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High-order derivatives

We recall the formula for the n-th order derivative:

) d"f d (d"f
0= G = & <dx”_l> '

Let's define a difference operator:
D(f(x)) = f(x+A)—f(x),
D*(f) = D(D(f(x))) = D(f(x + A) — f(x))
= D(f(x+24)) - D(f(x)) =
(f(x +2A) — f(x+ A)) — (f(x+ A) — f(x)) =
f(x +2A) —2f(x + A) + f(x).

d*f D?(f(x))
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High-order derivatives

Using the definition
D"(f) = D(D"*f),

the formula for the n-th derivative can be written as follows:

d"f L D"(f(x))
dxn AlILnO An
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High-order derivatives for parametric form of the

functions

Y - L) = g o) =L




functions

High-order derivatives for parametric form of the

y = y(t), x=x(t),
Ty _ dd (a1 d (dly
dx"  dxdt \ dx"1 _d—jdt dxn-1 )"
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Applications of derivatives

An example

y(t) = asin(t), x(t) = bcos(t), teR.

dy dt dy 1 acos(t
dx  dxdt —bsin(t)acos(t) bsm( )
d’y  dt d dy —1 a cos(
dx2  dxdtdx bsin(t) dt ( bsin(t )

—1 asin(t)sin(t) + acos(t )cos t)

bsin(t) bsin®(t)
a
B2 sin’(t)
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Applications of derivatives

Fermat's lemma

Let f(x) is defined x € (a, b
0y, and 3¢ € (a, b) : maxyc(ap) f(x) = f(§)
(‘or minxe(a,p) F(x) = £(£)),
if 3F'(§) — (&) =0.
Proof Let f(&) be a maximum:

~—

) =~ o =

4 o2 | 2 M6 8

X<§:>f(X)2:2(f)207
x>£:>f(x)2:2(§)§0
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Applications of derivatives

Fermat's lemma

i 7€) _XthE f(Xz 2(5),
' x<&=1f'(§) >0, ,
: x>§:>f’(f)§0,}:>f(§)_o
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Applications of derivatives

Fermat’s lemma. A counterexample

If x € [a, b] then a monotonous increased

y function has a minimum at £ = a and
maximum at x = b but if 3f'(a), f(b),

/ then f/(2) > 0 and f'(b) > 0




Applications of derivatives

Rolle's theorem

Let f(x) be such that:
» continuous at x € [a, b],

' » differentiable at x € (a, b),
» f(a) = f(b).

then 3¢ € (a,b) : f'(£) = 0.

<

Mean value theorems




Applications of derivatives

Rolle's theorem. A proof.

Let's define

<

4 m = Xér(lzrlb) f(x), M= Xren(?l()) f(x).

2 If m= M, then f(x) = C,= f'(x) = 0.

~ lfm< M, and f(a) = f(b), hence

-2 2 \} ¢ f(x)=M (or f(x) =m): x ¢&{a, b}.
Then, using the Fermat's lemma, one

gets 3¢ € (a,b) : /(&) = 0.
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Applications of derivatives

Lagrange’s theorem

Let f(x) be continuous on [a, b]
81y and 3f’(x), x € (a, b), then 3¢ € (a, b):
f(b) — f(a) = F'(§)(b — a).

2 A proof. Le's consider
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Lagrange's theorem. The proof.

So, using Rolle's theorem, one obtains

S e (ab): FI(E)=0.
g~ 0@ _,
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Applications of derivatives

A geometrical sense of the Lagrange's theorem
The formula

%( ) o= f(blz : Z(a)’
4 | f(b) — f(a)

= tan(a),

? _Hf’(f) = tan(«).

x means that there exists a tangent
line which is parallel to the chord
a the points (a, f(a)), (b, f(b)).
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Usage of the Lagrange's theorem

f(b) ="f(a)+ ' (§)(b—a), &€(a,b).
For small values of (b — a):
f(b) ~ f(a)+ f'(a)(b— a).
Let's consider f(x) = \/x, then f'(x) = ﬁ Then:
Vb= ya+ \[( —a),
a=281l, b=090;

1
\@N9+T89_95 V90 ~ 9.4868
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Cauchy’s theorem

Let (x) and g(x) be such that:
» continuous on [a, b];
> 3f'(x),g'(x),x € (a, b);
> g'(x) #£0, x¢€
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Cauchy's theorem. A proof.

