alternating series
o] leolele]
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Alternating series. An example

The series

converges.

Alternating series
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Riemann series theorem

Consider the series

S = i(—l)”un,
n=0

where u, > u,.1 > 0, u, — 0 as n — oo and both series

oo o0
Sy = E Uyp, S— = g Uzpy1
n=0 n=0

diverge.
Then one can rearrangement of the series such way, that the
sum might be any number.

Alternating series
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