Let's consider:

Due to the Rolle's theorem 3¢ € (a, b):

f(b) —f(a) ,
g(b) —

Fi(§) =0, ()~ 2z
f(b) —f(a) _ ()

g(b)—g(a) &'(&)




An exercise from Kudryavtsev handbook

Let's consider f(x) = x?sin (1) and £(0) = 0. Then f(x) is
defined on [0, x]

eif2)- e} (2)-
n(2)-n(3) ()

x—0,=&—0:

)I(im)xsin <)1<> = glm 2¢ sin <§> — flm) Ccos (2
0=0- I|m cos <2>
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L'Hospital's rule

If 3F'(x0), 8" (x0) and f(x0) =0, g(x0) = 0, then
flx) _ f'(x)

) g0

Fx) _ o T =fl0) PO F(6)
x=x0 g(x)  x—x0 g(x) —g(x) x=xg'(§)  tx g'(€)

L'Hospital's rule
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Applications of derivatives

L'Hospital’s rule. Corollaries

. f(x) . (1/t)
Sim e~ XY=
LR P
90 3g/(1/t) 0 g'(1/t)
lim f/(X).
x—00 g'(x)
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Applications of derivatives

L'Hospital’s rule. Corollaries

Let f(x) and g(x) be such that f(x) — oo, x — xp and
g(x) = 0o, x — xo. Take a: a # xg

[im @ = lim flx) (1- %) —
X—+X0 g(X) X—X0 g(X) (1 - ggi;)
im () —fa) ) ()

L'Hospital's rule
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L'Hospital's rule. Examples

.a—x° T X a—1\ __ . a
)I(lipa Pa )I(ana(a log(a) — ax® ") = (log(a) — 1)a°.
| 1 1 1
jim 1980y MLy
x—oo X2 x—o0 gx@~1 a x—o0 x4
Counterexample:
x —sin(x) . 1—cos(x)

li =
<00 X+ sin(x) xoo T+ cos(x)

The right-hand side limit does not exists, but:
x —sin(x)

li =
00 X + sin(x)
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Applications of derivatives

Taylor's formula

Main idea of the Taylor formula
3ty is an approximation of given curve
by polynomials of different orders.
Here one
can see the sin(x) (in black) and
the approximation by polynomials

/12\3 . of first (red), 3-th (blue),
. \\/ 5-th order (green) and 7-th orders.

Taylor's formula




Applications of derivatives

Taylor's formula
Let (x) be a function which has n derivatives at x = xo.
f(x) = f(x0) + F'(€)(x — x0) + ka(x — x0)* + ka(x — x0)° + - - +
kn(x — x0)" + o((x — XO)”)

f//(X):2k2+3-2.k3(X—xO)+...+O((X_XO)n 2)7

ky — f"(Xo)_/

2
F(x) =321 ks b+ of(x — x0)" ),
f///(XO)

k p—

3 3 ] 2 )
kn - f(n)(XO)

n!

Tavlor s formula
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Taylor's formula. Peano form of the remainder.

Theorem.

Let 7(x) has derivatives of n-th order at x = xp, then:

F(x) = F(x0) + F/(x0) (x — x0) + ”é!Xo) (x — x0)? +
" X0 3 (n) X0 .
fé! )(X—Xo) +-"+fn(! )(X—xo) +




Taylor's formula. Lagrange form of the remainder.

Let's consider

600 = T o
Then
=1 £ (x 0
) = F0o) + 30 o)+ T s




Applicationsofderivatives
The Taylor formula. Examples

_ x3 x5 5
sm(x):x—a—i—ﬁ—i—o(x).
2 3
Iog(1+x):x—x——|—x——¢—o(x3).
2 3
Viex=1+2 X2+X3+(3)
X = ——— 4+ = x°).
28 16 °

Taylor's formula
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